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Preface 


This book is deisigEied its an aid to those who art 1 studying Trigonometry fm 
I he fjl'sl Unit by providing n ccdlevlioil ol euinpleleiy solved* represSillalUi- proLiemb. 
At th-n RaftU' time, the arrangemtuit of Lite uwt^ji;.il makes il a convenient manual 
fur Lhosic who wish In review the fundamental principtng it jut applications. 

The- Ewcfe. while corn ple« in iiself, is not written in formal le^tlwok nivh'. Lar-h 
chapter contains u summary of ihe nceossary iliTmithn-is and theorems, ndl m e.j by 
a scL ni graded solved problems. '['hi- proofs of then reins stud tin: derivations .,1 all 
formulas alU included among die solved problems. These, in lunu, arc tu Minted In 
a Act of jnipplcrnentun' pi-oWeuw with answers. 

The numerical aspects of fluou- rrigomnnetry have been Incited lluiraughly. 
Equal rtltcnlinn has lumn given lit mm.Jogari tjimic and login ritlimii sotulmlls oi Ijutli 
right am;l oblique triangle. Tin- applications it re n nun-rune a ml in wide v Jric-? v, 
The figures have E>ci:ii carefully drawn and labeled fi rr greater useful ness, and answers 
have been rouruled oil consisleriL witli ihe given Jdla, 

Simple trigonometric identities, and equations require a knowLedgr of elementary 
«leeb r;i. The problems In-re have Ihiti Carefully selected, tile solutions have been 
spelled rail in great JfCa.il, ami ;dl arranger] i, ■ illn-uair dearly die algebra ir jur ic.vs.se.-, 
involved as well idI he use uf dir: bade Irig-nncnnelrii re I ml ions. 

The <: ha piers (l«0ling with Spherical Trigonoinury ,uv preceded by a chapter * 
Solid Genmclnr. The theory and formulas fur the solution of right mid oblique spherical 
Iriungles are covered rather cu-tllpJelek artil include I lie use of leaversirte and itghl 
triangle methods in solving oblique triangles. AjipltSafkins laitrsist uf problem- inuilvcng 
disiance and direction on the earlhT surface and certain problems relative to the 
Ce lest Lai sphere. 


FfinSK Ay tits, jjt. 

tiai lisle, Pa. 

September, 1V54 
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CHAPTER L 


A n ^ h* * mid Arc- I. v n ** t h 


TRKhMJMi?rrtv , us tbu word iisplies. is concerned with the measurement of the parts 
of a rr iaiuglfi, PLane I rigoncniM ry, e'uevs idem d' in the next several chapters, 
is re& t r icled to tr initutr rs i.v liip >. 1 1 p lanes. Sphur 1 ca I r r i gcm< wne s r.y 1 1 ea Is * i s h 
certain t flanging which ! jy tin EftfserEis, 

rhe sr-jencr iif Lrigonur,eLr.y is Uii-.ed un certain niLiCs, ca J tod 7 ri "■ jn unie l - 
vie functions,, to be tie lined in the tiext chapter. The ear i.v applieat ions nr 
thr- t r igonomt■ r r i c f unr 1 i nna w ere t n s in - vey inn, el-el v 1 .tut Ion. lu id eh«i ncre r in g , 
Tl'Hjse functions a iso play an important role in rhe study or a! I sorts of vi¬ 
bratory phenomena— sound. light, electricity, etc. As a c-onscti lie lice, u con- 
S i derail ]r> povt imi of the subject mwM.i-T is concerned properly with a study of 
the juuijuTtius of itiul eo latlons amunp the tr lgono*etrU' f unetions . 


Tlrt PLAI® ANUIE XOF is formed by ilk* two tntersecl ine 
half lines O.t and OF, The point 0 is called the 
yerfes arid the half L i rie-ss are cal Lad the sides u£ 
the angle, 

More ofton, a plane angle is to ho thought of 
as Reru> rated by revolving •: in .i ulane) a ball l j m • 
from the initial position O.t to a rorminal pena l - 
C-iw3 OF, Then O is nnaLri tlte vertex, fflC Is called 
called the t i.nn j rr.'j I s L li I! of r he angle, 



the (n j t j'h I futic. and OF Is 



Ctrl 



-V 

I .'I e r. e ill k ; rSf 
i CJ 


An angle, so generated, is called jau/ijf ivf if the direction of rotation ( in¬ 
dicated hy a curved anew) is counterclockwise and ocgsfire if the direction 
cl rotation is clockwise. The angle is positive in Figures f^ j arid fell and 
negat ive in Fi^tii‘0 (*), 


MEASURED UP AM1LES- 

A, A rJe^re* r'j is defined as the measure of the centra.! angle subtended by 
an arc of a circle Udifci! to 1/3-60 ol thy (’irtufllforeliEie cl the circle, 

A mrnufn ( r i Is |/6D of a defiree; a second ("] is L/fffl ol a minute. 

Example i. co = sPe' £d:i2S°34') - £(js#Wi s3°4a' 

ci it»l fr t3 4 l - - ac J ?T-5' ur 40 n, 3f J ^'’ 

c/i - i^sFus'fla" mWao* 






T 


wci.es a\j> u;i. I.km;ill 


ft , A rsdiirn t rad ■ jc ;<■ i ni.:i| ^ i.ti r pea^ilire of L hie 
central acidic subLeltded f j all arc of ;= circle 
actual t.o r he rail i its of The cirri-:. 

The circumference u L u circle - S' 1 (radius) 
and stfblEtids an angle of r3. then 2m radians 
= 360 °, from which u,e ebtli n 

1 radian = 5 -- M = 57 . MS 0 n 7 D 17 ' 4 !i" and 

VI 

j degree P radian 0 - 1(17453 rad. spjuroi.,, 
ISO 

*hero - 3,14LH9, 



emhclk - '■' -^ n ™ ri - ^ 


L05 " 


J -'i SO 3 - DEI , — rud - 1- riiJ r 

MO if? 


(Bee Prab-lenE f-9.) 

C. A m; /, used in military science, is defined as i he Hoastire of the central 
atiuLe subtended I x an irr of a circle equal to 1/6400 '-J' ill" C 1 re-liliil'cfetit u 
of the circle. The name is derived from the fact that, aporosimatelj. 


1 si! 


radian. 

1000 


Since friOO c.i Is 260®. 


mi 1 


300° 

&0D 


qO 

—— and 
160 


\ a 


160 

9 


III i 1 B . 


(See Problems 14-is, i 


ARC LENGTH- 

A. On a circle of radius r, u central angle of h nidianH 
intercepts an are of length 

jp - re, 

that is, 

arc lpnatli radius * central anffla in radians. 

(Mote, x and r iiel.v be iseaaurerl in any convenient unit 
el length hut they must be expressed in the same unit, j 



EXAMPLE 3 - r. Cm ;i rsrcL" £rf radius 30 ir, r „ 'lie !•.* -u;: I- nf jrr biU'fceptad bj a Central 
qni^ie dI i/a rintJun is 


i rO - 30{i) - i(] In, 

b\ Obi tile Hum!' cirel.t a tniiml kii«]» af -iff* Intercept's nr arc of leiwtb 


$ 


r0 


“‘s' = 


£aj 

3~ 


.a. 


(hi. thi siiM- circJr JE1 am- of EctlltMi LJ H subtends j rent ml miRlfc 


ie 

2C 

3 

rub, 

5 

tflirn a 

untl i aru fipressHid 

tn 

inrliita. 

3 2 

£7a 

- | rail. 

Alien, i 

and r are ei pressed 

Ell 

tret. 


I'See Prtita Lems 4 -13. j 





wi\ \m.: i.1 s li 


l 


B, Jr" the centra[ an^le is relati yeIJ' small, the length of the int.srceiJt.RrJ are- 
may he taken as a cl use approx ima Lion of ttir length of its chord. 


rfiurd 



length of chord = - —(cuatrul uiigii: in mils), approx< 

] Dot) 

for military purposes this is ii r i ttetL as ll' tin, whaEc is L tie Cill- 
Irai iinitle exprossed in mils, ft' lh flic r»daus {ranee) expressed in thou¬ 
sands of yards, anrl *H is the chord (width} expressed in yards. 

(See Problems 17-13.) 


SOI.VKIl I’KOIJI .VMS 


1. gxprr-Ki; cacr, ol the foJE-m-jnii araitli^i m rodtiui m'smirc: 

■j,i hi isf" 1 , n 2 r^arj', (fi 

gLuci- I* - - mdian DrULT-aiiS rad, 

iso 


_ p if 

■ii 30 - 30 * - ■- TII^ - r»d or 0.5236 ruiJ, 

1BQ 6 


In 

ISO' 3 

1155 >: 

— rad = 

3-TT ■ S 
— rail 

ur £.3S62 rid. 




l no 

•+ 



2S n 30' 

■= ELS. 5° 

- 25.5 ' 

. - nut 
me 

0.4451 rnif. 


42? 24'35 

42^ + 

,34 k«WI J 

3fy - 

42.41 42,4:, ■ — rad .:•■ 7402 rad. 


H, Ext-rcaa each ul the fciS1 l«. i il- aisles in dtrrei- • eae.ui>. 
as •: 3 rud, fr> 51 !r mil, i Zrb rail, ij ■ 4'5 mi]. 


H Sr.,. E.JSf = ™». 

0 £ Tl 

^r57°1T r ifj" V - 2^55' 

1T J 4D ■ ’ T^ 5 2:t'4n . 

5- A *ih: sJ i? turn ins »c the rat* +n ri» (rcveiiitlone per minute or r«' pHo. (Hurras fchia angu¬ 
lar S|?eed Lei a'i PeV.-aet. Ki rai rrui, c) rad/stff. 



Si. nee 

I rad : 


a 


u 

it} 

3 

rad 

* - ii 

3 


£ 


2 

f I 


rwji 

- 


5 


5 

.ii 

4 

rad 

4 

- -■ ? 


1 


3 


UtU 


]&0 E 

n 

= #*. 

IMf 

n 

= — or 

it 

i&H n 

- ^ 

it 

*t 
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ANGLES AND vR< Ll NGTIJ 


4;-; . 4, 

a 1 48 rtVf'mn -- m/ae - - rmr/Knw 

w 0 

III SlDC* t IT* - red, 46 re v itirr 48(B: rbd/nib 3(J]U& i Liii rr L h r 

•r. 4S leTf-nln = ^ PfiV/SfiC * iiStl PWl/WC S,G3 r»d/5«C 


ar 48 refr/'siih ggu fad/nAn yf ‘- rad."sec 

’ft) 


5,(13 racl.'MC. 


4- The minute -IilimI nt ii rlprlt is |2 In, Ic:n|i, Ihm !ar due a the Lji of tlw hand MVe durlii£ SW mill? 

DUTlUft :;0 r 1 n the |-and noviis ihrnuiih un ungV 6 121/' J r '8 rad arid trn.* Lip -nf the hand 

nottiss uY«r a diatajice a - rfl = i2(2v3) In in. 35.1 In, 


^. A tantra] angle cl n circle ar radius 3D in, intercepts an are of e in. Repress the central 
anillc f) In radians amL in ilncmcs, 

8 • t - 1 - ' rad u^'-n" 
f no 5 


ft- A rn it roan curve is to tic laid cur cn a rircle. wha .1 rad; i&k i-Mi l it. hit uatfd if tup Lmri ik Ld 

cLunue dirvcl 1<mi bjr 35° in. a dim mice of L2D Ti ? 

He ire required to i ln'l the radius oE a -varc 1» bn which a ormtrel unsle H - 25° 5a/36 rad 

ifaLtririipts, an art: cl 120 ft, tiii'i; 


Y 


s ]2d _ fl&S 

& ~ !W8fi — 


3TR ft. 


7- 4 “'rn.in is tov ici|! al the rate A ir;Jr*s per hfflUT i ni^'hr: nL 1:114 u sijncr nf circular 1 rack of ra¬ 
dium Villi' ft. Through what tirtKle does It tiurn In one minute ■' 

u yc^Hn I 

Since fl *i/iir • ' . ft. nln - TD4 rt iiin, the train iia&aes over an arc ol length # - 

Till M In I rni r TJii'n 0 = - = '- D ~- t rad or itfV . 

r 3590 


H. Aisunlni II,.- i-urlll Ld in- a. spl:rn- ljT nudjira 3&E0 n| j-s, find the ilritEuice liH si po Lilt 111 lAL 1- 
turiei ra D H rrcKT< the equator. 

Since 3tff - ■ rsdian. s - rfl : 3963,;- 2436 nSliiS, 

r> & 


T*i> eIU.es £TG njJr-a ajiarL lit art Lbn* sane a^ridkan, Find tbeir liiflfirefw^ In tntltudit. 


0 - * = ** 
r 3W 


rad or 
44 


10, 4 4 heel- 4 |i in diameter is rotating nt S3 rpru Find the distance On ft) trnvolral Kt a lrt-int 
(lb the rln lb «iiS aetrrild. LIillL I!-, Lhri- ] 3 ht*u.r a per cl of the pnlilt (In 1 l/sOc), 

W‘ EX 

Hu rw @ 0 , 1—1 i-aiVaiic — rud/'sec. 

00 3 

Then In i mt Mh aiiocl turns throuKh an unfit 0 • j” '3 run untl a point on the wheel frill 
travel 1 distance s rfl ^rn/Hi ti - i«.8 ft, Tine linear velocity i« 16.8 






am'.;e.ks ami arij lk.nctii 


5 


11 - F-" 1 n--i 11 lf diannler af j pul]ej which ffl driven at :) 6 D rpu by n ni.*lt moving at -to fl/SPC. 

TTt 

•3«e rev/nn - rwV««c - la’s rad,''sec. 

fll'Tl Ul I sec the ralW turns thumiBll an aji«]i- & • lzn r-jd and a fintni mi 1 !.:■ r:si Lnn-ln j 
distance i = -in it. 

,i z it ■ lit) = - — rt ■ 2.12 ft. 

'ft 12 n 3". 


15- A ptil.nl CJl ■ hi' r -j ir nf u I iiThim* *.mit I nf dj nine'll it It) ft nuve.i *itJi a J iimar £]na-i! 4. ft kmc. 
find the rate at which tin? wheel turns (angular speed) Ln rn4/&ec am) in rc-v str , 

In I see a point cai the r lrr, travels a distance b - d ft Et. rlw<i Ln ] sec cue wheel turns 
Liiroiisti .in ihikIm 6 - A/r • 45/5 9 radLanb and its angular speed zS 9 rid /flee. 

1 1 

Since I rev - 2-. rad or 1 rad ■ — rev. & rad/set - fi(—) rev,set - 1.4'd rev s<-r:. 


15* tfLtfmiiu! lli« speed of Llie earth (in, ili-khc: in Its course around ib? sun. faawi* tsu- earth‘- 
urnjL to ne ii circle of r&dlus $3,000, MO miles and l year 365 Hays. 

la 3 ea days the north travels a distance at 3 ”. r = 2f3* i$) i$2, WO, 0U<n rules. 

In i Mecnnd L'l will travel a rlisLanre s c - -li- !■ ' '.S ll'i! m jrs 18, Ii mi Ins, It' 

365(241 (80 ><60> 

-spned in, li.i 

U* Impress oal.-ii of thi* ftiL Levins anfiliui in nils: a) I0 U , h> ltf’aT, e) 6,22 rad., 1,6 rad, 

Since 1 D - — nil? and 1 rad - IfflKJ nL]s r 
9 

m ia^ sa.■ :. nils - am alia, le 1 ^ 1 = i^-™i nils - iw nils, 

■■ 3 y 

o if, 22 rad 0-32<]lMD mils ^ 220 nils. di 1.6 rad = 1. 6 f 10004 Til Es 1GW) rr.i I.,*:. 

in degrees ant in rmdinris: n i 40 nils, L> i mm nils. 

10 oils - 40(0-60!> rnd - 0.04 rad, 

MO aDs - loo (ti h 0DI] fQl1 $. 1 ml. 

16 . She* that I mil - 0.001 radian. appi-ci Lnniely. 

1 ml ■ nut --"iliZil 1 rad 0.00093115 rad or. aoproslimteLy, O.GQI rut. 

6900 32IM 

17, Al MOD jfd runEi! a battery ;;nti- i:rid:; an aqglr nf ED mils, find 1 be* rUll.h fi( I hi* bat l iify, 

t - 5 , * (5 , ln d 4 „ fla - 5 ( 13 ) - 75 yd. 

LCKW 


l^* Hrprcss far|i nf th*' folio* m* angles 

Since S mil = — - <1.00 L fail. 
ICO 

a) 40 nLla 4 Q( — > - /‘l&' and 
160 

flP 

lij 100 nil?. - too t- —> = and 




4 INGLL.H Wi > \l«: 


Ci 

18- ^ ship 36(1 £1 Jnr-i: i« found tn ftuni.on l mi aruli e: 40 ml/, ul nn ihjwoTVi-if •:• (■. i i hlior-. 
Find the ffis-taucc Iren shore to 'hip. 

H - 3KJ ft = 130 .Yd, «i - 40, i±n.d ft * ft = 520/40 3. 

Thr- rfOUlrod (flStHOW 1ft 30150 J'll. 


5 9* * shell is oUei'reeif to hurst 200 yd to the l«fi of Hip target, Mu : mum ar correct L.jfl snuuJ I 
be bade la airrinii the gun, It the iaii*e la a> 3000 yd ams tj TS-iifi yd? 

«lj The C-dJ'lfectiLgl §9 * - k ft = S0O/5 ' 40 nilfe. Lti Lhe right, 

b) The correct ton IS m - V/fi - JfJO 7.S ■ 21 ml.;, to t h ' 1 right. 

SIWLfcMENTARY PROBLEMS 

2ft. Sxpreet each u S the I'ul l<i» L:ii. in miliar. ir* usurp; 

!■■ frl- 10C?, CJ TS^O', d) LifiCl', cl- 12?iz':xf. 

Ans . a) 5ff/3fl rad or 0,4363 rad c) 1J. 171/3W rail or Ml77 rad e d-21311 rod 

h) 3 n/9 ra;d or 2.7023 red J) ito^/STO rad or i.£B 64 rad 

21> Pspruss isaon nj l he Fpl lowing m degree nehsure: 

flf n/4 rurt, ( 1.1 Tii/IB rad. < j Sk /6 rad, □ ■ i 4 rad, c t 5 rail. 

Art*' a) 4S’ n 4 (-0 12tf\ C> 150*, u r | H a |s'2ft'\ fl ill?" iV&P 

32. Oh a circle of radius £4 inclioM, fiuil this length of arc subtended hy 0 central angle j‘i ul 
2/3 rad, h; p( fcft/S md. t'i Of 75° i of l3l? a . 

■In*, a) 16 tii,, fr) 14 . 4 ^ or 43 , 2 1 b.. c IDn or 31,4 in.. , d 1 ssi-:! or 59.3 in, 

23, A eh*:]i- htH c rod 111 s of 30 Ln. Wo* imdt radians are there in an ntu: l- at the center aubrcinled 

fcv nil arc 41 j Of 2D la,, bj Of 2D ill. . O H»r ufj in. ? 

An*, a) ] rad, 61 2/3 rad. c> 5/3 rail 

24- Find the radius of the circle lor ehidi an arc i3 Lndnus ran: aubtenda sn mi.- • j «i 1 rad, 

b} *f 2/3 rad. Ct of 3 rad. rf) of 20 °. *\ oF 5 flP. 

fin*, a) 15 In, , it) 22,5 In., cf 5 in., d) 13,0 in. , n 17.2 in. 

25- Tlw i-n-H of n 40 m. pcnduliinr, describes an arc of 5 in. Tliruuitli wlial angle eirist tii- pcndul m 
salne? Ans . 1 /a red or f n 0 f 43 '' 

26. A train i:i traveling at tlu> rate Id Bl/br esn a c-urve u>f radjua Midi? H. rUraoidi *I:jI aru-:Lt Eias 
it turned In one nibiite? Ana, 3,352 rad or zo c 'lo' 

27. A reversed curve imi a railroad track ccnsl&la of ton uarcuSar area, Tht jantral anule uf cme 

JS 20^ *ath rndlus 250d ft and Che COJitra] angle Ol tl» ivtlmt ::■ 25 " With null us 3000 ft. Find 

the total 1 e&t;tti of Uie tio arm. 4nyf, 9 Jr, or 2153 ft 

23- A flyahprl of radius Ml In, la turning ill ita rate sod rpn. Ho* far.i ilivs ji pond 111 r t* rls 

travel in ft /set 7 4i, 7e,5 tt/sr-r 

29- An mitOPObl le tire ks 30 lh. in d ianeter. Him fuel frim.i 1:003 r |u- ■fhC'-J turn nn Cl!- ilx !. ■ when 

the aiitufcltiJIe roidtainh a upend of 45 npfl'J Ahs, 1 jin 


ANCLhii \NL) A . U-NGTH 


7 




30- lr. grinding certsm tools the linear velocltj of the erindiofi, surface should uut cTcnrd 6000 
ts/sec. find the Kulinin nunber or revolutions oer second, qj or a 12 In. [din. muter] eoer> 

■Iwiel. ff| uf H in. 

Ana, wj @000- n rev.- see ur isio rev/sec, b) 2BK reject 

31- if an aenjaoMle whM:] ay in. in rUamuvr rotates at &0O run. aJu&t Is the sj^eed the cur in 

rjih ? , 7e. 2 ufh. 

32- Impress finrti of the following angles In mils: a) 45 s , ds? jells'. r| 0.4 E-Jud. rfj G.G6 rad, 

Arts. Hi] Hll) llle. fc| 1S2 milss. c) 400 nils. if^ 50 aiijs 

33- K*pt«m ruoii of the following In decree aiid in radian measure: ai 25 mile. hi 60 mil*. O 

ILQ mis, .-In*. O) 3*24' atid Cl-02? tad, b> 2°23 J and 0,06 nul, 6^ 11' unit 0.11 rmt 

34- Tli« »»*• nf a. hamgsr 1750 yd distant subtends an angle ot 40 mils. He» Iojik Is jit 

70 jd 

35. A ballon iaO ft Inne is diniflt.ljr ciwrhrad. If It subtends Ml angle of 50 DLlS, lio« high its 
i,t? Am*. UlmIi i'd 

36- t'rua a l*k±i ul sea, thr- angle of elevation of the tojj ot a cllfl is measured aa i2 mis, If 

tile C J iff IE kntNFi Lo be SO ft high, hnw fas- is tlm Isruii frPT. i h-n cliff? 4ns. 25W ,yd 

37- A hili. known co be igO ft high. subLet-ds ui an^h- □£ Jt) nil^ fr<m a pnLnt on 2 level plnin. 
Prom Lhi; t-ant j point, Lbn angle of -elevation of n murAlne gim nest on. the aide of the lull is 
found to be ]2 wills. Mow far lo the nest above the bast or tbr hill? 4 n* , 72 ft 


CHAPTER 2 


Tri^mHHtii'lru' Inmclkms of ,i (ifiirriil 


Kuwait fl.it:. A j /nr is a Line tin which one direct feh jk raked as pd&i- 

tive and the other ns heuative. The positive direction is indicated by an 
arrowhead. 

A mn^r xcaic is cstab \ Lsherl nn a directed iilie by choosing a point A 
I see Fu 1 . 2 - A) C&llod the uri$rn and a unit of measure CM - ], On this scale 
F is 4 units Lu Lhe right uf 0 (lliat is, In the positive direction from 0) 
and C is 2 units to the left of 0 {that is, in Lhu neeaLive direction from 0). 

C 0 A Fl Fa F 

-P- -r - - 1 - --*-#.-C- ¥ 

-t P 1 *4 4 


Ft#- q-a 


The di rue led distance op +4 and t.h.e directed distance or = -2. It is impor¬ 
tant to note that, (Since rhe line is directed; OB - so and CC ? CO. Tin' di¬ 
rected distance BO - -4, Ueihn mch&ircd contrary to the indicated positive 
direction, and chi: directed distance C0= >2- Then CE = CO * OB 2 4 4 & 6 arid 
JSC BO + OC —I + r—2> -6, 

A RECTANCLIiUt COORDINATE SYSTEM in a uiatic consi*>Ls Of t*Q number scales {called 
uxcxh one horiJliwtal and the other vertical, whose point of intersection 
(pri-jfiri) Is the origin ori each scale, it is customary to choose the txjsitive 
direction on each asus as indicated in Lhe figure, Lliat is, positive to Lhe 
r i gh t. on the horizontal as is or x-.n.i-- and positive utward on the vertical 
or y-uxIs. For convenience w shall assulnu (he same unit ut measure ufl each 
axis. 

By means nt' such a system the pusii ton of any pniiit. F Lr. r.lie plane is given 
lj> its I.directed) distances, called coordinates, fro® the axes, The jv-coor- 
ri iKLte nr .-ihsciss* nt a point P [see Kip. 2-iii is the directed distance bp = 
OA and the y-ecurdinute or ordinate is the directed rlistance AP OB. A point 
r with abscissa * and ordinate y will be denoted by P f *, y> . 
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■> 


The aTCRii divide Ltit? plane into foui^purLs, cal fed quadram s r nl.lcJi arc bUm- 
l.-eruU I, il, tM, IV. The numbered quadra libs, together *ich the signs of the 
coordinates uf a point Ul each, are shown in Fi|E. Li-C. 

The undirected distance r of any point Pi,x,y:< from the origin, cal ted the 
4i ■,>f flocc f tf P or the- radius vector of f\ is given IJJ 


r 



Thus, »iLh Eacli point In the plane, we associate three numbers. x, i,r, 

See Pr-u l.i 1 L j nia l-!i, 


■WGLES Ih STAtflJAJUJ POSITION. ftiLh respect to a rectangular cnorritnale system, an 
angle is said t.0 be JO sl&itdfitd punilioti when i Ls vertex is HT the oflii'n and 
its initial side coincides with the positive x-atiis. 

An angle !■:- said to be a fir-3 f quadrant ™ ip. It- or to be m thr Hr at qn:id- 
r.itit if . i-lifin in standard position, iLs termirial side falls ill Ilia* riuwJlual, 

Si■ Liar definitions hold for the other quadrants. For exarpK the ani;]*s 30 "'. 

SH r and -USd aru i'irsl quadrant ah ft ids; ]]£►' is a Second quadrant angle; 
-| 1 & = is third quadrant atusle; -id" and 710 are fourth quadrant angles. 



X 



Two angles which, when placed in standard post Lien, isive coital idem, ter¬ 
minal sides are called ecterniru^ ^ 1 ^. For csample, 30" J and -S30-, -J0 C 
and TJrt" are [lairs of cqturmiiml angles. There are an uni ini l Led number uf an-- 
Eles eptermipa] mth a given angle, fSeo Problem 4.) 

The angles o', 90", 13C'\ 270', and all angles cote mi rail wirh them are 
caJ led quadrant a jf 1 . 


TR100WWE1RIC FWCTIOHS OF A GENHtAL ANGLE- bf?t ft he an angle (not quadrants!} in 
standard position and let P^x,y) beany point, distinct from the origin, on 
the terminal side or the angle. The six trigonometric funciiuiis ul ft are de¬ 
fined, in terms of the abscissa, ordinate and distance of f, us I'oJlews: 


sine ft 


Or d tint is _ y 
distance r 


cotangent ft 


„ „ a. bsc Is 6a 

cot ft = 

ordinate 


.v 

>■ 


COsifle ft 


.i _ abscissa x 
distance- r 


secant ft 


j, distance r 

see ft = -i-= — 

ahscissn x 


tangent ft = tan ft = 0Tdinflt ? _ l 

ahscis.-.a x 


cosecant 0 


cs c B = J1Sta "f 

ordinate 


£ 

y 













TKIGUMJMO'ftlU n |]| t WMW WCLE 


rts an immediate consequence of lliese ticf Ini t inns, at have the so-called 
Per iprtica i Brtat wnx\ 


din fi 1/csc tl 
Cue 9 - l /sec? 0 


ian f) = l/r.ot M 
cot S 1/taii 8 


-■jec 0 - J/cos u 
esc “ l/sin P 





]i 3S evident tVdtn the fujjlircg LhiiL Lhe values of 13ie t r igpriCflBetr ic func¬ 
tions of ■' Change as u ch&FlftOS, US Problem F It IS slicAri LhaL the Values of 
thr- functions of a given angle -* are independent of the choice of the point 
P utl 1 Ls terminal aide. 

ALGEBRAIC S1GRS OF THE FUNCTIONS. Slice t is always 
positive, Che signs Ol the functions in Lhe va¬ 
rious LnludnubLs deye-nd upon the alshk nf .x and 
y. To deter sine these signs me may visual lae- 
tlie angle in standard position or use some de¬ 
vice ftfl shewn In the acoodj-mny inj; figure Ln 
»I i lcJi -uelI j LIlg funct ions havirig pas j r j ve 13 j gns 
are Listed, jSOt: Probluii, fl . 1 

WtiHCin an angle is given, its tTifiOlMmeLr k r 
functions are uniquely determined. When* Jkjh ■* 
uV&r, Lhe value of gne function of an angle is 
piven, the angle ts not uniquely detertGlned. f'uj- 
exampU\ Li sisi9 = fe r then 0 = SO 0 , 3 5& : \ 300' ) , 

51 O' 5 , * * ■ ■ . In Benera j , two press ihl e PCS 11 lOtlfl 
Of the terminal side are found — for example. 

Lhe. tenr.ina I Sides uf 30“ unci in Lhe above il lus(.r&t ion. The except i o*u; 

t-o this rule occur when the angle is (tuadrantaL (See PiobleilK 7-15.) 


J 


1 

n 

alu 0 = » 

t:™- 0 + 

1 

All + 

0 


Til 

rv 

tun 9 = - 

CCS 0 = i 

cut 9=i- 

&e£ 0 = + 


TBIGOH(JWBTTilC FUNCTIONS Of QUAIKANJAJ. ANGLES. Pur a quadraut-u ] angle t the terminal 
side coincides noth one of Lhe ujees. point P, distinct from the origin, firs 
tlie twc-irial side has either x G,yr0 or * ,10, y 0. In either case, L*0 oi 
the- Sis, ITuicliDns *i I ] riot be defined. Fur exaaulo, lhe terminal side of t he 
angle OF coincides with the punitive s-axis and the ordinate of P is U- Since 















TflicuNuaiKTNii; i't v:tiu\- oj- \ ckisiKIMi i: 


i i 


the ordinate occurs in 1 ln“ dunominator irf Uu? nil in -Inf an i nr I in 1 eoCiinr.f'iit iind 
oonecant, bliese fundione are nut iluflniML Certain anchors indie**i- *tiis lijr 
irritirie cot IT' «• and nthrirs write col l>’ Till.' I'ulUu*L.bu results urr- 

obtained in Probien HJ. 


aainic •' 

Slit A 

re® fl 

|.an H 

Cot H 

fier h 

['SC 

0° 

fl 

1 

6 

± 'j.i 

l 

1 X’ 

9D a 

1 

U 

l * 

n 

i o* 

1 

m c 

0 

-1 

0 

£ a/ 

-t 

i * 

270^ 

-1 

il 

± 


* tjl 



SOLVED rmiKU MH 


!♦ 




Using a rectnnesiliir oo&rdlJiftTc s>Mrr.. Jnc m.- rrn 
[i'J ]ijh][i|-. giulntii and find Lite value nl r il-i .-acli: 
,^l.£ir C(-3, -av:t>. 014,-5), 


For A : 

P 

y2 2 

- ^ i J 

: .• f + 4 - /5 

For fi : 

f 

i/[l t Id 

= 5 

F-i/i r: : 

j- 

- t 27 

e 

For J.i : 

r 

/le ’ 25 

- .'41 


Emtenrin-i' the nissin,!; cwirdliiatB at P in —a^'Ui u! 
the ftil La* i r.j-:: 

a) i z, >■ -3, F in the firs! (= iii-:li-:LnI : 
it) # - -3, r - 5, f in tKi- se&Gnd fruadivini; 

O y=-l, r = 3, P 111 . t&£ third ■lu^'irSnl, 

□ .* - 1’. r y'h , P Lsi he I mirth quadram 

*1 a - 3, r - 3j 

/> > - -2 f r - 3: i!i * - 0, h ~ 2. y JJMdtiY*: 



ii'i y - o, f - i, i Tipcat m. 


nl fains 1JW; mlallnn a 7 i y 2 r 2 r *,>. Mve 4 * y* fl; 11wn y 7 • 5 and y ' , 

Since P la in the rirat quadrant, the sissies riiurdLnati? n y • i/a , 

ii) Here !i , y ? = 2J,, ■/ - te. and y - 14- 

Siix-« 1' Ls la Thj.' sreem: (luudranr. i Ilf UiS*in>L ncorijfnam IS r 4. 

c) fc have ± 2 i I ». i T H. and i ± 2V2, 

Since f J is rn the third (lu&dranl, the aLdsint cuiirdinite is» * • 

iJI ?* • 5-4 unit y = ± Stan- I' (:■ In Lhtr fourth ijn.idriinl,, Iter msKinK Ciswrdi Date i? l - -L, 


«■> Here y 2 v 7 - X 2 S - p - U am! the Aissing ctfgrdjaate i£ y [f„ 

f) m* •= r J y 1 - 0 and x Or |.l J f : A and v 2 1? the nissLiU 

h) x 7 = r 7 — y 7 - L and x — J lk 4 h.H! ni^sja#; eiic^rdimti 1 , 


id wh : m guidrajitu k4j Ins Uktll i:d Ll 

r 15 positive &hd y ? fl ■? r) J- ' 1 15 por-.i.l Ive ? 

(ih y is rwsdtlve nnd jt t 0 ? u'i i a is HEpftUve ■■ 


1 1 j i ia 3U.L4 11 | ft- ? 



















TKICCV'MICTRK M V \ C-KM'IUI \M.!.K 


m;i In tile S ir^t qi;;<dri™i *h , 'n v 1;; pruit Let- and in tbe CtibFC.il itunilrarii »Iipo <i is negative-.. 

h'i In thr- fourth i:nai:r-anL nhen i is ntKiitivt and in the- third quadrant wi-frn i ls negative. 

O In Uie first ami set□ ml quadrants, rfj In the second and third; quadrant-!: 

In the rii-st quadrant A-hen both x and y are positive and In mi* third quadrant a urn hntb i 

and v arc- neeulive r 


•i. h cpnui.rix't chi* i ci ! I ■ n : am;3eK In aiani&ii'il po&ll leu and determine those vhich nre cetera Inal: 
ili' 3 , 210 -, - 1 5 Q - 1 1 32 a'', - 3 'TO < \ -SSS*, - 870 °. 

t> Give- five *L!nrF auRlee ctCerniiiai with i 2S b . 



is I Thr inifili-:: 12a 4 und -^55° 125' J - 3- an* t-ulerrenia], Thr until™ ZW°, -150° - £UT - 

niTfi" , fi3i/‘ - 11 - 0 ° ■ L k - :iiHir, aivl -bTO d mi) 0 - 3-38gP are cotemlnaJ . 

in iRaf l*j r ' 1 -w*. 1205° ' 1 23° - 3*3«f. 192S P tSS° - 5-^w/, -23& p • lJ5 a 3«r , < 

-1 S 35 : " 1113° - fl-36l> f ate H:c>ti*rfllnnl w;«)| I 2 j°, 


t, Shu- t hiir the v-ju-ji--- til the trsi- nonetr!" [uUKtKatiscrf an anale 9 do not depend upon tbc choice 

uf lilt 1 |n>inl f ' Si'letLed iki the lerrainaS a Ids ci-f tdn angle-. 
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On tin- teminaJ aide of each ol‘ Lhn nntiies of (he above, in P and f>‘ n*Tp nwKrdi' 

nutrr- an iniUcaini, and liunnii 1 ibr distatnaiin OP ai.ii fJP' ts> - and r" respectively, prop I ho jn»r- 

pejidir II!n,rR IP end A'P' to the jr-nxis. Ie cwh of f-bi- tipwrois, IU lriam: I*.t W and TM'J'', 
having asdwLs a,i.r ii..i a'.i'',r‘ f U Spec t 1 '- 0 J S , -ire BIB I Lar: thM*, 

1 ,i lr/r li «/r a'/r 1 , Jj, <j - b' /is 1 , <i/k IT'b ^ f r/ti - r* f e*., v/h ‘ ' !■’. 

Siat-fr btiL* i-aiituf aj'u the trlBanonetric racios tor [Jie Eirsr guild nnir h m:3•_ . the values •>■ the 
functions •! I jnj' l irsl iWadriuil an life aril J.bf!6|iRiiih:5it <»f 1 Ilc rlkiiLt- ijI t\ 

Pin* ii it follows that 

i,r h* ,V J , -a,r - -a'.-V, ty-u -a.'Ji - -fi‘ V , r ..’-a r' f-a' * Ml: r'/fi. 

Slate ibesn arc: tfic- t r l ni>nun»: I.t : r ratios for Hie Kcuond quadrant am:lr;, the valoita wf Hie fnnr* 

tion* of an* seeond quadrant angL-e ai* independent. or the choice :■! P. 

It ih left tor she reader to consider Ltie cases 

-b-f - -6Vp r , -o r = ’■a'/r J k etc,. and -iit r — b',r' h n/r - a r r etc, 


De-tem fcnc Lin- ai|!BS of Lin J nnr.t im aim-,, :\a, inr,. ar.4 luiimc jr. • It -‘I tJ|p ■jiiOiJru.nl r,. 

sin. (! • » r, Kincr- v i« poet it In 1 ii qun-HFWlts -1,11 ajid negative in qnadrtijhK 111,1V, Ain|n 

f Iff aJ«tL?« posit ive, Bln 3 is positive In avadrantB I, ll sod negative in ddudrsfitB III, IV, 

Cos H ■ since i is positm in quadratics r.IV and negat tve in 11,1II. cus ? it [Kisi- 

tive in quadrant* I. IV and negatin' jp IT, HI, 

tan 0 y. 1 , S]nr.i> a and y Lire l.hi- .-laor kiipis in iwndnuitB I. Ill ami ( i>jici.-= sl.n K-iqnr Lri 
i;uudranLs 1 J , IV, tan f? is positive n quadrants 1,111 arid negative ]R II.IV. 


fcit.RTTtj.iin thr values »f i m- trlaaRC*setrlc iunctim®- of angled (sandiest positive- ingle la 
Standard position] It P It- a piiut on Lie icmUiat ±; Ld* Cl I e and 1 1 l i 1 cuea-ij mates nl P an:: 
<o Pf3.ii. hi J'r-3,iin o fV-L^a}. 



X 


■:c i (ii 


f - 

v'3 2 

t- I 2 

~ 5 

Pi l 

4 

-ai ? ■ 

7 - 5 

ft r- 


d s t c 

-3i J - /in 

ii in 

0 - 

y/r 

• */5 

sin 

a 

1 4/5 


aiii 

0 r 

-3//10 

- - 3, Til TO 

c:g« 

6 - 

% ■ t 

■ J/5 

cos 

9 

- -3/3 


Oua 

0 - 

-i.'I'Td 

- ■.• Lu Pi 

Lan 

e = 

y- 1 ■ 

4/3 

tan 

e 

- 4/“3 

- -4/3 

tar. 

a r 

-to -1 

3 

ocM 

e - 

** : 

= a/4 

o'fll 

R 

—3/5 


not 

s = 

-J--3 - 

i/3 

SPC 

6 - 

r/j ■ 

= S/3 

set 

a 

• 5-3 

-s.- 3 

sec 

0 - 

. Ki. -l 

- - /To 

CSC 

f. 

r fj ■ 

■ 5/4 

nsr 

n 

5/4 


CSC 

«= 

/liJ, -3 

- - yiii. 3 




V^t-i t hi- rec Iftroc-Al rel-aLiunahipa, i‘"i i x.anpI■ ■ , In h . 
silt * * l/dsii- y - 1/5. rps -3/5, tan ii 


l.-eot t 1 • -4/3, etc. 
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i%run: n \crnrss m - \ wca k 


6- Jn nhi at quadrant will 0 tern mate, if 
ir h sin ^ iiii'l Ccia 0 as - ’" tioEli nx:p;iiCi vp? 

6) Sin H arid Lar, ii arc b»tt) posjiti te? 

u I Since din P ' jr • r and cays 0 » r. both 

positive, i Tlnin,, 0 ij; a third >iii.ai1r.inl 

u i Hun e ain !■ positive, y is: ppsii i ve: 
fJms. fl ia (jrst quadrant angle. 

cj Since sitv B i-s positive, r is positive; 
□ sMioori quadrant rniKie. 

■4,' sin:'- k.m<- *i i? negative. ;i i-, negative. 
h is a sqjHond quadidtit asadc, 


IT) sin & IS positive and srcaci; H is negative? 

U - ;. ;:cr is nru*t jyp i'-n<l tan 0 lij. negative? 

# and y arc in-iint j vc , Recall that r Ls 

angle, 

sirxv tin 0 u y/ f is posn ive, * ls a 3 Su toaitlvs. 
since sec 0 it negative, a is neeaiive. Tims, 0 is 
tililqq lac) *- is li'|:aL i vi', y js - her. positive. 7hU5, 


9- 1 r. wtiul quadrants naiv 0 terminate, 31 

u i sin P ts positive? 6) con u is i3a*jatlve? r) iaa 3 is ucgac jw? ./) sr-c y posit lvf? 

a i Banco sJej 0 3a positive.* y 3a positive, 

jLjuji i trai tie rusiLiv or negative and 0 is a first or seeand quadratic aunle. 

hi ailicir uce- 0 in m:native, i la negative, 

then v iruy hi' positive or negative anil h la a secaid or third quadrant ar-Hlr, 

fi since tap H t^ nr native, either > is positive and s Is nuKalUv nr r is negative and x ls 
positive. TllUb, MJ be a sncuiid ur Lrjerl.h laadrant nan 1 r ', 

■i'i Since sec ’’ 1* positive. i 3s noelt-ive* tlius, 0 my lie a First or fourth quadrant angle. 


HJ. rind itr values er cos 1 anil tsai h, «jv«» aid 0 g.17 

and f> in quadrant I, 

1>'I f' be ii j:uint utt the tera.jnal Etna rj} !.l r Since 
d3h ^ - y.r - 6 ]7. *■* take }' FI nr.i! r ' 37. Since $ 3S 
in quadruri 1. .t js positive; tJiua 

, e A* - ^ . />1T>* - {6) 2 tJ* 

Tc dr*'* tlif- 3ii-cr . ] ucui * * thr- point J'{15,0> , join 
It tc; the origin, iLiirl nrJ|rr.te the P^igi* 3. Then 

i. DK 0 - Jt.-V 35/17 and tan & fl/15. 


* i 



The vJialov of j 6. r IT is one of cGuvrnleiwe, Mote 
turn 8/ 17 16/34 nnri night have Uikeri y lu> r 34 , men * = M. luh 0 • 30/34 35/17 and 

tan fi 16/30 - ft/IS. (Set' PUjIiJm S, 1 


It. 


E^lnd the vru. 1 lin-:; of sin 0 nnd tan 0, 
Sines cos 0 Js pvs lI jvi' r 5 j f, In 
Sinf^ COS 0 x r = 5/S. -e Lake 


given floe 0 - 5/ft. 

qnadrajit I or 3 V, 

i 5, i- C. Jf ± /tftj 2 - (5> J = 


4 / n. 




fi'- 















lim r lAmiKTltl< Ft sctioims itV \ nknkiui w.ik 


IS 


•II I-IT lj 111 luiKdi-ajii I [Pii-IIK Ilf. Uv twve x 5, y - /ll, " A, tiien 

s in 6 y/t .Tl A .^nd ^nn ^ yj* ■ /il/5. 

fri pnr G in diiatlt-jtsil IV (Fiiiufi; hi He liave i - J, ) : j/Tl, r 0 ; then 

bi 0 y/r = -VTl/ G dud i-aii 6 * y/k —/I i/5. 

[£, rind the vaLue* «[ &ln fl ami toa G, Riven tan S - 3 /-V. 

5 Ln -1 nif h v .t Lf- nttfsi ivi?! G i-s in miadrani ll itakt « -A. y 3) nt- m ifwadnuil lv 

irakr * 4 , v In 1 1 lii*r case r - /Je - 'ft • S. 




<i> Ft- 1- in 'iiiAitraiit It {Plniirt- m, a in fr - y/t- - 3/5 an d :'*s 9 - x-'t -4/5. 

ii) flew G In quadrant IV •:F□ n lu io. sin 6 - y/r = -3/S and «&a 9 - x.r l 5. 


IS. PSnil sin f, s :S¥«« 9 -4/S and that lan *'• Js. uu&Itive., 

SlIKii i na G - 4 - -T 1 s necaL J Ve, 1 t:i mniaUvc, Since al.sti I nn fl - j 1 L;i pp- iLjvi*. y nliSt 
nr negative. Tlif-n £ is in Tundrnni III. rSee Flfuiv c Iwkiv. 1 

Take 1 —■! 1 f - 5; tbi'ii 1 - - HI* —3. Thus,, sin H y/r -3/5. 



Fin. (rj IToL,. 13 


Fin.ca'i PruL. ii 


14- Find the value# *r tiie fettalulaii fur*: Liens ui fl, kIkji sin 9 - /a/2 and -us £ - -i,-3. 

felnre sin E - .y.M is jraitlve. » Is positive. Since w G ■ x/r La Bccative, c ip mr-pii- 
tlvt. Tliilb. 0 is in qumlrtLiLt II. {See plRore d abbve. i 

TalfciflH a l. y - i/5. r ■ /{-lI 7 - tvfp 2. m: bilve 
ton H y/x - l- 3 -.1 - - yH 


.■;rr 6 ] /cm £ - -2 


cut A - i tar ;9 - -lyV3 -v3 3 
esc S • t. ssn G ■ 2//3 3/5/3 . 
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rKEciiNtmKTim: i-'i \irno\$ of \ (;v:\>.iui x\clk 


15 - 


Deterirtiifi the rallies oJ COB 6 -in'1 Sim " If :sin (9 ■ *•«, t i*fca£ier fraction. 

SHIPP Stn fc) 15 negative, 0 tn in immlraot III (U IV. 

-sj In qiiu-rlrrinl. I i: - Tnfcr- y r - n. x = ; then 

cos u - j. r - /n‘ - w?/n Slid C*D 0 - f-x~ si , 

ihj In quadrant IV : TiLfcf y - ■, r = a. x = + /ri* — n' r ; tl'.-ej'i 

dqk rt i r /n i - m J is Siid tail 0 = y-x = n -/n Z * « J . 


1 (i- Esi-tv- rrr i n- ■ 11|« iratnc.-i of tbn LrEKtKiuxKiLrLc iuitotiuniE ;jf a ) ip. L-J !>0 & , c) ItHjfj iff 21fl D L 

l.'-l f ex- juv [id ini Inn! II- nn the terminal •'.Ldt- i>f 0. Vilmii 1? [P. x r .y-0. *ln.-n f+ iKf 1 . 

* - liyy - r. ■Afin a 0 3 fM n h * -i, y - D, *hni ji 9 - 2 r i0' , j. -i >,y -r , 


r 

i 


r P l^dl 

0 



la/ 


, r 

I'i-.-.iJl 0 


-X 



+X 


►A 


<cy M) 


<*) 

0 - 

0°-, ; 

t - r t 

y -- 0 

k> 

0 - 

Stf 3 ; 

*■ - 01 

y = r 



s-ir 

tf ■ 

y/r = 

a/r = Q 


sin 

rjU''' 

” yfr - 

r/r = 

3 



- 

*/r ' 

r/r ■ 1 


non 

90° 


Q/r 

& 


tun 

Q° = 

9f* - 

0/r - i'j 


tun 

yii ' 

= y/> * 

-t m 



cot 

if r 

x;y - 

±ID 


cat 

S\f 

a, y - 

a/r = 

>0 


Ktie 

O c " • 

r. i 

r/r 1 


sre 

yfl :: 

1 r/jr * 

t m 



J50 

HP - 

>’>■ ~ 

taj 


CSC 

M" 

• r /y - 

f. r - 

1 

c) 

0 - 

iao°: 

: * * -r, y * 0 

<i) 

0 - 

2IQ" 

: x - d 

- 7 ” - r 


:: in 

lso 0 

- 7/i 

- Q. r - 


s-In 

210''' 

= i/p 

- -r/r 

T !■ 


C05 

1SD g 

= x/r 

= -r/r = -3 


U(1H 

aid 0 

*/ r 

- 0/r : 

= 0 


tan 

latf 1 

y/x 

• Q/-r Q 


tan 

zio'" 1 

- yfr 

- i-si 



not 

ian a 

x/y 

- is 


■Cot 

fld^ 


t g/_r 

T 1) 


see 

LHIj'"' 

■ r/x 

F-( 

! 

H 

L 

1 

i—' 

II 


u-f-e 

270''' 

r/x 

= tUi 



CSC 

iao n 

- r /y 

• ±m 


cso 

27& ( ' 

- r/y 

j /-r 

T -v. 


II ban bet-ii auited that cot 0 1 im<! e« 0° are not defined since division by aero Is never 
pnrir-ltr-d. 4n Figure ■ beltnr. take fl u. anal! i n: i a- i L J - ■ anule In M-Larubti-d [lUHil.mm hJhI nn Its* 
tc rrr Inn 3 title cake: I'fj.yi at a diatoms’ r Iron o. Wo* * is k] iglitlj less than r und > is pos¬ 
itive- and vcr-, snail: thun rot 0 x > slid esc 0 r > are positive and very lart:e, Neste let 
0 dnnrease toward O' 3 . that it, QP turns Lmril-d I'lt'j milk I 1 rcmi iui i rip al a it Lsianehi r free, 

Now x intica&ea but fca LeLitsi_ys unul |rr Minn r whiJe y rii--‘ri risr-s, iiul. reimiiju areal rr I him D. 
Then rei ■ • anil rue R bcinwe borcer and irng.er, (To see Ibis, inker - l find eoripiite esc 0 when 




















TKlGl^'tttETKEi Fl-*ICTtfCT$ • «l*‘ -X IJENEBXI INCI.K 


y u . i. [Lb], u , ik'! L. j ■ ■■ ■. i "fti□ ts eiate uf alfaSra la indicated h> »rIt jrr: mt 0° ■« ana 

cute 0® • ‘SB- Norn mat white the sign IS lua-d. mft ilp ant nmlly war. that "cut o° enuali; 
we pc a n Lii;ct m; a smil patticive ancle Ix'^cties etjaller snd seta tier, the cotangent erf the an- 
El<? becomes ii Urscr amt larger positive nimbor. 

Next suppose, su» is figure (/> shnvr, Uiat 0 is auncTrr&J :> snail and tn-^attv« ar.d lake 
Ptx.vj un ns ItrtLijtaJ side jt a distance r irtm 0. Then x 1& [UEitlw and sllgbtlr spoiler 
Itinn r wtii Lie y is ncnat.j vr and r.nnsr r ical |y snn]|; cat® ami car w vi»«: negative anil nuKricelli 
larse. ,4a S increases toward C : \ cat t? nod esc ® reuftin negative hist hissci?? Urucr ar.il larger 
nunr r j r-j 11 y r this |.s j| ml j crated by writing cnL if - w and CBv (f *-«». 


17- Pmluatv: <0 sin [y‘ £ rc.is 0* i 3 sin SO'" > 4 ran Hi' 1 * 5 *vt rf 1 - fj cae Bfl? 

h ! sin £B-Cl” i 2 chks ISO t 3 a In ETff 1 h 4 epa ST'Df - 5 sue lBO" - 6 Csc 210 

it J 0 i 2fl I i 3.J\ - 4 [OS » 5(!j ■ 6! 1> ■ 16 
t'1 0 f + 3 1 -11 *■ 4(01 - 5f-l> - 81-1 > = 6 


ah, Usiri.. . prtxraiciu:-, ccristJ-Bct an angle uf 2ft° in stand¬ 
ard porii icn, h il.li r> ils center desr.r itn- pa arc of m- 
d:ua id uriLts rweiInc tine Seminal aide Jn P. Pros P 
iJriiji u perpendicular tq i in' e-axis, rvctf ng lL Jn 4, By 
art mil men sure p»n t, OA - 5.4 and AP = 3.4. and F ba* no* 
ordinates (9,4. 2*4 j , Then 

e tJi 20" 3.9.-IP ■ 0,04. i:ot SO 0 9,4/3, 4 - 3,A. 

«W B0 P 9,410 0.&4. sere 20 f ' 10.33 ■ 1.1, 

ton 2 <r - 2,4. 0 . 4 ■ G.afl, CEC 2 & e - 10/1.4 - 23 . 

19- Obtain the triKont/Dtlrir functiona ot 50' J as in Prnqina 
L-EI. Be i er tc Figure j . 





Ds actual neaeuireneitt P r uo she LeminriJ side at a 
dia taacr It) ur.ils .'run the nrigm. Iiat: ccxinl inatea (63. 7.7>„ 7hi'JI 

a in 50* 7,1/ID 0,77. Wt JQ"' 83/7,7 0, FI. 

e« 50 f ‘ - 6.4/10 - 0.«4, sec 50^ 10/6.4 13, 

tan 5i f = 7,7/43 = 1.2, esc W D = 10/73 - 13. 





I'H I CO ISO ML Elf 1C I'l M/TION* OK \ OKM/liVE. WLI I 


ly 


SI JTI MU NTAK^ KROBLEM.S 


20- si nr. i nr miftrrs^l Iji tftiirh r-n«i uagli> t.nminnt.ss unJ Jhr signs or the- -3R.U, cualne, and laii- 

.gont of eadi untie, 

» ■ 135°, J Jl 7!i-„ C l 330°. dl Zlf, fl 4**/. /'I 7S(f, gl -£50^, hif -]M0 3 , 

•bw. m Elr -*■.-,- b) i. T t * r * d iv. if? hi: r> ii ft i gt it A) i 


2 ] i In what ijitudriui I v, i F [ h t - - rr. i n.i 1 1 - If 
n| sin P ™d '. nr. ft iir ;- hrjt?) positive? 

li'i fos fl srnJ tan * st- botli positive? 

:■ i s-iii r> *niS :-;l-u .- are both negat j vo? 

d'l rrw 0 uni! ont fi mu both neglltiVP? 

An*. «i- 1, I, c) III, d‘> II. ti m 


sj tan fl La positive anil ser 6 «■• m:nat i vl-T 

ft tan fi L- rK-natjvr j-n.il Set- fi in poa j h i 7 

Hi sin fi j.-? positive ?nrt pop ft is nogstlv-e? 

ill RPi‘ ;! L£ pUeltiVu- and CSC ft is neuutivi!? 

Jt IV, fr MI, lM IV 


22- Denote h-.v 1 [hi- Stcttlitrat jiuSit :1 m 1 aiu:3t- vtiuAt 1 S 1 nor,*'! sidit passes thrmiRh the iiivni pis in I 
iirnS CiimI Llm I r l^nr.isr.--; rlo i imrt Lfins nf 0: 
a-. Pi-5,12), In PfL-241, cj F 5 c2*31 1 eft Pf-3,^51.. 

Ant. p) L.2 IS, -8 l: 13. 14/5. -5/E2. -t3/5, 13/13 
“■ ■ -24 25. 7*25. -24 7, -7 24. 25/7, -25/24 

■ .1 3 vis. 2 Vis, a/ 2 , 2 / 3 , /ia/ 2 ,_/Tv a 
ij"i -a-i/S^. -a.vSi, s/a* a;a. - a, - 1 /H /5 


33. Find L#U“ Vuluus uf Lhi 1 l r tgatMxirifrIr F 11 -ir c i (irk <»f ■?. given; 

jiin fi - 7/>5 cj’i c* 4 jl fi 24/7 j5i Lais fi - 3/s jj-tu B = - 

L'l ore fi - -|/g ei a tn fi = h 1 uut fl = /i/2 

£] tap r"i _5 12 <, Lira fi - 5 /fl 1 | kiwi fl - - /-f 

Ins, n> V. 7/25, 24 2j, 7-24, 24/7, 2S/*4, 25/7 

II: 7/35. -24. 25, -7/34, -S4/7-. -2S/£4, 3/7 

■ II: 3/5. -4. a, -3.-4. -1 3. -.5/4, 5/3; HI: -3/3, -T5, 3/4. 4/3, -5/4, -a/3 

■ ]I- 5.-13, -12/13, -5/12, -12/a, -1312, L3/5 

IV" -5.-13, 13. 13. -J/J2, -12 5, 13/13. -13/S 

1 / ] 7'35* 24 25, 1 34, 34/7, 25/24, 25/7 

HI: -7 '2.7, -34-25, 7 21 r 24/7. -25/24, -25/7 

s-i 111: - 45 . -, 5 1. 2 /5. /5 '2, -3.Y?, -3/3 
IV: -2 5. .5,3. 2 i'fl, -/&■■?. 3.V6. -3/S 

'• l: .11 6, 5. C, -/IL, 5. r . l L L, 6/S, 4-VTl 
IV; li 1 - - Li, -kTs 5 . -S/L-'fl. «/S. -evil 

j:- I 2,1. • ;U, :i ■ ., ■. 3, 1/34 v':54 2 

itJ: -3,-irH, -S// 34 , 3/5, 5/3. -V 34/5, -v'34/3 

f‘- f 2 / 10 , /M./r,. 2 .6. /B/ 2 . /a., i/lO /2 

IIJ -2 • LU. -/3.-/J, 3,VH, .’F, a-, -, ,-3, /]b- J 

1) 11: S.r'S. -I i-5. -2. -J 3, - 1 / 5 , v'I/2; til: -2 /5. -1//5. 2, 1/2,-/%-i/5/a 

#- 01 -vs, 2 . -L 2 , vj, j.Va, - 2 S - 2 -/a; rv: -vl 2 , 1 2 , -y^. j./s, 2 , -ava 

tjfi. Evaluatt- I Li he li?j 1 mr| up: 

Dl tan IBtl" -2 eiaci U10‘‘ i 3 case 270P - ntJl ftO° - Or 
fcl Slit 11° ■ 1 cut gi/ 1 5 sen 1BI|V - 4 COB. 270° - -5. 



CHAPTER 3 


Trjgoiittmetric Funrtioi^ of an Vi utp \npl( l 


TUlfrOWJMlfTJlIR tniNCTIGNS CF AN' ACITIE ANGLE- In deal isi|: Hrith aJU ri- l i ■ i i::m, |, tt 
nill be fonveiiieciL (sen Pin. 3-A) Lr> denote thf- vwtLees tit- A.B.C • vertex. of 
the right angle , to denote the angles nl Hit? Inapsp. Le a;’. A, h.f' 9 O'", ami tiic 
sides opposite the angles aa ,t. b, r respectively. it3 1h reaped I > ani-lf.- A. n 

nil! bfi railed the opposite siiile and b will he called the sr<rK tfrt r ||, 

respect bo .angle W. * will be called he adjacent aide anri b 1 hr- opposite 
side, side «„• will always be called Lhe hypotenuse, 

II now the righc triangle js placed in a coordinate sys tor -Fli-:, ;PC) so 
fllist angle A m in standard position. t-Jie point l< on the l.erinma] side of an¬ 
gle A has e cm rd L cia t es {Is.a) and fLisLaare c As 2 ' <■ h 1 . Then L.hi i rigoitomet ric 

functions of angle A may bo defined in terns of r.fce sides of the rislit. tri- 

a ug l(i, as iul lows: 




s in A - - 


cos A - - 


ten A 


oppos i to a ide 

h 

cot A - - 

tt 

adjucen t fiidp 

hypotenuse 

opposito side 

adjacent side 

, c 

sec A — — 
h 

hypoLuausc 

hypotenuse 

adjaceni Hide 

Opposite side 

c 

CSC A 

■FI 

hypotenuse 

adjacent side 

opposite side 


TRIGONOMETRIC FUNCTION, OF CCWLEM3NTARY ANGUS- The acute angles A and C of Lhe 
right trlands ABC are complementary, that is. A * is So" , pnsn Fig. ;i-A i»e 
have 


sin ft = h/c = c-OS A 

cos ft ■ vd/c = sm j| 

tan ft - h/ti = cot. A 


cot ft tt/b utii A 

ROC H f./JJ esc A 

csr ft c, h £QC A 


These relations associate the functions in pairs — sine a no cosine, tau- 
g-DM and cotangent, secant and cosecant. - each tunction cl a pair being called 
Lhe cofunction of tile Other. Thus, any Time Lion of as m-ut u ancle Ls ,,-guiiJ to 
the correspond!(lit CoIunctlDn of the complementary angle, 













TKllilKVi.UfcTRk; I'l MliHAS OK MIL IE \.N(iLE 
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TRIGONOMETRIC FET'JCT I CM3 OK 30 fr , 45 *\ 60°, The fallowing results are cM&iiifid id 
Hfubluht S-O, 


■1 0 ;• J r. H 

ui]] fl 

cos 0 

tan 0 

tot 9 

sec 0 

CSC 0 

30 a 

i 

f /3 

i/3 

/3 

f/5 

2 

15” 

m 

t/2 

I 

1 

>■'2 

vS 

&y° 


1 

2 

/a 

4>^ 

2 

$# 


PRCH am s irj-|$ i l Jusl.rat<* a number ol simple applications of tJat: trigonometric 
f lujl": t. i onB . PiVr t.1iis purpose the following tab it- mil be ased. 


An.K 1 e; 6 

sijj 0 

cos 0 

tan a 

COL 0 

see e 

esc 0 

I &0 

0.26 

0,07 

0 , 27 

3.7 

1,0 

3 - 9 

20 ° 

Cl, 34 

0 . 94 

0.36 

2.7 

1.1 

2,9 

3 fl a 

Cl. SO 

0.07 

0,50 

1.7 

|,2 

3.9 

40 * 

0.64 

0 . 77 

o.a-i 

1.2 

1,3 

L . G 

4 5 ° 

0.71 

0.71 

1.0 

1.0 

1.4 

1.4 

f> 0 ° 

□ .77 

0.64 

1.2 

0 . 6-1 

I.fi 

1.3 

0 D a 

0.67 

0.50 

1.7 

0.58 

2.0 

1.2 

70 ° 

Ok 94 

0.34 

Sir 7 

0 . 3 fi 

2.9 

1.1 

75 ° 

0,97 

0 . 26 

3.7 

0.27 

3.9 

1.0 


SOLVKD rKOlil.KMS 


li. Find Llie viloti uf Liu: : t 1 icgri-mwitrj c riincll«ilis uf I jii: acute af*l£i of tht riehr. triangle ABC t 
r Lvcn J< . 24 and e ■ 25. 

SilKr 1 a 1 = i v _ f, ! C2SS* - (24j ! • 4&, il 7. Ttain 


_, r^ipoKjt.C 3]* 

7 

ClM- .4 

adjarent susn 

24 


iLjfllDt-tiaLLHI. 

ib 

nrimsitL' J'Jl 1 

1 

toe 

aa.iateni side 

24 

MfC 4 

lypctenuse 

25 

h^uatenuae 

2b 

adjacent aide 

24 

taii 

owiofllt* aide 

t 

cat A 

lupiitfaii^e 

25 

□jfljar^fsit aide 

24 

LriiDBlie aide 

7 

□Jii) 








310 fl - 24/25 
£06 jB - “i/2% 
Caofl 24/7 


cot B 7, r 24 
&ec B - 25/7 
r« B 25/24 


























rRiunwMJrTkic j-i vrtum, nt \\ u:u‘n. \.\glk 


2 r Filial cnt v«iw« of 1 1'-*? l.ripuiHHin-t.rj q fuai' J i««" ol Itn- di-dli! un- 
i! J •=■:= of cJii-- tr mngi-e .4jflTJ, [Liven » 2, c 2 v''eF: 

Since Jj 1 = c l - u 7 -- Uv'Tf 1 - [2) 1 - 2U-4 16, !> -i, then 

4 in A - £ 2 /f - /5- i = eta £? cot ,-1 - 4/2 - 2 - tan if 

Cos 4 = If 2 /? * 2/ff/S = SlD & fltC A ~ 2 /§/ 4 - vS/2 - cm-, fl 

tab \ - 2/4 = 1/2 = cot it CSC ,4 - 2 /s/S = /I - S?o fl 


fi 



0! 

IT 


2 


3 . Find Hit- values «f tlit triB.uAOMtru tuflctioiM oi the iwut« na- 

P, 11: 4, C j^hn S[T1 ,4 ; 3/Tr 

Construct. l.n,' right. IriansL# AW huvitiK a - 3, r • 3 fi-fnt l • ■/ ;* X 
- units. Tiierv 

a in A - 3/7 eat 

toe A = 2/lfl/t sec A = 2/3/|0 * l/fti..'20 

tan ,i = 3/2/fa - 3vfa/H> CSC A 1/3 


W 



it 

C 


3 


4* Find the values of the trigoncFiciric functions os' the anuti- an.;!. H, uiveb tan i> • | r o. 

liefer to Fiji, mi bela». Construct tlw right trinngln AUC sav i n_ 1 l.i aqiJ tr - If- it.. 

rSutif thai i. 5 = 3/2 and a i-iuht triangle »-Hb '■ a, ■■ - 2 will serve .'quail y tell. ■ 

Tiffin z - /a 1 + i 2 - /l0 J i u * = 5 /I 3 and 


sin B = ii/5 .v'T 3 - 3/13/33 ctit H r i/s 


cues - 10/5 /13 - 2/13/ 13 sec if - 5/WW - VVt/2 

tan B = il/10 - 3/2 esc fl - ft /liv'Jl /is/ a. 



Fik.SSi Prob, .1 Flt-i6l Fritf], 5 FtE,[C| Prob r % 


►j. If 4 l!> ar-Ulf np:l sin .4 2*. j, -ii-l i-rninc Uir- values uf the runil ini lw fciirl 

CiBistnirl i.tir right triangle ASC having a 2n < 3 anil c - 3, us n Fig. fd-) ItlK'Vh. 
Thro d> - -/i " - / /[t- 4 j? and 


sio A ~ , 00*. .1 '^L 


t Fi-Tl A 


3* 


/ B - “U 1 


■cut 4 


v4-4i 5 


s«r 4 ; 


/9- i* 1 


c3io A = 


6, If 4. is; Ofliiip- and t.im 4 r ■ z ■■'1, dPterallie fn.-- vb|iws of I..m* n-m i n : II p funotlOSSi 

CoEinirnct the right triangle 4 Bf: bFvlrifi n - * nnd F. - j. ai; in Fig. (c> m^w. Ttvo ■ ■ i 


■and 
sin 4 


/* a - 


. Ot)S .4 - 


I 


Lai, 4 


. , Cfit 4 -. UfiC I. /t. :J - ] , CSC 4 - 1 


/ ? 2 t 1 


S?i^ 
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itU^lNnUKTKir F1A)JTHP\H OK IN kCITl- \St ,LI 


7. l( 1 is an acute bilk I e: a) Wig ib Si:i Mi i? 

tr . 1 ASiu-ii ib bin 4 cdfi A ? 

C> Wiu is Sin A ■- csr A 7 

[it mhtj runt triangle ,-l£f; : 

■*> £iid>. •£ * aide e; therefore sir. A = a c 4 1. 
b) Sill A = cut, X Kfheft n/r - fr, c' then U - t, .4 - J? r and A 45 v , 

r j Km -5 ■: t 1 .nil■: 1 Vl; j ;ui I is t A = |. Sin. 4 ■- I. 

Ml sin 4 1 j fcuri .4 5 it.'r,., arJ iS < r the re Aire a/c < u-6 Of bin A < tan 4. 

t'l Slfl A < cos. 4 * 11*11 0 < l tJieis 4 * r or A 9U' 5 -4„ and 4 ■ 4& :l . 

,‘i Tan 4 c i ■ l then u * i>; then i j H end A :■ 45°. 


lij Tito i & s lu 4 ■: r.nn 4 y 
f > Win'll SB slit A ■ 1 us -1 7 
fi When tun A 17 


H. K l n4 I Li: mines nJ I In: Lrtii'imrjnul ni L'jim.T ton a ii£ 4 j" . 

Ifi ttlty lspra'-i: 1 lb r SkIlL Iriatnilir .4flC. 4 El - 45° arid 
Let 11 ft - l; then i- - /i - ! /2 ami 


nia 45“ - 1 ■'■,'■'2 It’S l-qL 45 D - 1 

r<js 45 l ' - 1 -.'2 6C£ 4fj D t /2 


tun -ta' 7 ' - 1 L - I 


fM 4S 5 ' . 2. 


i*. 


4- Kind II • vu Isit'S ol Llm triitongmiLni* [-jiic L 1 ixliS Of :!fl“ allii 00" » 

In in', :-!|i| 1 1 ul era 1 tnancHi inch, annlt: is Sf' r TJi* bi- 
l 3iiv un'.Ln. fj, is the penKT«Linul*F hiBistlor of Hw 
□pposiir bide. Ej.-t tin; sides ui tin- equ l J atera 5 triangle be of 
Iffiwllv - ui Lit.w. t lm-n 10 LSI rmlil. irj simile 4iK‘, AH 2. AC = t. 


amt &: /f 1 - L 2 - S'. 



bin 51T’ 1/2 l'cis frlV J 

COt 20^ 

- V3 - tan BO'- 1 

r-t?* ift" »U m ! 

nr:n jrf 

2 i'3 2VI/3 

I u.il Sft r ' L , :j. ■ V'TI Z i:cL 111' 

r.sr ^Q' 1 

2 sn: Slf' 



Hi- ’ir i. u .1 - jiji '- 1 nhiA'p th« hnr won, hi>* inn* ;:= i.h* slmrig* r-^s-t «> a building ir.D it lnuh ■ 

In Pi j;. 1 J 1 i'-' low, 4 - 20° nTid Ctt - 150. Then cot 4 AQVll Btid 

B 




11, A ’r- Lull 11 1.-01 I'-T • eludow E2tf ft k lid. Find r hi- un.!lr <n i‘ Irvul. mn dl Line Aim. 


Ill Fi . I. . ilI ,Vi . i.'fl II! 1.1 .11112 v 121). The 11 tan 4 mH M lam, L2ft 0.63 anil 4 4ft ■ 


15- •! indili r Ir-ILIU- nr., nisi lie : If - Inilldinp ■*1!L it:- fmil 12 f! frnn Lhe iidlldltie. Ifc™ Tar 

leu* Tin: enuam lo Liu to|i til I.Lu ladder and hi* long is tti* iMiitfcr if at imko* uji aiwlt of 
I0‘ 1 ft I Lb the nrpiind? 

KrtsR j-ik, .• anovi' , 1 -m 1 Ct If I Lbn'n Of ■ Af tan A Sir tan■ J fft n I2i2.7) 22, i. TIik 

top rt fcilP ladder is 32 ft ftlwTP Tl|i* tiround. 

SI l Mi- h L tii: 11 ,M\ AC set 4, ]2 atit 10* = 120.91 34.6. tJ» Imtldr-r Jb 15 it !mic. 














j-i ol \s u.l it V.M;L1 
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1^, Frar the top of a i iehlJiciUfle, L25 it a bay* the sea, tbc anicle of -Je-tif-ei-s- L-Gfi of a bi>ai Ld Ir.", 
Hue FAir l£ the boat t'j-uji l lie lUljtbDLifie? 

In Fig-;&:■ tele*, the rlitu triangle jfir haa -L and <'U l3o; Lhe,n 

C*t A and AC - CB Cat -l = | 20 tot It? - 12IM3- 71 AH ft. 



Pi ft*eg, Prub- 13 


14 - Fin-'l the length of r.in- chord of a pfcpclc of radius £5 Ln, subtended by a centrai angle of ISO’ 3 - 
In ns. (hj ttbqri!. (JC inx-wjts /AaB- tlw-Mi JtC. AC and ftiC la a right tr 5 RUgi e . |tt iGtC, 
a in itt'lA - AC/QA Hid AC 01 »tn jpM Sfl sJn 75° 20(0,971 UN 4- 

Then li -1 t 30.3 and the Length «r the chonl 1* 39 in. 


15- Find I he height rif a true 1 ! the angle uf t; Leva!iraj.pf Lit Ltip diannes [feu SOf 3 til 30° 4£ the 
ohEener advances Tfl ft toward its bnse- Set- Flg.cc) belt.fr. 

Iti che right Lf Saiitle ASf- cat 1 ■ AfJ/fB. then AC - C& cot A dr flC: * 75 • Cfi cot sf . 

lii Uii- right l.r:asiid- DBC. rot fi fif OB; iluia DC - CR cot .40 - 

Then 0C OS rpt 2Vp - 75 CB cot iff . rel ent 20* - cot 40^ i - 75. 

Off-: 2-1 - 1.2) - 75. Mid Cfi - 75,1.5 M ft. 


C 

Fig.<i) Pruh. IS P lit. t_T ) Fr'uh.. 16 

16- a ta«er alsndiJtii uii level trLwind sk due north lJ point A and due reel of tolni fj, a diataoce 
r fL Ir<M 7 A. )f thr- anglr-:- of elevation Of 1 h*i fop of thn 1 ofr<T m; Eusi-.jn'i! (rcm 4 and fi ate 

t nnd f respectively. rind Lbe height A uf the toner. 

In the t-ifiht truBiKh* AC& of FLs. fj ) micivO, rpL 1 ■ -tC.-’fc; and in rhe right triangle BCD, 

not fi - BC/h. Him .if: - h. cm a and fit; - h cot f . 

Since .tiff: is a right triangle, i fffC) 2 - - h 2 tcot ii J ->■ fi f (-coc Mid 

ib - - --- 

(/■'(eat on 1 ~ [rnt. ifr 




IV, if holes are to he spaced reeiilarJr «i a circle, ubu* tlac 1 he aiataijc-:' ^ betfreen the centers 


of c*o Bucceaatve holea la tiveji bj d - 2r siti 


ise 


phfiie r radius ui th' oircla nnd n • 
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I KHJdNuMKTHK. R NCTTO%* ^ \CHTK ^(;LI 


nlinbt i nf lmlti, :- mi! ii iVJil-mi r 20 i n - iLt'id n J. 

Ij■ L I and !■'■ In-; the Centura uX [*..i CtmB-KUtlvr hcfcii nn l.hr 
|rr)r- i rad PUB r ar..i • i-nti-r <). Let the- bia-in tor of ? lie* lUIgth 
" of the trianj.Ie l-irfi lec-c Mi -st I s . In rishf l.rEabitle M.*: r 

sin -'ll ' ' t<i r u! 2 r„ 


Tl.i?3i .J 2r sin /lot; Ji sin j £A*>& 


2 r Aid n | £r 5 Lli 


Lfltf 1 


Ahrn r j:i aqd n l, J J - £0 Sl£i 4 .V 2‘3n.?f 20/2 m. 



SI ITI.f MIM Un pnoui K^IS 


]g. j'jiiil i!. • liilm.f. ’ii i lit 1 t r j nc:fitthf 1 LrLt canoe i-urn ot tin- acut+ imi«1ck ol the right triangle A&C, 

C1VMn: i_ i i j J r r 1; h} a 2, (. 5; . J h t'T. / 4* 

iim. hi i 3 i Td h i , io,. :i, i/a,. . To, ,-m ‘3; fi; i .To, n-Ta, i/a, 3. ib/s. jo 

• I A- 2 k £l 5. 2 , 21 . . a 1 / 2 . 5, -X 5/2; B: , 21 5. 5. - . 21.2, 2 V 21. 9/2. S/vTl 

I p A- 3-1, -'14, 3,'i'7, -.7 3, -l ■ 7, f.'3| H: f'7. 4, 3/4. t 7:3. 3'. 7, 4 ’3, 4 3 7 

] ij- .Vi i •!: ji L ■■ .Ii - uredlcr and a) s in nS ->t tilt- 35 ' "* ej tan lo' or rut S 5 r ‘? 

h', iln -| 0 y nr Cim 4 ( 1 ° 7 ill 55 " nr rSc 55 °? 

tunc: CMiEldfi a s'i,.ht triMig.3^ Having as acute abide the nivpji angle. 

•In.*., ai & in 55" , c<ik 40 , rp >-al 15 n , di gee 53 "' 


20, Find tlm vnJti? uh e.*eli at the L; L L &■* 1 n r.. 


n| 

sir. :£u" 

■ i 43 " 




ri 

h\ 

cot 43 

- L-at, Fij :; 





**> 

a i n 3i>" 

cioi: OO 10 - ee« 

3Q r 

Ain 


t t 

ill 

cob :£o‘ ; 

COE lilV 71 - Bin 

mi 

sin 

StP 

J r 

-1 r i ■■ 

• - a) 3/2, h; 3 i. 

J 

, o’) 

a. *-i vV3 r 

ft 


tan - tan 30^ 

1 ■ Lars fiD a Ian 3I|P 

eac 30 ° 1 esc GCT 1 c&c 9 G° 
sec o' - saic :io c ' + *i>r fio 0 


2-1 . n '4 ii iLr j V u£; nrm It aludt, .1 ruad nliirli is int! 1 sn-s! 21.1 La the liar 1 . acini s I, Iks* liir.k above his 
starting point is he? ,4ns-. :jii tt 


22- pi Tret brol&n over uj- the n-lrrJ tone h right triangle '*11 tv the hruiuid, El Lht broken part 
rcttkeS an ai:i;]i.- ::L •,./ 1 *it[i I hi Brmmrd and i! the ■ .'O •: I |m: Ln'f n.r* 2fl r ! Inn i! h , 
no* l,a L | Clin Irnr-? , &fl It 

23. 2 *w ettajiUtl Kails JoLcrsncL 1 1 prit usi U-n^l > <»f 7i ", Find I lie Allafleal dlsLunci' Itimi mie 

mad to a |i&: -ilatirjit r tl|R Other riind 1000 ft 1 run the junction. 4 im. 970 ft 

2i- 7*0 buildlTifSE >*3111 flat rodfa are go ft ar^u-t, F-’rcrc the faciJ Ol' the .KhuttHj- UulUllBg, 4(1 ft 

in IlimuIiL, I he anyli: el dlffivat Lon l.o tni (idgj «.f Ini'- rnnf of Lihi taller Inii Id ici|i is 40 '', Ihw 

high IS Ihci tnJ ter InuLJdin*? .tlru . 'JO ft 

L25 . A ladii-T, vi ?ji it;, rml. m ! (vr Slrrrc, rciikrr- an luigi- nf 3C' mth 1 h- atreul vbi-n Ur. Lop 
1 ;d<j:. n siuildsnf: oji ok E. t-Je ol Hi*, 1 strei't and. itfth.es 0 11 undo wt 41 1 •*111. tne streel *Jien 
Its tup retf.1 a -1 a bmildfiu: nn the nLJiPir aiik 1 nf 1.5 k- Alri'i'l, IL Min Jnilihl- l.-j 5(> ft lung. Jim 
ndr is (hr- s-tr- <:t? 4n*-. (12 tt 

26. piiid 1 in- js-riactnr nf nr iaoskt-Lss triangJc *iioso tuwe is hi! sn, anil *hosv Imia.- asugU- 1* TO 41 , 
fnji . 136 3 a. 





CHAPTER 4 


Tallies of TrifiOiumiHrir ImutmiiH 

I 

VOLI TION i if Kli;iHT I HI \Mrl.fcS 


APPROXIMATE VALUES OF TIE FUNCTIONS Of acute angles an- given m Tables 01 Nature j 
T r igonorfet f Ic Functions- These tables, as published in texts, dif'fcr Lit suv 
#.‘j‘al reduces. Some give ibe values, of tins six functions.. ntht-rs are restrict rid 
Ln the functions sine, cissins, tangent, ahd m align it, some rive l he values 
to foul digits * lii 'H' others give values !« fnur dec sms.] places, We shin use 
the latter tub is here. (In cast Lhe values of secant and cosecant are not in¬ 
cluded jn .your table, reference tc these functions is Lo be deleted.) 

fOt.fi PUCfc! TABJ.R OF NATL’ftAL TRICON Q-MFTfl.IC FUNCTIONS 

WIEN THF. ANCLJ-: 15 LESS THAN if? 1 , rtu? angle IS found in the left hand .column ..if <!■«• 
tiLbJe and the function Ls read at the tup of the patfU. When the alible is 
greater than 45 a , Mu- angle is found- in r.ho right hand column anrl the func- 
Liun Ls reed aL Lite but torn 11 f the pace. 


TO FI Mi THE VALUE OF A TRIGONOMETRIC FUNCTION of a given acute angle. If Lhe angle 
contains a number of deEftseK billy to- y number of degree* and a multiple of 
]O f , Lhe value of the function is read directly from Lhe laLile. 

Ex.fl.upLE l. Find sin £4°40' . 

Opposite 24"40' (■;.4h' 3 1 in rhe left. hand column mad lhe entry 
0,4173. I' the column labeled Sib ul the top of Lhv pa nr. 

Example: 2. Find cue 1^. 

Opposite 72" (=■ 45" i in the right hand column r<*jd the entry 
0,309(1 111 ihi' l'uL ullui labeled COS at tile ..if 1 hr yiiio.-. 

EjUkF’LS 3- e} Lan 35*20' 1-4460. Read up the page since 55*20' > 45". 

li‘) cot 41*50' - 1.1171, Read d«mn the page since 4a' J 5D K * 45”, 

M the nnstinr of mmutes in the given angle is not a multiple or in, as, in 
r 44 D 43' . inmrpnj ate hutween the values Of the flillOt iotas ul the Lau nearest 
angles I24”40' and 24" 5 O'1 Using be met hud of proportional parte. 

E K AiTPLti 4. Find, sin 24"4 3 ' , 

'fte find sin 24“4fl r = f), 41713 

sin 34*50 J = 0 . 4200 

Difference for ID" Q,flQ27 tabular difference 

Correction difference for 3' 0,3(0.0027! O.OUO&I itfG.OWS 

when rtnihded off Lu four duoimat places. 

As. Mr uriglv Inc reuses, the S lhe of the Engle inomi-srs- thus, 

sin 2iHV = 0,4173 + n.UDOS = 0.41R1. 

11 a Live place tiiblp is available, the Yfilue 0.411313 ran he 
read direct]..? from t.Ih- table and then rounded oil to 0, -ji M. 





i Mil k- in ri;jL,"M'\imci>:.: 1 1 


Zt, 


ESAKFLK 5, Find c™ 04*26'. 

Mi" find s;«h = £>. *43^1 

cos 64° 30' • I.M305 
Tah ii Iji r difference O.OO^fi 

Currec: i. l on Ij . G C 0 - M2fi) 0, 001 56 or 0.0016 CO t OU1 dec iiiiu 1 

places. 

•is Mu> angle Hirren^'s, t hr cukIjh ul cIll- angle dec reuses. Thus 
cos «4''2G' 0,4333 - 0.0016 0.4315. 

i'll gave Mill-, wr should pr ijrt:t‘H?Ci as fol low's III Example 4. 

a i L>.' i i- f. i ri 24*40'' 11,4 173. Fur I.m.- mowiBL,. disregard L ho dec ima 1 pedaL 

and Use only tkle sequence 4173- 

ftj FlisiJ i,inuEL Lai J v i. 1 fcur- Lunular difference 27. that i || k: difference IJGtW'e&n 
I lf -i 1 1 | uerjde 4173 i:ori'»\-.|KiiiO 104 J 1.1 24 -MO' HFLd -:,h au()tlE?nce 4201) corres¬ 
ponding to 24‘ 71 fiO r . 

c’j Find 1 . 1 . 3:27 1 O.l mid rouud oil' Ui Lite nearest integer. This is chr- cur¬ 
rent lorn. 

r#j Add ;Slm.v sltic) the c-orrwtiaii to if]73, obtaining 4131. Then 

sin 24°43‘ - 0.4LK1, 

Win-iL, an in the uljuve exanjile, we int^wlate from r in sm&J ier angle Lo 
the J a riser: 1) The ooiTeol.Jtm is added 111 finding sine, tangent, and sec aid , 
2 .' Ttw- correction Is subtracted in f inning cosine, cotangent, and cosecant. 

SSco also Problem 1. 

TO FIND THE AJWU3 flHCfcf-! piiNrntiN [s GIVEN- Thn process is a reversal of that given 
a boro- 

F*AMPLE 0- Catling directly [Yum i.he Labis. we find 

G-2924 sill 1 7 rj , 2 . 772!) = tan 70° 10 ', 

ExavplK 7- Find 4. given sin 4 a, 4234. 

The given value ie noi ui. entry in rhi- tabic, Wp fltisl, however. 

0.4226 = sin 2;T M 0 J IU22fi sin 25?u‘ 

0-4253 -sin 25 a iCT CM334 = sm A 

Talmlar dii'f. = 0.-0027 Q.QDCS partial difference 

Ciirreclion ^^ HU'i ,f ■ { I O' 1 = a' . to tlie newts* t m inute. 

iXMd 3 1 ni mince sine? the eurn.Tr ion, we have 25*0' mi" = 25°3' = A , 


Example 9. Find A., given cut 4 = 5.6345- 

find O.tiSSO = cut ST'45' 

0.6373 = cot 57*30' 

Tubular dj ff„ 0,0041 

CorreeLiun l> - ™ 1: ’ (lfF 1 - r - <iC' k 

0,0041 U 

Sunt rad iiir. (since f.iil-1 I he uu-rrre I. inn. 


0*6330 = CU 37 D 4Q J 
5-1>3-13 u ui .4 

0,0015 panral difference 
4 J , to tin. 1 nearest minute. 
i*e have 


57 a 4ir - 4' 


A. 


57 D 20 r 






H.H.L ih A ' *F MIGHT Nil W<'L.K-. 


27 


J'ri save L imp. m? should proceed «ls lollop Jn EXuihulo 7: 

.} Uocato th? next simller entry. 0.421H5 sui 25 9 0 1 ( For tile icjnuni us,- i.n- 
ijr the seuuunct- <i!>££. 

1)1 Find Lhf tabu Jar difference. 2 ~- 

r.) Find the P»rt.Ul dlf iT-renne. 8, lift tween 4326 and the given serjiieiu.’:-- 4234. 
rj> Find 22 i 10'} a J aiuj add to 35*0'. J 3 rrrfi I cm 3. 


ERRORS 1-N CDHPirreU RESULTS arise truns 

r-il Errors in the given data. These, errors are a Kays present in data maul I - 
itLfi from moafcur&muDts. 

fcl The use uf tables of tr ijEunuaeL r‘Lc fuijct intis. Tile PtltriOS iifi *udi Lab lei; 

arc usually approximations of never and mg dcontaJa- 

A measurement recorded a#s 3H feel mt*ns that, the result is correct to i he 
nearest loot, UiaL is, tin? Lrue length is between 34. 5 u«d 35.5 Loel. Sum • 
LarLv, a recorded Length of 35.0 ft. moans that tin? true length if? between 
34,95 and 3.5.0a tt; a recorded lew-rib of 35, B n means thiit the true iensth 
is between 35.75 and 35-E5 ft; jl recorded length of 35.80 fl moans that 1 he 
true Length is between 35,795 and 35,805 ft; and so on. 


SIGNIf-'ICAter DIGITS. In the 1 number 35 ".here are two aiRIiif leant digits, 3 and 5. 
They arc also ch^ significant digits in 3,5, 0,35, 0,035, 11-0035 but not m 
35,0. 3.50. 0,350. 0.0350. In the numbers 35-0. 3,50. 0.3.50, o,0350 there are 
three significant digits, 3, 5, and 0, This La another Kay of say tag that 35 
and 35.0 arc not the snide -’cusuj-ciiiujsL. 

It i-S Impossible to r.Lutensine the siRbil icant iiRiires in ti meaa uremenf re- 
curded as 350 , 3500, 35000, • ■ - - . l''nr example, 350 may mean that tin- true re¬ 
sult is between 345 and 355 or between 349,5 and 35U-5. 


A0CIFJHCV IN COW'tTED RESULTS. A computed result Aimuid not shi*- more deeinal places 
than that shewn in the least accurate of rrn- measured data. Of importance here 
are the following relations riving Cumnai-able degrees nf accuracy in lengths 
and anftles: 


ft) 

D iStancea ns pressed 
nearest ffegree. 

re 

2 sign if leant 

digits 

and 

angles 

expressed 

to 

the 

1)1 

Distances expressed 
nearest ]0', 

tu 

3 signifleant 

digits 

and 

angles 

?. XJ) TFiftHOCt 

to 

the 


Distances expressed 
nearest ] 1 . 

to 

4 significant 

rl i ii its 

and 

angles 

eiprcss?i:l 

r li 

r he 

d) 

Distances expressed 
nearest 0. 1' . 

to 

5 signIfleant 

digits 

and 

angles 

Lis pressed 

t Li 

t he 


HH.VED PROIHJUS 


L 


a> Kja a.flats ; 

CL1K 1^45'' - O. U4 L3 ; 

c i Lull 77° 12* 4.401 V. : 

dl uuZ 4^36' - L. 1667 ; 

fl sec 28*47 ' ln0&3fl ; 

ri esc Sts'V 1.1538 ; 


i)3;+ii - o , 4 1 1 5) aflffl * c< 

U4.L1 - II . ?,I in j !HI7 5 

41937 - 0. icSSTi - «£>7 * lift 
]]7Qa - Il.tilfifc • 11719 - 4 J 

lttDia 4 0, 7n'l. ■ LllOLn 4 10 

IL547 - 0,4:19i - J 1517 - a 


TIRI.KS OK r'HKLi 1MJMI-. flEE', t'l \LTU>\*. 


1 8 


2- E i Lhr rorrci - 1 inn is 5 , 5 , H.S, 10- 5. fti., aJiflil round off a* that tiia ,' iwrl mult la even, 
a jh 3^37' - U--iT&U ; 47?2 * Q-T(23 ^ = 072 - IT.& 

ti) cat 6^53' ■ l},447&; 44 37 - E).3{35> = 0^7 - IQ- 5 

cas. 35 a £ 5 ' - B-H15#; SEMI - Q-5{17> - 5 iBfi - S.5 

d', 0£?fc 39' n 3l' = i.207&: !£?» * D.3(2I| - L29M * L5.fi 

f, 


5- Hi i Kin .4 - 0. 6fi26. A 43 n 3' ; 

b \ con .1 r o.fiaui. - sagas' ; 
I -1 tup 4 0,947#. A 43 :l 3e , ; 

d| irnt 4 ■ l + BSD, A - 3 ^ 3 #' , 

f 1 SK 4 2 ,aiHS P 4 B4 a 2ft' ; 

f i esc 4 1. 5#5i, A ■ 39"43 J . 


43V t ^)10' I - -33'' - 0 * 3' 
■ta^o' - — uq'} - sa^'sii'' - 4" 

43*30' T || (10' > - 4 3*31 ' I #' 

sa^^r' - j^uo') - a/W - 2' 

84^23“ *• ^£1D'> - 61"3cJ ' + S' 
3 8^50' - LO ’ 7 3& rJ 5D' - 1 


I. Solve cm - - r j f ht irlantiie l n * h ier* 4 35 n IQ' tmd .■ 72.3, 

Solution: ft - !H> D - = fi^SQ'. 

u, 4 - - 5ln .4, « - r 5in 4 - 22.5(0. .57®) 1 41. fl 

fr/c - C-iK. ,4, -N ■» f 00 ? 4 - 72.5(0.0175! ■ 50.3 

Cboer.: fl.'-L - tlD 4, <1 • h tan-4 59,3(0. 704 E-j - 41,0 



[l. Solve tbe ritlnt triartfile In ■liJch it - 24. W, 4 - 51^53 f . 

Solution: ft = 90P - Mfsa' = 31*7’. 

0/4i - OliL i. U - ti COt 4 - 34.310(0.® 30) - 14.10. 

r i : nC 4 . c • a cac 4 = 24 . 30 ( |. 1 fig-i 1 - 26 . 45 , -or 

a/c = a In A. c = o/Uio 4 = 24. 30/Q.8&62 - 26-45. 

Check: li, u eras 4. t = c C4s6 A = Sg.45i;o.nlSfi) - 14-1Q. 



24-3# 


6 , Sal Me lit* rlfliit Lr barium AW Hi Ttieti a = 43. D. b - 24.3. 


0 t 1 f. 11 i.tui 1 . tun 4 


■ia.s 


24.3 
c/m rsc A . 
a/t: . siu 4. 
Chech:, c/b = UW: .4. 

6, c - coa 4 , 


■ l-AQee : 4 ■ 01^2\ fl ■ 90 fl - A = 26^58'. 

r = a. Csr 4 - 43, 1-1430} = 30-2. 01 

c = tt/iln A • 43 . &/0-. 0749 - SO.2. 

c = b a-ec A - 24.312.00*9} - Sfl.2. or 

r - !i, raS A - 24,3. Li,-!Il43 - 50.2. 



43,Hi 


7. KoJH; Lbc t J nh L trmiitEu ifit: lh *bit:li b = L5.25, ■* - 31. W. 


SOlUtlOO' sill! ft 


15, 25 


= 0-l&Li5, H 4 ' efil'. 


32. M 

u h tJtil fl, a h cot It si 15,23(1-09531 = £fl- 99 

Cbcci: it/> con fl, a c crw ft 33,6010- 68441 - 2fl-90- 



la-25 












SSfLl T'l < iN nf Tiu VMlLEE 


Z4 


4. IJtfr Hate ut 3D isosceles 1 ruing If li 311-4 aitd Uiu base angles STM 
4(^40'. ,'SdiS Lhu equal aides and the attitude' of !hi‘ i ri stirJi;. 


B 


III Lbc iLKiiri. flfi i5 perpendicular t o 4C and Insects It, 
Til Lh.v right Lr LaJiiili!; AiEfi f 


AB/AD sect, 4 B ' ]#.S(|.4]4l) = IS-4, or 

AhfAii - L-ua 4. \ti Iff.3/0.flew - 15.4- 

fW/AD - tan A, - 1^3(1.1969) - 11.$. 



C 


111 . * fl LlJ, 2 


9 - Ctm^iclrrinn Lt.i- furtb as a aphfitv uf radiU6 29£0 relies. fimi tin? radios r or the 4QE.li parallel 
ef latitude, Refer to Fie. in j brlnw, 

Ui 'he right tr tangle (Jr.'B. £OBt 4Cf mid t/l 3960. 

men CM. /ow: - t-mtt ami r Cfl - 2960 CO* 40 w 39601(1. 7660 ■ 3030 at leu, 



fig. it. Krnb. i() 


H te. i.c> Prob. ii 


Ft| r . «ii Frott. it 


T(l* Fmo the jrarlwter oJ a regular octagon insrrltirri m a rirrl-n of nidio:: ■ 50 ffrfit- 

Ui Ftg. ('j j above. t^o corvsec'jt ] it vertices .4 and B nf Ike ortuHon arc joined tu the cijntiti- 
OuT Lhii circle Tlir LJ- l-ojik.L« ift istiscutes with equal a idee ISO and £A<& - aecr* ••« - -is" 1 . 

is in prruijpn S, we bisect tC fCTOI Hr HgliL trlungk- AfUB. 

1'ln‘n mb ' ifl sin l MOB - 150 Sin 22''SO 1 - 150-:0.34127} • 57-4. and 1 lie pei-JcBIcr nl 

the action ia l(i Iffi = l6(&7-4> = 910 ft, 

11. rn 1 i ml t-lK- irlrith ot a river. J: siiirvKVCir set Uji hi-; trwm.ll at f. nn nnc bunk and b Lctiied a- 
croaa to a point ft nn llm opposite hank; '.lion turning through an ankle ct 90''. lie I it Id of I a 

diH lance C4 225 fi. F i n* 41 V, art ting 1 hr I runs 11 at A , lie oOU-Silxtit / C,4Si as 1B S 20'- Flbli th-' 

width of the river. 

Stt Fig.ui above. In the right triangle Af.'B. 


CB : 4(1 l#H AC.Afi : 225 Inn 461° ZD 1 - 225(1. 12371 - 253 ft 


12- In the adjoining fieure, r.jiL- Jin? 40 
Crutsbte a nWamu Ii'i order tni- I Ltat+I ;j 
nuini on Kir: lit.i-, a surveyor turned 

thrown (in flflgim 51-'16' (It A 3Jld ara,- 

ssirtij l. I iii:.i feet to a point Ho then 
turned tiirouph an angle bf W’ J at ( 
anri ran a I i,no CB. If li is on A/J, in* 
far smstiie nerwure Cron f; co reach li 7 



Cfl ■ -1C tar &l D ifi J 


- I5fl5(ip2tin-, ■ S-J7C tt. 


c 














TAHLLSi OF TKJCOOMK.TKIC FI iNQ'loNS 


3ft 


l^. Ftwti a point A on level srtwnd, the u-n;;J p-h i>f ek-valiim of tlw M>|i fy and Lut-ton dr at a fia*- 

iraLi- situated on Lite tup of a 1.131 are measure and ggPdS'. find II*; height of the 

hill if the 111-1 silt nf [hr- IlaispaEe ie. 115,5 ft. See Fl*. Hull iMSlG*, 

I<e1 I.Sir lire nf the pcite dihiL the bur i Smite. L thFOUgh d 111 C. 

m the rLflht tnwiel*AGD, AC - JJC tut 4 -fw' (] 15-3 t OGHO+WSB}, 

In the righl triangle dCB, AC - Ht cot 30 ^ 45 '' = K<rr-r 1 . 5 - 

Then (115+5 1 UCjtD-SOlfl) BCfl, 2024) 

*□« iwr = - — a ' a<l] - !| Q 3B| - 345,3 it. 

‘,21)24 - 0,3006 




rig. ii/) Prom, la 


MU. icy Prch. id 


14- prrvii tbn top (if a E Lgii l.h.nusn. 175 fl above (lie vatnf, the angle Of depression nf a boat. iJu* 
smith is laPafl'. Culciilutfl the speed of (he boat if, after it wwes dtiL- west far two minutes, 
the angle of depresaK* Ik 14*20 \ 

In PLg, (el above, -t/j ta the IKhthouKe. (1" Is (he position of thn Imal riit-r. doe s-mitb of 
the ] nthl linijsc, anrl ft U I.hr; position L*n rajfinLti inlet. 

tn tlw right trlanpk- CAD, AC AO c.al £ACO = 1 75 cot itf'si)' - L15( 2,9310) - 513+ 

In Llie HrIiI triangle fij,/)-. AB - AO cot Z-ldW IK cot H'"'2 i’j i = 113(3,9115) r 6M, 

[n Lhr rifiit trianuln ABC, BC - /W> z - (AC) S ■ - (5L3) 2 • *54. 

the bnal. travel* 454 ft in 2 bin; its spr-ni fs 221 fl/aio. 


s\ PPLEittENTABV PROliLfc^ 


IS- Find l.rn ihl| Iirnj I rlgonOWtrlC flULOtlOBa Of C»i:h <rf L.Sn- fcHiyuiUK :uiuJu-K: 


a) 

Ln'W, 

4 

■to 32°ia', 

O StfWi 




4ns 


alne 

COS 1ILV 

lIlfll’.L'lit 

cotangent 

SCCftDt 

cosecant 

01 

lH n 47' 

1), 3 230 

5,94 LB 

0.3401 

2. 94(13 

1,0564 

H. 1057 

b 1 

32°13' 

U. 5331 

n. 24 60 

0.6301 

1,5569 

1,1620 

1 , H157 

*) 

50*24 ' 

0,0511 

5.5240 

1.6255 

0.6L52 

1.9064 

1, 1741 

ill 

to" -1 a' 

0,9340 

O.ITW 

5.5304 

0,1302 

5-6201 

]-016£ 








SOLUTION OF RIGHT THJA\GI F!4 


li 


10. S-'Lnd ■ i:L-- angle A. given: 


■a 1 

siu A 

- 

0.574 L 

■Ins. A 

i 

35'" S' 


cm A 

= 

U-S3SI2 

4ns, 4 

3 

Solis' 

*0 

sin .4 

- 

(1.9*69 

.4 


71*13 ' 

fi 

eras ,.1 

= 

5.B2WI 

A 

- 

5i°4l' 

r) 

s Ln A 

T 

0.3510 

A 

- 

30^' 

e) 

coa A 

- 

0.1420 

A 

- 

4A"3fi' 

4) 

-sin 4 

- 

(1. SKQ 

A 

. 


™? 

eras A 

* 

I1.465L 

A 

* 

&2‘ n' 

O 

ton A 

TT 

0.2725 

A 

- 

15 s 15' 

a] 

cut. A 

- 

0.2315 

A 

- 

70° 55' 


tan .A 

X 

LiBSS 

A 

- 

iff 22' 

tlj 

COt .A 

- 

2.07(5 

A 

- 

Lfl'ite' 

»> 

ton .4 

m 

0.5300 

A 

IT 

22°2&' 

Pi 

efri 4 

- 

OrTtAfl 

A 

* 

54® 27' 

0 

tan A 

3 

2.7175 

A 

= 

W d 32' 

Pi 

cot 4 

- 

UKHtl 

A 

- 

30° 34' 

fl) 

sec 4 

= 

1. Util 

A 

■= 

ssPaa 4 

u 1 

osc 4 

- 

3.68S2 

.4 

- 

ia°A4' 

r) 

sec A 

a 

3,4362 

A 

* 

45*57' 

&■> 

cat 1 

* 

1.0547 

A 

3 

71 0 gd' 

Jl 


T* 

I.26LA 

A 

r 

37°35' 

f) 

Osr t 

K 

1, 763 l 

4 

* 

3t' J 3a' 

n 

sec A 

= 

2.3554 

A 

- 

ersV 

*J 

CSC ,4 

= 

4.3430 

4 

- 

Af 0' 


17. Strive fcfleh al LK.' rscJil LriauKins AflC , given: 


pj 

A 

* 

^■aa\ 

p - 112 

,1na, ii 

* 


a 

* 

6-th 3. 

fr - 91.4 

t>) 

h 

- 

AS°4ih J , 

C = 325 

A 

- 

+ 1^20', 

a 

T 

1+9, 

F. - US* 

Pi 

A 

- 


C ~ 346.+ 

a 

= 

6^42'. 

a 

K 

137.0. 

«l 

J. 

ap 

« 

|i 

*a 

if? 

B 

- 

54 n l3', 

c ^ 1 32.5 

A 

- 

nr+fl 1 . 

of 

= 

106. 7. 

ft =■ Hfi-0 

cb 

A 

= 

3^10 

u = 75,e 

ft 

* 

57*50'. 

b 

- 

i 20. 

c 1+2 

/> 

A 

3 

53^40'. 

5 36.0 

n 

H 

31 a 3fl% 

ll 


£3,4. 

- 74,2 

Ei 

jS 

3 

+3*14 4 . 

6 222.2 

A 


4lJP-i6\ 

a 

* 

101.0, 

r - 293,4 

F.> 

A 

= 

66*36 r . 

n - 31Lt.fi 

Ji 

- 

23 d 24'. 

b 

9 

43, 73, 

c 122,7 

L> 

4 

= 

2fi3 '. 

ft ■ 45B-2 

fl 

■ 

60 f ' 12 , 

EE 

- 

262-4, 

c 5 28, fl 

Jl 

a 

= 

26-4. 

5 - 38,7 

A 


aa^s"'. 

B 


56*23'. 

P 45.0 

Al 

□ 

3 

+5- 0. 

h 84,5 

A 

* 

26 c 'is'. 

B 


61°+4'. 

r - 96,-1 

1 ) 

□ 

T 

3B-64, 

i 46.74 

4 


a&°24', 

B 

- 

aL^ss', 

1 - 62.2. 

•1 

n 

X 

5H6.2. 

96A.S 

A 

- 

no^sc', 

B 

•* 

50* 4', 

t> 6 lA. J 

1 , 

h 

* 

672.9. 

r. 960.. i 

A 

= 

w°44'. 

B 

T 


■j - 579. < 


IS. J-'lnrt toe Iras? and Altitude at an Isosceles trsaii*3i nhose vertical iinsle is 65° and *ftrae 
nqunl sides are + lj rt* An*. &u^:» t 446 ft. altitude 35 ft It 

19- Thf base of Ui jAoace-lea L r i ur.j i >- is l& r gt> in, anil Lhi? tease wcLi'h are Bd 1 ""2S’. IMbiI the equal, 

aides- ani the aULtmle. Am. Side - jrt.-Gs in. s a It li-urie ■ U. 13 in. 

2 ( 1 . The radius nl ;l cirnl* j# Jl.-s ft. Find a) the length of the chord subtended l# h central ua- 

rIp or iirt B dQ' and fr) tit* distance tictneen tt» pars.] lei chords -mi the sate 1 side ui the center 

subtended by central angles na e «i 4 and -bis, nj 35.2 ft, 1 1 3,23 ri 

21. Show that tbfi bnse h uf ait israscLde a Lr Jans? Jr irticfic i-'[[iaL aides aft a end >|i^e vertical an¬ 
ile is 0 it givtli hj ft 3n sjn . 

22 - 6Aio* that ike pur i bh-Li-i l 1 tif s rHiqiilar pnlyiiPn nl n Sides jns-cr lin'd ]|i a rirrlr hi rail ins r 
is given hy F - pin flSO a /j|>. 

23- A MheeJ, & 14. m dlspnetar, rolls up un incline of ]B^3fl r . Vnnc is the hejshi, oj the center o( 
the etiool nbsve the tease of the incline Alien the aheei baa relied 5 ft up the Incline? 1 

■ine ■ 3. 55 ft 

24- A *nll i& 15 ft hifcli and ]|> fl ftxin a house. Find the ien^Lhol Ik:- rr.:jri nil ladder wit; rli vili 

just Lnucti tlit tsjfi oj vhf enii and resell a wind a* 20. & ft above Eiie ftmund. 4n.<, 42.5 ft 


CHAPTER 5 


1 Vai t i ca I \ ppl i fill ions 


THE IffcAlUfoG OE A POINT B FROM A POINT A, in a horizontal E)larie. is usually defined 
as I hf angl'- (always acute) made by Uie Jiuli'-iifLC drawn front A through ft with 
the norl-h-SOUth lint throilgJl A- Tin? hearing is then read from the north ur 
south line toward the oust or ti^L For OK amp 10 h 



Ilk aeronautics the bearing uf 13 t t or A is more often £ivtn m the angle 
made l.ij t.ho isaif-1 iho *i th the north lino through A, measured clockwise 
J'riT I lie north (Le.. from the norLh around through the cast). For oxahi&ie,, 



V'hX'1X1KS. Aiij [.Joic: 1 q uantily, as force or vb 1 uc i Ly, shich 
hus h.it':. mu i • itude and dlroetiuii is called a vnrt«r 
qwrTnfjty, A Vector rjuiint Li.y nay be represented by A 
directed line segment (arr'SVl called 4 veciur. Ttie 
thrrrt run uf t. h* sector is that ot the yiven quantity 
■ i -ai I thr icnAH' uJ the Vector is proportional tu the 
EHEhit udr- o f the ciuaq t i Ly, 

EJfAKetR I. An airplane is t rave ling h'40 D E at £flO 
iDjitk Its velocity ir, represented Ixy the vector AB of 
Fig* &-G. 


(V 



Fig. 5C 






















PK-UTICA I APPI.H MU)NS 




Example 2. A motor boat having t.im apepi] ]2 mph ±n still water is headed 
rJirpct ly across u river whose current if. \ .-ph. In Kig, 5-L) he lew, Lhe vector 
CO represents the velocity of LJis current and the vector AH represents, to 
Lhe same scale, lhe velocity of the heat in still water, Thus, vector AB is 
three times as lung us Vector CD. 



Fir, 5 -tl 


Fit, S-E 


EXAMPLE In Fie, ft-E above, vector AB represents a force of 20 lb making, 
eil angle of 35° with, fhe po*> 1 1 ive direction cd the u-ttxiK arid vector CD rep 
resents a l'orce u r M lb at i;u. a with tJi-L- positive direction on the v-a* eh. 
Both vectors are drawn to the same scaLe. 

Two vectors are aairl to he equal if they liavo the sucie HLtfftitude and di¬ 
rection., A vector has no fixed position in a plane and ma.v be moved about, in 
the plane provided only that its magnitude and direction Life not chimgetL 


VECTOR AUDIT I0N. The reaultam or vector sum Of a number o[ vectors, all in the 
same plane, is that vector in the plane which would produce the same- effect 
as that produced by all of the original vectors acting together. 

Ii two Vectors a and S have the same direct ion, their resultanL la a vec¬ 
tor £ whose magnitude i F5 equal tu the sus nf the magnitudes of Lhe rwu vec¬ 
tor;? and whose direction Is that of the c*o Vectors. See Fig,5-P<o-f, 

it' r.»o vectors have opposite directions, their resultant is a vector ft 
wliUse kirii iL ude it lhe difference (greater ragnilude -smaller magnitude) of 
the magnitudes of the two vectors and whose direction i& that of the vuctor 
of greater eugni Lucie. See Fig,S-FCJh), 


j 


15: 


IX 


n 


d_[is_ *. ._125_ p 


fl£. &-F 

IWJ It) 

in all other oases, the magnitude and dLrocxioEi of the resultant of two 
vectors Is obtained, by eiLher 01 the following two methods., 

1) PABAtt-EtrOCSnw VETHDP. Place Lhe Laii ends if doth vectors at any point n 
in their plane and complete the parallelogram liavlng these vectors as ad¬ 
jacent. sides. The directed diagonal issuing fro® 0 Ls Uie resultant or 
vector sum nf LliE! Lwn given vert ora. Thus, in Fi g. 5 - Cf C ft) be li«-, the vec¬ 
tor R ia the resultant of the vectors a and e of Fig.SHJfji). 

2) tp.]a??gle wetpod, chouse one of the vectors and label its rail end as 0. 
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PKACTlCAL M’l'l KWTK^S 


Piacv till? UleL end of" the other frfectoi' at, the arrow end of the 1 trst. Thu 
The resultant is Llien the lime Rogmnril closing the triangle and directed 
from 6. Thus, in Pin. 5-G (cj iinri 5“C(c/) belem, * is the resultant of the 
vucIwh a ;.i nd (?, 




P 


T ani i | ■: | oki .in Wti.liiVJ 



Triangle ttetlsod 


Pin* s-g 

EXJiupLe 4. The resultant K of the two vectors Of Enable 2 represents the 
spaed and direct ion in which the host travels. Fif, i l lust rates the 

para 11 e t egra® method: Pjk. anti 5-K(e) illustrate the triunelo mu that. 


A 




i-hi- 5-H 


(O 


The magnitude csf jP /{ ii> ? 1 4 f = n2.G mph. 

From Fig.S-Hffl} or r-U(Jjj„ tan s 4/12 = 0.3333 and 6 = lB w 3D'r 
Thus, the lusit cxjvns down stream ilk a line making an angle fl 16°30' with 
the direction m which it is headed or nakihK an angle DO®- 9 = 71 a 30' *ith 
the bank Of Lhe riVcr. 





THE COMPONENT OF A VECTOR a along a line t 'is tin? perpendicular projection of the 
Vector a oh L. It is often very useful to fcroIvk 
a vector into two curapoaients a lung: a pair of per¬ 
pendicular 1 fries. 

EXAMPLES, in each of Fig, 5-Hfjt), Llle 

rexponents of IT ar T) 4 mpii in the direction of 
the current arid 2: 12 mpfc in the direction parpan- 
dieuiar to tliu current. 

SfcAIIPLE Ik. In lhr; adjoining Fig, 5-1, the force 
f has horiaunlai component. F n F cos 30° and ver- 
rieal romponenl F r F sin 3U n . Note that F is Lhe 
vectors uk or wfiSUitaut of f, and F p ,. 

Am NAVIGATION- The di-ioU ng of an airplane is Lhe direction (determined fro a a com¬ 
pass read lug) in which Lbe airplane is pointed. Tim handing is measured cloclt- 
u Lsi? i'r i hii the ELh-r LI l 

Tire ^trspeea (determined Irani a re ad lug of the airspeed inriiiaitar) is the 
speed nf the airplane in still air. 

The truck -or course) of an ajiplaHe is the direction in which it moves 
relative i n the ground. The p rnrk is measured clorkwisc from the north* 



FJif. &-I 



















PRACTICE! VPPI.U Vl'IiJ^iS 
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Thu is the speed of Liu? airplane relative to Lin- sround, 

TIji* rtrift nn&le (dr wind correction angle.! is L-he difference (posj live} he 
tween the heading and the track. 

In Fin.W below: Oft is the trtw north lino through £>, 

.■ 'Vn.-4 ia t.hjf hooding 
= LhE airspeed 

AS is the true north line through A„ 

/AM It is the wind angle, assured clockwise fror.' mirth line* 
Aii = the h inrl speed 
4 ffOB is the track 
Ofi = the grounds peed 
iACJfi ii t.ht drift, angle. 



Nolo Lhul there are three vectors Involved: (3ti representing the airspeed 
and heading, AB representing the direction and speed ns the «i url. and n& rep- 
resotitihi: the prouiidspewi anti track. The grtnlndspecd Vector in the resultant 
of the airspeed vector and thr- wind vector. 

fci SAMPLE 7- Fig-5-it i L lust rates an airplane flying at 240 mpih Mi a heading 
of 60* when the wind is 30 mph from 330°, 

in const 1 'iictine the figure put in the airspeed vector at 0 and then follow 
through (note tile directions of Use ariosi with L3iu wind vector, and clcfle 
the triangle. Note further that the groundspeed vec Lor does not follow through 
frew the wind vector. 

In the resulting triangle: Grouojdspeed /(aw>* 4 (SO) 5 = 242 mph- 

Tan f = 3U/240 = 0-12S0 and $ = 7*10'. 
Track = 00° + 0 6T°lo r . 


N ft 



pie. j-K 











3* 


PRACTICAL \H J I tCVDitfS 


SOLVED l*Nl>KLKMH 

t , ,1 out or lion i bovi? a in the 11rec t- ion SA« - ' I- :nr 3 hr at vyi ifib, 
I Bull fat- m (i r tli and hi™ lar ea*t dues* it travel? 

Simtinae the b:*i leaves i. tMiii the north-south Urn through 
-l, dra* l.hr nt; i >■ ] |n<"' AJ? ■■■'■■ HuiL ! lie liear Lnii ui f> /ton L ia 
IftflPs. 04] 40 [Lcaie B awn that AW ftt2fr> ' 60 ni ]r>s. flirouirh 
B p«?;s n ] 3n-* perpendicular IG LSn- line AM-S. IteetlBt It in (i. 
3 14 tiir rie-hc triangle -Ifli.'. 

AC Ati COB A m nos 4ft & ■ 60(0-7660) - 15-86 

,l "' 1 rU - AJ> flu A 60 sin 4ft 0 fid, CO-6426) :ta.5T- 

Thn boat tr.svr]si j5 nijes ijnrt:i and $ft iriJeiS east. 



■*. Tlm*i» ships an- ftiLuflii-iJ :i±: fell lifts A la 335 uiles due 
north ot C, and B is 375 till ns dun i-nmi nf C. ftal is 
the. beariiti a ■ ut H imp .*„ lit «1 A treir S 7 

In the right r.rihiLiile 

tar. iCAfi 313/223 - i.flSCi? twid LOk\>. - 5ft 0 Q", 

•j\ The bearJni: of B ITur A r angle &l£j is 5 5il : V E. 
tl The Liaariin; of A 1'rtni ii (■aneJt- VtfAi is NSfl 0 * *. 



tliri‘ 1 ! skips tre it u6 Led i& f«] l-irts. A IB 24ih tills 5 t elf "bile 
®, |||^ Kifflith oJf C, Iwar* B 25°lO' E fr«n 4,, d) Hutt far ss B 3 r(i« 
A 7 I.) Hw fur la B Iron C? >,) Hunt Ls the bear the pf A ircinfl 7 

Fron tan? llgure, £ BAB - 2:^10' and IBaC - tH^BO 1 , Then 

Aft • At; set IBM, 22h HC 64 D 5fl J - 225(2,3515 i 528-1 af 

lii AC nos IBM: 225/eo* 6d°S0' - 225.6,4253 528.0 aanJ 

CB Ar: fan . fete; 225 tan et^so' 225i: 2,326'J 3 47B-9- 

nj t'< is 5 28 till™ I"rim A, (t Is 478 mile* flua I?, 

r 1 ft inn.' ^ (Jit 25° 16Uw bnflxing uf A trisr.il ii K 3A? ' 



F™r: ■.» Li;:al dSiLliiif dut liiift Ii at. 111.5 it|jli r a Mtec-kinl 
ship h and an nliKr-rval »pn ~ ff*&T T arr nbeierveU Lji a 
Jlae due eaat. One hour later the *rec.-.eis; :-hip unit tin- 
t.ti»i'r ha.'i^ Imarjiifis Bft4 C 40' E and .H65 n ‘lo' iU Find 
Uie dlacaiicv Detwen the ■reeked ship and inn towrr. 

In f hr- I STinj, C,K 1 and T n.'Trrnent respect [Veli 1 
tiie , trie *recke>l &iup, ultra the to»ar »Ns-in iti n 
line. One Quilt Idler Lite bnaL is at I, 16,5 liliea doe 
Tiwth ni C. In ttie rjghL trlaugle At A , 

Ck, 16,5 taa 2^40' 16,5(0,69163. 

In Hie i L6ht 1 rlmiaLe AC7, 

Cl ■ 16. 5 tan 65°H1 I - 16.5 f2. 3609-., 



Then lit - CT - < K - lft.6(*.l«M - DiWlflj 24,'2 □!. 


5 














i‘H\cm;Ai. U'i'LlciA'J iciy- 
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5* A ship iii sail inn due aide wlie*. a light is Observed tesrilli: Ml-2 ; lil' E, Ain Uiri milt? 1HM> 
r rnve L r r! 2250 ft, the liiidiL bear* IV-ill’’ 25 K, If the cdutmi Ik emit i tilled, hi 1 * cleosi *iH tin: 
all In approach the lights 

III Fir. iaj bfrltm, 1 Lid tkfi yusitsoh ud the J if l.t. ■I 13 Lbe first l"> .t Juh - life! *lu]l, ti id- 
the second ixwii Lon, nni» £ In the position ebrn ncants-t /„ 

In (In? right trmnslB- Ail. , 4C CL cot <LCAl. CL rat 2i°30' 1, BIHO CL . 

Jti till? ri^hE triwiglP flfJ5(T • CL r.oi LCD J. • CJL cm 4 r h :i. I. [antC-'L- 



PIS, fa> prill*, fj Pic, |i'i Prob. 6 

6, Re ter to Fjfu-'ii above, A laoiy ai O Is beine ufiied iipuit L-y E»o toree-s, ope . i L jii i due siuirtii 
and [die i>Lkii*r of 2ftl> I :i due . ast, PiniS I hr Ttfpnltmlt urn! dirertsMi nl th< r.-suLl Lai.l. 

in UA rsalit trlaiwla CliJC, «: - /fifti* j (BC* /<:Xw 2 -iiKii' 250 It. 

tan t&X. ■ 150/200 ■ CLTMij mud .■ JJfJr' i€'v \‘, 
me nngnltuiH sf ilw reanUant runes it j&:: lii ami Its directing i.-; N sa' 3 1 0 ' !■ . 


7< All 1 lrpiarie La feuVlBi; liOtriZLUiLaH.y :lL J40 tvjiEi ftJiu-ii j l.u] J|-1 ir- .kJicj' nrit|s -.pi/i'd 275" |t m " i^l 
i-inkL aitulrii to thL: pulh cf the ulrpL-nne, Find thereaultaoc speed ?-i, d = tertion :.e thi ' uil-oL 



Tiie *sjwi‘il o£ LJir alrpjann Is 240 mi .Ur - tt/sec • 252 It&co, 

In the il.:ure, Hue Vector 5J> represent* tbn • eUxil.v ui the airplane. Ll:e vuOUh ^ n-prif 
■sent* the initial vision tar of Ihe bullet, noil I nr vnr.tor Ai) repri'K-nl :■ KJir r.-nul l.nnr velocity 
oE Ldio I:iiI |(iL, 

III tile r i,'h< trianqlp ACO. AD -- /(352j a - (BiSOi* - 27W fVsrr, 

tail Zf.VLfi ■ X52/27a0 = l». L2(H» UJld -CAi) T "J0\ 

Thus, the bullet travels at 2770 ft/src aiistiit a i>aLh asthiiii, an ini^Li liJ K'l LO ulL-E ttlL* 
|*atll eii Mm ujrplapc, 

















I'ttVCm VI VP PLICATIONS 




S, A rU'er nu-wa due simlIl 31 Us ft nib, n nuLut' liuut, tiovim at 4'l5 It t i il jb Hill I »al-r. is 
!h nii'-J dm across the river, *ij l-'ind Hu- dimeL j bn in which UictirmL uovc-s ami j I s. spend. 

!i.i m niini direction must die h$a( he heeded in order that jt move due r-ivst and wlial is Its 
speed l 11 that direct tun ? 



E 


E 


i<0 


rtn 


iji «i.-n r to Fig. iv 1 . In rltlLt triangle * 


(W /f.ATsf + (125l 2 491, 

dm a - LJ5. 475 - ft. 3^52 ami ft ■ ia'wC 



Thin tin. hunt ituves at -utl rt/aln ji Lite dime Li oil ij 7S°2o' i , 


Tnmsr the sipnt rcuvt he headed N T4 D 9fl‘ f and lts< sj*ed in that direction La 


H.H ^ 


- 4W fViiiD. 


9. A ft-1 irgrnph paL« Is kept vertical L\y a gup- win- which 
Hakes <m allele ::1 aiS® * Il It I he ficilc mill wli i L-h ■nin-rts 
a pul I of f 3QD lb on thn top. Find the horizontal 


nnn vi ; tNi *iJ "«uifitnent a J-. 


and r_ of tile pul 1 F, 


F, ■■ 3Qu sin 25 d = afiifrf0.4S2ffj » J3f Iti 


r; 


3410 run Z5 U 


300(0.30631 - 272 lb 




It), a man |.ii:I s 11 rope lUtaebed to a sled -Aiili a lore* of 10ft lb. The rup« itiImik nn angle of iV* 
•*'U3i tile I! found, a) Pbid the <-ffr<!tiw pul 3 tin Tiding to mtwr tin? kIH nl one linr ground and the 
effective pin | 1 ending to lift the sled vertical3>. b| Find the 3i>rt-e vdhicA Ike naii nmt h?x- 
i*Tt in order t hat Llift e fine l life Jurci* U-nuLnp t<i nuve Lhe 3hw! al-ruin r.iio ground :s 1DQ lb. 



(e> Id) fei 

a 1 Ir F'j|£. ( c> nun (Ji, the log it pull in the rope la resolved L Hi. Li Imriaenital and vertical 
ewmoiienits. f n ami F t tejii-^tjwili, Thrn is. the farnr ttuidim? to *oVf thn sled njung ihn 
i;P--j*jiiiJ and F, is- tins foref- iejidine tP illt the sJod. 

y,., - 1(F> i:iss ti } ■ KIDtfl.flSLQ 1 HO H>, - 300 *Sil 2*f - 100 1 0 ■ -1 fiAU j - 45 lb- 


Vi In h.g r (ei, the l.i:ri.«:nia] cwponent of the required (ores F ih F l ■ 300 lb. riven 

F ■ 100/™ Tp = lftft/0. M3D * IL2 lb. 


























PRACTICAL APPLICATIONS 




11 a blqrk w-Liilnni; P 3DO It eeat* un a raiij iikJ ined 23 c ' with the IwriJKHitul. oj Find the 
force IvtidiiiB ‘*o trnv-t- the bl-orfc dn<*r. Lint rdcp and the 3or?e dJ the tiiueR *□ the nr:i:. bj dliat 
rtSdlir-jn fuiM-e nuKL be applied to Keep the IMOPls frw sliding down thr rugs? S’-eJi-r- fric.l inn. 

uj fiei'er lu Fig. (j} lie]o*. Ees-oive the weight H ■nf it*' hlccik into ^bopoiiEpia Fj and fj, re¬ 
aper! j vr .ly paral]r l «nJ iitrpeinJLceJjir lci lJil- i-aftp. Fi La ibe force tetidlTig to nove tlw block 
down the nwgi and fV 1-s tilt iorre of thn njiwh (in iJit- ranp. 

Ft * bin 2[1° ■ BOO (tt* 484$) - 242 Jb, F* - * rw Sfl 0 500(0.417461 437 It-. 


fr) iilii: iti l.j: Lite rani;-. 




Flit, (g) Prob. I 


IS, The heading oi nr, airplane l& IS 0 and the airspeed 3s 2M uph. Find the groundsjwed nun Itiu-- 
L& l)i«r* is u »inil uf 4U sqili Trdn lfl5 a p Refer In Fig, (gi above. 

CdjisL J-ucI i«sn, i*!il in l |:« itErspi^d ri'-l.cr fr«a fl, fa) 2 ua through with the Slip! VulIoi*. ,'iiid 
close the triangle. 

Solution. GroiiiiclE-iieed /<‘300i s - (Wf 204 nfiih. 

turn fl 4g.'Jiiti • u. 3000 sad 6 ; W$£f>' , mid track - 15° - hi sa r, 4ii‘, 


l‘J. TtiH airspeed of nil atLrj:3 r-h*- is 2BU it-iih. There is a mud of 5-51 wph frtw 27f ". Fin i tlu* l-.i-ad- 

iop. and pratnidSpeed sJl urder Lo track O' - Heirr la Fig. (hj Iwlu*. 

trims; nir! (on. "fni*- *, roiut%ls|;irrd vcrl (<r un along Oft. i ay nil i.tir wind vrctw li n l>, fid la* 

through with the airspeed vector t200 imltt fran the nemi ot the win:! iettw to a ppint on 

I.J.V .. and it time llie tridngjt-, 

SpldUnq. QrPnndtrpflaCl /(MO)* - ^'SU! 1 198 t?iH , 

saa 14 - 3D''20Ci 0,1500 and $ R +R- '. and JicuJiriK :3e5U c ‘ - ^ 15 V 30' . 



FIE. 11-;. V rub, 14 


Fig. (ft; prikli. tn 



1L fiurri' iv Aim) t-i ID nph, from 220". Find top- Hirj;peod and hoaifini: In ordi r tJu±i Llhf: j;roimd- 
spirit arm fn*;ii l-e £50 ispli and no'' ruspecEively. Jtalirr in Fii:._ l aliuve. 















to 


i'll y;ik ;\L \nhjca riuNij 


fflnsl n. -I inn, Lay of! the isratindspiiril v«r! nr Trim 0. J>Ut In the wind lvti»r at ti .;n thill 
U :!■-"■ := JlClt through to tin NJ-niincfoprcd VBcUif, am! £Jle«: thv irinn^li-, 

Solution. lUrBpe&l - /fBSO)® - (35) 1 25 2 nph , 

•-n 9 35/250 D, UDh and fl - a". anJ IHf/aiiihp: - SO® 1 - B' : i?\ 

M PPLE11ENTARV PROBLEMS 


]5. ail oirplaur- i J ice ;1JO nils* in r.Jir H i rK-L inn 5 3U.°10‘ E, l*» far south qniS hrn I nr rant of 

Mu- startmg no l pt It It? -iittr TS.6 m south, i'J-E ni eaef 

lfi. a pintle l«t h-eadei] di-r oiwt filth -ursincd 240 rrpl'._ li a wind nt 40 Hph trcui (lw north is bluir- 

1311*. L L nd 1 1:-" KriHltnfcsfiifLiil and track. |ias\. C-ruiiSidt.pr'tid. 243 rtph; tn;ih r 35^30' nr $ BO^HJO'C 

17. A doily in iir-lt-d iijiiir liy a forte i?t 25 lb, divQ »rsU, J’ld D fortr nl 125 in, iUif north., Find 
t-h* MA.nl to*? ami direction of Eiie resultant far-ctf, -Inc.. i+g In, is 

115- Find the rFetangular ccnumhkiii- 9 oi a futc- uf s£5*fl lb in a direct ion with mr hnri- 

jfLiiii.-.:]. J|n.< , 111,3 | b P 325. 2 I I: 

IB* An Jv: liter heads ms mrplMin rlm 1 w.ft. ho H iniLs th-nt dU* ro a wnd iron the eonth, the COlir&C 
KUiflfl an ar.fcj. Of 30'' with tin- Heading, If hie airl-peed ii l(jl) nuih, what is Ilia i;ri>uniLsj:i?i‘:l 

anli l -i 1.1 L a» Lbt; speed nl ita: wui-J7 ,.lns. Groun-ilsp Mid, 106 T.-ph: wir.il, 26 rapli 

20- All a SFt-]iliV? J>. headed ms,! v,S: i- :i 40 nil*- wind is blowing; iron thi* nubia. lAhat is tbr- nac> 

ewiari airs-jwerl Kn folio* a course N ■72®' * mid aJint Is the- grtnmdspeod? 

,'ln/, Ai ratified, J23 asm; gro unds toed. 129 upli 

21 ■ a mirgi* is ijoing 1 wr-*l north nt tlse rate Sg npti. 1 nan walks acncse the dec* Iron we-r to east 

U? the race g It/MC, I'iml the thm; i l,u:iv iind djrr'rt inn of die actual rrJnriLy, 

.4n.s, 3T rt set, V 12 n 50' E 

22- * -slur •»> -l in -sail to (7, 5fi bi north and 25H *1 ens-t ol 1, lifter $91 Slug N 25°lo' E tor 
12(1 nl TO i- k I he S-ll.jp IS headed 1 Deal'll r, PlBd the dLslaiicie ut P frnn c and tin? required 
unlii'ai' Ln reui-Ji C* 4nw, 314 wiilss, B 1S°S(I ' E 

22- a joy win* 7b :i thru-, runt fr*w. th? r■ ui a telephcme pole 5-6 It high to the grbiuid and jiuLJa 
-cm the pole *illi a F-oror- i>f 350 Pk> Pfliai 1 i\v hnriHontal pall on the inp nT Lhn iyi|i'? 

,4nx, 202 11* 

J4. A *1 1 isJi-i of iOh lit is [ilneoii tin u gaooth plane inclined nt nn snale ot 3S^ with the horizon- 
1 -J und In-!•! Ln place 'u-y a rcsie parai Ie3 t« Use aur face and IflKtesed u> a ]ii*p in the iilaue, 
Flfnl the 1 11 i L ;n Lin- bLJ lIu:^ 4n*. 123 lb 

2!>- A Mill »lBheB (■) fnlS" a :im;- In wni^hi I « tlit uip ns a wall 3X1 ft lugb Ijy d ragKinr. It uji 30 
III'■ Ihne+ Ahul 1 Im- length ot the sliortcst Lifi llhi'g j:|nm- fie -yaji use u his pulling sirength 
Is 140 |h? -|j|4r 43 ft 

iG- A ifio b -hr I I is drugged up -4 rmumj Inclined 40- to t-he nurizomtat. Find m :lie farce «f 

the -itieSI agHitmt tfie flsIiWAj muiE I:, Lhi- fori-i- ri-TuinsJ to iSrtfK the alif]l r 

Anii, i) 1 ir-i in* Jj 1 an lb 




CHAPTER f, 


L u g a r i 1 li m a 


T1F COITION LOGARITHM ul a nivuii positive number ft (written, J rm fn is i ht- axjiunent 
ot the power of l ft which will produce thr given number. Par ficumplft. 

Log 1 = ft since lft“ I, 1 cjj; iW = 2 Sides ]Q a = 100, 

log io i since J0 k = 10, log ft. 001 = -3 since. KT* =0.001. 

while lop P = jo if jo p = P. 

FUNDAHShfrAL UK® OF LflOAR ITHMfi. 

I. Tlje logarithm of u product of two or more positive numbers is ental to 
the sum of the J agar it. Inns of riie several lumbers, i.n., 

log F'Q Log P « lag p „ 

log p-Q*i ? Log P + log Q i Lop *, etc. 

II. The Logarithm nf the quotient of two positive numbers is equal Lu I Jin 

logarithm of the dividend minus the logarithm of the- div Isor. i.e, r 

p 

1 °E " lug l J - ioe Q , 

TIT. Tliu logarlllim of a power of a positive number is equal to th& loeurUlhn 
nf the number multiplied hy the exponent of the power, i.e, , 

]U£ (P' 1 ) = n log F L 

IV. The lojca.ri.tbm of a root of a positive number Ls equal to the logarithm 
of the number divided by the indes of the root, s.e, „ 

las Jf = ^ Log P , 

P 

For proofs u i these laws see Problem ], 

The log.nrithm of an c-spress- i c: n involving Lwu or more of the operations in 
laws I - iv Is obtained h.v combining the results of the several laws, e, g. , 

lug ^ = log (P=p) - log Jf ■ log Ft log Q - log J? - 

For Other examples see Problems 2■-4. 

TIE COMMON LOGARITHM of a positive number re.g.. Log 30ft 2-47712 and ioe 0, 2 = 
&- 30103-10) consists ul two carts: uji integral part called the c/isracterisf ic, 
and a pure deeiirtil pari called the m.wifr;;s,j. 

From Problems 3 and ^ it Ls seer, that the characteristic depends only upon 
the posit ioe nf the decimal point m the n umbos', For example,, 

log 2 = D,3ftlG3 and lug 20ft 2.30103, 

lug 25 = 1,30794 and log 2. 5 = 0.34794. 




Lur;.\KmihiH 


TJjb c.ttiirjictEi'is-tlc of the oom-'cin IncuriLhn of any nurher greater than 1 is 
one less than LJle iluMJer uf digits to the Left af Use rteoimi point in the 
given numtier. 

The char&eterifvttc of the conmou iOKkrithm, ot any positive tumshcr snl 1 &t 
than I is obtained Itf subtract nig the qunfcer of ^errja iinroediiitely folio*ins 
the deruntil poii.L free; to mid aflLt ilit -Hi. Thus the characteristic of the 
conpaon loearirhn ef <1-2 is 9 ID, uf 0.04 is b -10 of fl.flOOR is 6 -10. 

(See also Problem 5.) 

The mun>. lasa ut tile comRon logarithr of a positive niudisr is usually a 
continuous rJeciiraii. All tof erertces Iseic tire to. a table giving the mantissas 
to five doc i mat places. 

TO FI hi) the; LOGARITHM OF A GIVEN POSITIVE NUMBER: 

.iji Wrl t* do*!! 1 he- characteristic tn accordance with tl«r above rules . 

I 1 ?,'!‘iliieii the given number conta ins four or fewer siEiiificunl digits. read the 
eantiaisa 1'rom the table. 

EXAMPLE 1. thnri Jov S2.M. 

Tht characterleit it is- 1. Tu rind if- anut - =-locute 1 t' r entry 51667 In Ll:u rn* 
ummsLiu 32B tin'- cplnnri Luadvii 6, Then lu* 33. SB = S.33657, 

Example; 2. r irnt inr. 3 , 2 s. 

TfH 1 rt.ann-('T 3 «t.ir ir, □, ainrr- 3,23 5.230. m- flail Lh.ii nanLis.se toy leieatlnt the 

?ittrj 73 aHi In the row nppoafte &£5 and the coJnun lienSed 0. Thpn Iob 5.25 * 5.73516, 

wticn the given nwber contains five digits, interpolate using the method 
of yropdriiLMial our La. 

EXAMPLE 3- V: rj J h>\i 624. 3£- 

Til" chnriirt.rrjKl in |j-. 2, For tar- mint i sm, r<: have 

nonLLssn oi in* 654SQ . Bl6lL 

limit i&Sft OJ Jog 65-190 - .61617 
tabular difference . ihiiiDi'j 

.2 A tabular diffur taicr -OOOLH2 ut -OOOOl I» live iteCifMJ places 

nftn-tlBSa OJ Sug- C51A2 -ELflll 1 .17P0Q1 .J13512, 

Th^-n loo 654. fi2 - 2. -Ill GIT, 

flinti? l hm the aasentlal i-alEHluilon her"' ss S161J ■ .2 «E S1613. l ur 81612. 

(See also Problems 0-7.| 


TO FIND TOR NliWEA COWfiSPoND ING TO A GIVEN COMMON [flGMUTHM: 

71 1 Alien Lb... given nantisea is found in the table, rend off the I’OH number AAd 
the column heading and then point off using i.lse character is tit- rule. Thu 
result ii. £ pi, umber l& cni l«-iJ the ^n-tpiaigariffim (anti log) of the given loga¬ 
rithm. 

Example 4, i.enosa 75 . 95 . 

rii« nil lit j Sfiii .DfiftfiS IS tUllInJ ill I tie n.1*' outlast to 759 anil tlw riilimr, Hi-LidriJ 5- 
Sitic-i: ttii' eharacLeriKUr is i. there arK L*u tlltlta n» the Left of the declnal point. 

b) When Lhe given rain tiasa in not found, in the table, inter point ion musl ho used, 
Es ample 5, Ant licit 0.56577- ID 11-76753, 

HUfitIS5S Of loti 36750 ,56513 fllvpii EUJiLi.viD, = .56577 

Muntlattit nl Inn 36600 .565115 Vxt spuIJr^r iSfilltiMJi 

Tnnulor liltlerence .DD612 Differ^rn'-fl - iHJOOd 





mk; Ui! 11 IMS 


4^ 


CarriftlJuRa , WD ]0j ,08003$ nr , 0000$ to ljvr- l^ciasl j> Jh 

.30042 

TIWJ1 ^ntlLCiS B- 5 -Bl57T - 10 " 0.36720 ■ . OOM3 0-3678$. 

Hr>U‘ i iiai Min ■i-nsi^nX ja.1 <ngH:ral- j.::*! pei-f L;- - --' 'j.3 lit 3. 

rsce niarj Problem a, i 

TIE COLOGARITHM ol a pusiLtve iitufbcr t < written, colog 'V i is tht- iog^rsthn i>f its 

reciprocal - . Thus, coloii A' = Im - = Eng I log A - Ic# K, 

JV ii 

EKAUpLE ft. Co tag 5ft.3£6 - g.atfiflS - 1.0. 

ffii L i>« 58.386 i&K ! i tin i - ]uii 38.M06 

33. 3J16 

Ion I t&.QQOflC - 10 

i->l«^4iS= I -^4 l 1 __ 

B.4I&M ■ 10 

KoLi-i tnas. <:o!fii: .’■ r.o.v h- nbtairted bjf subL raL t. inn eac-tt din it. (starting at t- 21 ■_■ left) uf 
l«s A fron 9 except tlw lust S iSH I if lCBJU digit, which ]g subtrarxrij rr.m 10, awl afffi- 
l iir: -10 ■lien greatei Lsian L. Far esaiiple: 

tog. 3163 - 3.5001(1: r-oJoe 3163 - 6.499M-10. 
r>I SOi: D.Hja&b 8.6DO!)r 10- Xadur ll.'jS'iy - £.30903. 

(Spe? slLhd Problems 13-13-> 

UWJ1RITHH3 CP TBIGOlWMLTftIC Flt'flTl’IONS, The table uaed here is a five place table 
of the logarithms of the trigonometric f tine time sine, era ice, tangent., and 
COtuilfcent of angles from Q 1 - 1 to ^ 0 ^ a I intervals of ] mijitiLc. 

The procedures for using such a table are essentially those for the tabte 

oi natlLl il tllfiUJIOUKfLjic I'llttlCt lOftS. 

Ekawple 7. 

a) log £ir. 2^34' r 9,534(16 - 10 

fcl log tar. IZ^lt' 0.49S02 

■ 7 ) log sjg 23*34. S' 6 . 5&430 - US 

log Bill 22P3* 1 = 9.534-M - 10 
lug Sin 22*35' - jj. 53436 - ig 
rabuiftr diJfr-rence - .00030 

Ccunict ioji ,8 “ tabular dif fg raring ,00024 

Addt ng t he nprrnction. si n”i s nir.i-, 

log Sin 22*34. B' - 9.M406-W 1 .(Mtf34 • y.JiU4M - Jli. 

Hie essential operation here Is 5$<lfl6 1 .S^Wi - JgiCnG 1 24 - S-fwftft. 

J) 10 * tiia (^-"'4 3.4' ■ 9-59706 - 10 

log cos ^42* - 9.59730 - 10 
Tabalar iurreftmcs - 30 

Cornu:Linn .4 * tabular Hjfieri 1 nee ■ .4^30, 12 

SoL Lrac Li an tbi' L-orTircLion. stnci: Cuilne, log rns 6^42-4 9 , 5 D 7 DE-I( 1 . 

<£ee aise ProblilR 14. ) 







LOGARITHM* 


h>4upLl: 8 - 

Hi If lot a 10 A - 9.-56197 -10. Ltieli A = ai^So ', 

fc> IT lag cm 4 = 0,15262. tben A - 3$?s'i 

LJ If lag 3lh A - fl, 05473-ID, tl»n 4 ■ m" tuH* - 

lug &in 6-4" (¥’ - !1. 93470 - 10 IciB mn 64 u 17‘ 9,93470 - IQ 

IO|B s-ln 9,95476 - IQ lag 5lU .4 9.95473 - Lfl 

Ubalftr (tiffcrftat - , M006 ftlffcr-Ctres ,00002 

[„vin> t , 

CcrrfcLji5ii I——-(i'l — <I * - .3'. 4<tdinp llin tforrHnt i. n, since sine, \ 64 ri 'l%a'. 

► QOMlj & 

d, If leg cos -1 9.97800-10, then A lT^S,V „ 

Ju" cos 11*44 ' 9r9“SB& - 10 4 n=st s.nuJScr IqgariUlPL 

lEWmUr difference - 4 : difference = 2, 

Cort-eciiun -(t'i .5' . Subtracting the correction, since cob-] in?. A - 11 * 42 , 8 .'. 

4 

11 if log tan -1 ■ 0.24J12. then A ~ «j u 17t6' . 

Lost inn - 0-S43H {Jteil smalje.- lageritbr-. 

I^aliular difference - 30 j diffcrenc-e 19. 

Correction ^(i'} ,6'. Adding the correction!, since indent, 1 &i n 

f) It col A ■ 9.4 l-fi4{i - Jfl, then 4 - 75°Sk.fl p . 

log cat 35°23' - {1.41639-10 

Tabular dlfftrejtce . 52 . d i M> ronce n. 

Correction - r "j‘. subtract lug Lbt pirmrilm, >nice doinngsuL, A ■ 7S°23, H". 

{See 4Iso Problem ]}.} 


PKom.f u> 

1- Prove trie la-ra, of lunar uiim, 

Hestrict UiK t ile ptnoF-s i n ponaon I og?rt t Iuhe., 


Jet P = 

lO f amJ i) 

IQ*’ ; then 

In? P - 

p nnft 

Jog *2 - if. 



I. 

Slrnr^ 

f* r Q 

= ■ 

10 P ~\ 

Mien 

log P-U - f ■ 1 

IT 

Leg P k Log Q . 

it* 

Since 

{'■■a 

io c jo 13 - 

IQ*"* 

t Hen 

Ids P/Q - fi - q 

- 

log P - Log Cl, 

in. 

Since 

P r - 

- (lsV - 

10 nf . 

"hen, 

t riK P n|! 

n 

log p r 

IV* 

.■■fr.. 

7p 

- rn'r - 

10 ^ 

then 

Sue ,'T 1 - p r, = 

t 

.'1 

log P , 


2, Em press the 1 near I r iut nl 1,hn given impress Ion in tern of tm? Jo&ac liras r.| i Ik- uidlviaual 

[I'tu-ts nr nuiil>TK Involved. 

p. fi 

-j i ion —- Inn, .fmiij - Iok jfl-Ki cion P > Ion 0'\ - (leu /f lex cSl 

h-3 


Jog P *- Joe U - Jog P - log 5. 






LOG WHIMS 


4 ’■ 


ft) Ih>b — l to s'P - Ito (t 4 - i It* P -4 Idt (J 
6* 3 
2 

•■) Log ior 94 * 2 Id? 104 - 3 jOS 49 

<4(n' 

ri} Las L ' 2 lOff 24,2 - i log LUG - 3 Lo? U.8 - ^ l Oft 2.33 

{S; 111 5 /TVTE3 3 

■5. Given Idg 2 41.30103 UTIO lor- 3 ■ 0.47712. fjnu l.tu- lui^J'Silur u3 : 

)_ 

iO 3(3, ft) 200. <1 2D, «(J 120, <r\ 2,5, /) vt. j(l V'LM . 

fl> 30 3*10; l«* W luii 3 • lui ID V.47712 t 1 .00000 - 3.43712 

t> 200 - 2^ 18*; J«t £00 ■ lb|i s t i 114 iv Qjfrm - 2.00M0 - 2.3CL03 

cy 25 10 J 3*; Ito as 2 1cm 10 - 2 luc 2 2,ooO0o (i.6020fl - 1.38784 

■4|- 120 - 2** 3* 10: lnir 120 2 l'tw 2 r Lto 3 |i* ill <L 00208 < 0- 4TJ12 - 1.00(100 - 2.07018 

e > 2, 5 10 2 7 ; 1431! 2.5 • Id? 10-2 1 TO 2 L,0M00 - 0- 60206 0-3»794 

fi /f i (2 *31 !l : logVS ‘ ritHf 2 * IttS 3) - 1(0.77&15? - (3.311900 

111 /53 ■ fa^xy ~ 2/3 : Log $24 log 3 1 ^ log j - 0.30103 * 1(0.47713) 0.4G0D7 

J 1? 

■1. Given Lo«i 3 ■ 0,30103 and Liw 3 0-47713, Hud tfte losnrlthn ot : 

ul D4. Ill 0-003, c :■ 0,5, til .0.112/, c 1 /O.0QG 

4> 0.2 2/10 , log 0.2 ldg 2 - Log 30 - 0.30103 - 1.0WW0 -1 ■ D-301D3. 

At niiall «r L l ti LKii 8-3o i Qj - ] 0, 

Cr 1 0.003 3/ «0 5 In? 0- 303 - Jo? 3 - A In? (0 - -3 + 11.47712 - 7.4-7712 LO 

n O.s L/2 - itin Cl. n l tit i — 1L.U 2 D-OMOQ 0-30103 

(■tO.SWBO-10) - 0. 30103 ■ 9, (59097- 10 

+(1 (0.02)" £2^1.oV . log (0,02)' 3 1o? 2 - i lOR 10 

0. 80309 - 0.00000 

I 50,90309 - 10) - &-OMOO 1,903138 - 10 
f I rUnOOti - 7 % ■'■■ 3.10 ! ' ; l TO /iiTooe - fin? a 1 To? 3 - J Ito 101 

^0-30183 ■ 0-47712 — 3. WOW I 

|<7. 77815 - I0> i(37,77A15-40) 9.4+454 -10 

5- Oclcrni ni' tn.’ c’liurnrtrrlStiC of f.hr crinncxi L TOiirLi lin «[ usl-Li of tlit- f<>] ]»«!:■” JiUMLKirB: 
u' f 33161 d A, 740 C) 0,3874 g) 0-07235 *t 2.35G7 <r| 0.44C36 

O’) 39& dl 9fi2CH0 i> 0.00820 ft) 0.OMQ21 }} H3-723 i) 0,fl0G7233i8. 


Till' frlmnioteri&t Lob irer 
“) 3 C-) 0 r> 9 

ft) 2 rf) 5 (I 7 -10 


6i a -10 

ft) 5 - 10 


It 0 

J? 1 


k> 9 -11> 

1 y (j -ID. 








+6 


N K , Ai:n ] im ?- 


I’;ij ■J’lfv ttfleh ill tilt: ]'i>] j Li* J i :|; ]Qft:irLLlUT£-. 


dj E*i! 3H.£i • L*:;,gl94 
b) 1*3 266 2.45617 

O 10S 0*3874 " : l. 5 H-H36 — 10 
J> Jdp LI-0053G = 7.61690 to 


i Job 2-mi - 0* 1723 1 
j\ IbB 08.735 = 1 * 94 A(I 4 
l! i leiK D, 44635 = SJ, 64968 - ID 
5} IdlJ D.QDOT235S 6,35549 -Hi 


(3721ft - U*tt 
(S480S * £,a> 
(64963 * 5.4? 
1-85944 - 4.B) 


7- Verify en.i’h at tUf in I In* me 


u> ln(t r 0.07324 * 0.0005234? - 1«* 0-073.24 ► lo& 0.000635 

e.364 7 5'15 ' 6-79484-10 18*65956-30 ■ 5*634(39 - ID 


b’ t LOP .3,7033 x 0.U07426BP ln.j? 3.7633 ■ 1«C <>.0074285 

0,342Gfi - 7.fi7092Ufl S,3L353-M? 


c> Iob 34- 72/5. 384 ■ lop. 34.72 - Joe a. 1(W 

-- 1.54058 - 0*73111 - Q.S1W47 


iJl Jnp 7215/0.0235 I DU 72LB - lt£ O.IJ233 

3,5534 2 - 5.37107-1(1 - 13*85843-10 - 8.37107-15 - 3,48735 


p) ) Off ( 24 . 56 ?’ - 3 I OK 24,56 3 L 1 . 3962:31 = 4 , 17069 


n IDE ((M89*)' - 4 lop. 0.4593 4 19.6B95B-1Q> 35*75532-40 = 8-15832 *■ !5 


el Ion v-aw.'i - * I*!! 876,4 - "(2*94210) 


I.4TL35 



^(1.53445) 0*60515 


-(19,97745 -201 = 9.93872 -10 


X 


ft, Vtertfj welt of (lie following. 

«S AntlLop 2.56L5A - 364.40 
bj Ant it OK &. 63002 - 190600 

i-j Uiitilisc 8,5!336- LO - 0*05310- Plf-rtf. ProitHfm Tin* 6.7632 > 0,0074 2611 - 0.065ID, 
rfj Ant Hop L. 43654 - 27,-324 (0 * 10/16 4) 

r) Ant. ila* 8,:ffim-10 ^ fc 04*151 C 5- ^ 10/9 6) 

i *5 Antilw 4. 17U69 14814 US * 10/3S = 4) . Ffdl PTQbieH It) , ( 24.56/ 14SL4. 

S? Aids Ids I *47125 - 29.M-1 (6 * 10/IS ■ 4), t'rtin frnbli-n v'676. 4 _ = 2**004. 

( ai-iilu.: .'iiiL li nf lli<‘ fnllnUjig ucinap ] ufffLM Ulni.- 

9. 1 - 36, 294 x 2. 674ft x 6.0071786 


IQU 36-234 = 1.639(2 

(4 InK 2.6746 D,42729 

(U 2iau 0,007 E 756 - 7-5555.0 - 1U 


] OU f* (3,64 227 111 


5 0.69546 


47,75 x anHS 
K-1 f-- 


1 tiff 47. T5 - L.67667 
( 1 i Jrti 8-543 = (Mi368U 


12.61583 - ID 
f-i lOM 6467 6*81070 


(2.61569 12.61563 - 10'. 


(PB ft-80493 - ID 

> - 


6*063516 








LOGAllITILVLS 


47 


11, iY - hi . 4.l)4"6 h Lu* iV ■ i ].bit □ . 46476 


I<W 9,48476 9, 68152 - 

10- 


20. 643532 - 

30 


IhE.V S.419517- 

10 


- 1?. 75554 


IS- SC] Vf prQh(i , n; 10 up i,nf Cfljojfarjt Iiits. IS 47,73 

1 

> fl . 643 *- 

6467 

□ 

47-75 1-57397 


(+j las 

3. CA3 0 . 93360 


i-) co-lon 

6407 • 6,13930 * Ml 

[1(J« M07 


lot A - 8, HU403 - 111 



5 0,033816 


a_ T ¥±— v. 

J tig ft - U* 74,73 

* i to 1 uj; 3,394 

f fl, 394 1^0.002237 


ll 

W 

r- 

? 

3 

r-l 

1.37344 


( + } ^ tplBK 5J.394 r 

0-53802 - 10 

tuft 5,3414 - 

oolni; 3,344 

4 ■) ^ cciluc 9.00EB77 - 

0,34702 

Em; 0002ST7 

1 D£. iV “ 

13,25645 - 10 

tie] eg 0,302877 

- 

2,258-441 


ft = 

13]- 33 



14* Vr-Tliy ench ol the Ca LI fi*i]iK. 


a) 

iw sin 

= 3* 3-9777 - 10 

(759732 i 

.3 *39i 

i) 

Eus coa 5^44,4' 

9,59633 - 10 

<596fi] - 

. 5 • 291 

r) 

Sinn 3I D 26,V 

- 9.79339 - 10 

(76638 - 

.4 '204 

i) 

[OK cot 4:.'\j4-S' 

3.93629-10 

(98605 - 

,5-25i 

*) 

lu* sin 6^20.1' 

9.94787-19 

(94796 - 

. 1 *7j. 

/) 

tC'A ft* 23 D 3It, 7' 

= 0.95339-iii 

(96223 - 

■ 7 " 5h 

i) 

13ft IfiJl 70^25. 5‘ 

- 0,4479D 

(44335 ■ 

,6 “ 4tl,i 

Jo 

!<>?: c-ot 11° IT. 3' 

*■ 0,63987 

(70092 - 

. 3 * 66) 


1^, VenS^ each vi tlw i □] ]u*lcir. 

a) Itw Sin A 9.90020 - ID, then 4 


i) tOK COS A - 9-1^3603 — Ul. Mien 4 

L«? trm 9,37150-10. then A - 
J) 1*4; tut A - 5-01246, then A 

e) It'S &1J1 A - &.-9GLT2 ■ Ifl, Llieh A 

f ) Ins cpk a - 9.5921J - LQ, then A - 

£l Ids tail A a r 44273. then .4 


52 a 37. 6' 
3(f 30, 6 
- a(. jn 34L.r' 
44^ 10 ,-7' 
a'S^tUn 4 J 

egPs.e" 


70° J 2. i' 


il’l Lqe COt 4 ’ !). 9 H12 - LU r LSilii A 76° Jo- 4 


^ * *' " ■*' 


4 ’ ^ 


-4 ) 


2G 


I = .7 > 


‘■i * 1 ' - ** J > 


«n->' 
« ■ *' 


.4 } 
I 


<« * 1 " ■' J 


3* BiDTin 


i to] 111 0.952S77 

Vi. S3397 
9- 07 W? - l‘> 

7.45394 — 1-D 
- 2. 5-1106 








4H 


LOG A K1TJ 3 Ms 


Sl'PP 1 .F'VIK’S'TAFtV PROIS 1 KUS 


[fi- Fm;l; 

ui Inn JjL 2,:5243Sj 
Fil Ing fl, i? - ,|. 

I I 1 o& f!».'i*7.66830-10 

'*■. Jur 0, GTr-4 8 JLOlii- 10 
f, log 32. gd ■ l., 1 ,1067 
fi 1 oft 261 V T6 - 2.432JJ.1 
.LI Jug 7,1775 <1,65597 

'■ 2ul ».96634 9.0fi.ii 13-If' 

It- FIjiU. 

ui am 13 ul i. 9864 6 9.S.950 

1= i not ist k ft. ■S.^uniS - 5-6240 
■1 am j Ii-r 6-52085-10 fl-<141770 
J) ant sin* 1.09700 12,504 

ci nntUof 3.65612 ■ .133.03 
} i aistiLut! 5.91321 9-3B34 

J-I am ] i di: a. 11646-111 0-01313(1 

i 1 !j ant] Ins 3,606:i'fi -1637,2 


!■ I :i^ 4ZS7-S 3, £1221 
. • ]nn (U50555SS V. 74474- Ul 
t) liif' il.(197H7 8,951-13-10 

-'.- leg :i. 1222 ■ (j. 32679 

*| I Lip 66, ||S!5. h 82540 
n | log 73E.59 - 2.Jt02!>.'■: 
t>! I or. SH0.9 :s. :l70Mi 

pi i<m 0.091233 8,95015-10 


i > anillOft 1 . 1207B L3.306 

.-:• an< 11 Ok 2. C2S21 - 424.63 
*■ j lUDt-lldt 11,9,1646 L1.0S7H, 

J> anlil.in 9.6129S-ll> 0-410L9 

m't an< Uom 2. 2S9&6 - L73.6L 
'H iinaiun i, 22251 18, 692 

o: ant Lluu 4,84033 59236 

;.■• tnl L ldG 2, 61] S3 4 59-7 L 


1&, EvaEuati,-: 


«) - Itill. 9, 

3670 


i'V 


827, 

■ ■16.3 


], 597, 


O 


4 9-63 
77. 05 


fl. <1261 , .J ■ 7a7.07 (0, <10332351 


t237.3) a Vwnsi 

■ 96- M-l i 1 ’ l-Yi. !94B 


El. 02562, 


n jl*b**i*-™m «.|72105 

v 052.14(506.751 


19, Find: 


■O log a in 53^18' 

111 Iog cpr? lfiFl7 J 
O log, tail 42*47' ■ 

Ji I dc cot g?a r 1-1 ’ 

.’I Lpe «Ln TL“ll, !': ' 

I I ! Hi: CO£ 36 41-4' 
£i Liu: Lim 87°0.3' 
ll) Job nnr 76'"9, 3' 


fl. 90405-10 
-J-. 97750* 10 
It. 96636-10 
o, eoLao-io 
fi. oiooa-io 

9- 73915-111 
0, 37 226 
0.39974-Iti 


i! 

1 fin 

am 

1 ^ 15 , 

4 


log 

ccir 

2iP 9, 

2 

frt 

lag 

tan 


L 

h 

lag 

□ Lit 

74° 4- 

2 

4> 

i'7g 

S][V 

22 0 15. 

n 


Jo 6 

CUR 

6H r ' L“, 

4 

D J 

loll 

Lali 

1 fc n Id. 

4 

pi 

1 OR 

cnt 

35'"' 10, 

6 


9■97634- 111 
9,97236-10 
t,l)3FX17 
0,45549-10 
9.57640* 10 

ii, (iH4:u- Li i 

LI.:,SIU62- to 
0,32764 


21 1 . Find an-iiU- hub ! i -L, k.i vi^n : 


n i 

log >■ Lll .'1 

9. 26705-10. 

4 

ll"]Q,0 

E i 

10ft 

Sill 

A 

9, 501X1(1-14, 

A 

- 46^25,3 

1) 1 

|«k i;lx-; A 

9.46651-10, 


73 r ' 3-0 J 

Jt 

1 or 

[:!I5 

A 

0,7.5026-10. 

.-1 

= 55"IB- 2 

Cl 

1nu 1an A 

9. 6 3321- tsi» 

4 

- 33 ,;> 3ft-0' 

*> 

log 

tan 

A 

u. mass-ID, 

<1 

ai b io 4 

d) 

3 UK Util ,t 

9,91755-10. 

.4 

5Q''2],0' 

0 

lag 

cot 

A 

S*6W40-1I>, 

A 

fi1 r '48.7 

el 

3ua sjn A 

!i, 530211 -Id, 

A 

20^15.2' 


1 OK 

s:r. 

A 

0, BOO(3-ID, 

A 

39 (, 40- if 

j i log i -0.-1 

= 9, (fE'iiXKi-IO. 

A 

- 31*34.8' 

4» 

10||. 

COR 

.4 

9,66692-10, 

.4 

■J2 n liH,a 

61 

lag i an i 

0. 5304 2 -10. 

A 

- 18*4-1+1' 



Lin 

A 

h.tifl&Hl. 

A 

40 s ifi. 7 

fil 

log cnE A 

0.16fl££l. 

A 

3#52.4' 

r.> 

lOE 

col 

A 

9,71700- lfl . 

A 

S'f ’28- a 


fillHJ 











CHAPTER 7 


Lo^jiritliniU Solution of Ki^lil 1 Viang Ira 


ANY RIGHT TRIANGLE may Lip- solved and partially (‘Aecktui by uh 1115 the; 1 r 1 Konr»etrIC 

£ unci ions sine-, cosine, mid c it liar tansKht oj 1 U-Otii h i'.u h L urm u ( i liu im u C l^ 

uncles, together with the angle re LaL j on A + A BO"'. In general, a better 

cheek is obtained by using the relation C n 1 + t? , 


Example, Suppose r.hn sines t and h of Un' right 

an * 1.10 ABC are given, 

3> To tirid angle A. use tan A a/b: Lheo f? no 0 
To 1 itid Sld& c, Use f • a/£in A, 

3] To cJreCk, use a* = c s -b J = ic - t>) (e * h) 

&r ft- 1 = (e-aj(tta). 



tri- 

- ,4 . 


SOLVED PROBLIr:>tS 


f . inil rhm-k Lhr- right trUnfle ABC, gmn n = 4II.62(1 »mt ii • 27.6.10, Kig.<a> ls*lo*. 


tin A = d/t 

Jos □ L. Gil&Ji 1 
t->ma b ■ 1.57565 

L-jf. tan A - O.IIUG 

A = 52*15.3' 

if - 31*44.3' 


c - n/ain 4 


llktrh: (? - (c - ft} ft 


l*i a - I-K6B] 
{-Jlflg sin 4 9,69303-UJ 


■C SI.461 Lil£ [c'-i') = J. 3171? 

f. - 21.fi4<l tf|IOK f frb; ■■ I. ftMi 20 


Log r. - 1.73876 
t 61,431 


c-ti 23. fill 
r+ti = 9ft. I£l 


2 let u - 3,31364 
log a - s.emiSE 


b 



F| f, (S | PrDh. I 





Fin. Ct-j Ptub. a 


2, Solve ana diet* ike riitliL L,rLdsii&l« 4ftf. tiven n 962-34 and l 64 (l 23-6'. See Fir. (hr ahtjvr. 
B = gl}° - A ~ 


b - u/tB.n A 

c - a/*l n ,t 


r ic ■. *-k) 

log a 2. 15036 

lut LL = 2.13033 

c = S24,13 

J-Pij! f.-6; - 2.5494 ft 

(-Slog t-Ag A - 0. J3943 

t-3 3nn sSn A = 9.ft3&Ll-IO 

i = 3E9 . 74 

;-|lo« j. - 2.9M2B 

1 OR 6 -3 

lot C - t- ISOEl 

c-h ■ 354,39 

3 a 5.50076 

b ’ 26ft. 74 

c = 624. S3 

l+ Li BS3.47 

IciJJ d 2.15036 


4 Q 















I c !CA KITH VI 1C Sr H I Tl()!\ Of RIGHT THI.WGLES 




3„ So I vi anri chuck Uitr riplit llMSriislP WiT^ fiiran t. - 5ga, G2 and e - 7M-86- See FI*, (O iMslu*. 


i uti 4 ; h.'r 

a - 

l 5 in .4 


Chetl:: 

b 2 = *r 


L111: & 2% 766] 3 

Ins 

c 2. BODE) 

£ 

- "94, ft* 

Jog. 

(c-aj = 2,40fi9a 

l-v Icy 1 2,9111129 

1 +-1 J os 

A ■ 9, B3]&a- ]Q 

a 

• 030-« 

(HlCie 

(ctflj = 3, 12532 

l-'tsJ rffs A 9, Hfi3&i-10 

3 an 

ff 2- 731300 

z 

- £53.14 

2 

lup !i = 5-* 53227 

l' 

fi - 47^14. lV 


n - 530,(12 

eta 

L3:34-46 

L 334 - 3 


\<tf. h ^ 2,7G&]a 



S: |vr- anil rhiK'k ■ In Fish* Iri jiinlf 4£H.-. piVfcii e - S4-T25 -Anil fl 4l"U,3'. See Flft, (rfj 

A - fk} n -i) = itf'w,7 J . 




1 5 In b 


lOj: c - I.02S02 
! I Jinn stn u 9,fl22B7'i(! 


3i5Ji r- I.7SDBH 
b ■ 5G.3W 


■1 * t cok *1 

3np r l,S28tt2 

1 ‘3 IQS <~o- : Jj 9-H7S10-L0 


kii: a 


1 . sum 


rfat!«:Sc: h (c - a - 0] 


c - S4.1-2S 
a 63.271 


r-n 

r^ii 


2L-451 

147-006 

34&-00 


3uu (t-iO = 1.33191 
(i)l«S (fni - 2.17rj£*i 


Z lOft b = 3,50171 
306 b - 3-730BB 


[+131<: C {iiil 1.1:::: j:; a r:[ujnk .,i : ij.i; fi ami uliI ■::■! 


5, M . 1 hr i^ht «r 23,245 fl a iiilrat Cif an airplairf the art?]h (if de|irSBBi<Hl ol H I i kH-L nl 

an ajrixiri as 21V "'1 5.2' . Hit* tnr is ]ic- iron 1 hr he lit? 


La che aaioininf: ttgure, ,1 ts tlw pewit ton 
nt the Halit, It Is the j-u&Ltlcm or the i:l3ot, 
jinif ( 4.(f j> tlm rnquLrrd dts-lanri:, Tlieia 

c - d/Sln 4 

L*fl ■ fl,3*5633 
1 -j Jew sin ,3 ■ 9.66216-10 

to? c ■ 4,{iSH5 

f - 4*r3Z2 

The required distance is 46,322 it. 



fi- A &bhll is nn,i at an finale af elevation 32^4.4' with ir.n.uil virion Lty 3045.6 fteMO, Firnl 
Liar in j* IS! JiorliZatital am! vorlLcal i(eloClI. lea. 



















11 k.ak\\ iniir ^ou thw he bight trwm;.le!? 


>1 


frcir Liu: [ iuiiis. v = -SHC. S. a - 3^14^', BJld 


L' s m U I 

Juii. U - MfcfH 

(OJnfc Lta 3C = 9-SJ5T2fl-i0 

kin - 3,41113 

i\ 1 £577, t Tt/asc 


l-y V 4Sjt4 3 

infi I 3-4S3E4 
i ■ . 11^; s.in 3 9. 72711 ’[3 

lpc i. 3.21095 

l-, 1525,4 fE/sM 



7. T*n forcas of L51. T5 lb and 225.flO 1 1- isct nc npllt WlgllfS. FlIKl r In T..fcn l Mirii- E>( t il- result HHt 
■and 1 J10 angle nrliirb ll nakiA ■ ac.li Eh* 1 • arpi-r itircr:. 


ilsinu the right rrlanulo iik , 


tan A ■ CB 1C 

Jnn CB 2, LSI L3 
(-1 ] o.X .-1 - 2. 35372 

log tnr A = &.H2T41-L0 

.1 - 33*S*.;2' 


■I if • CB/zsib 4 

ld£ QT ■ 2-13113 
(-jltid sin A - ,1.14646-10 

low Ai\ 2.43465 

Afl - 272. 011 



TtiK itu.cn i I istlo ;:■! s lie* reauj tiui|. lijr-rr ir, 272.D5 111 cn<l si sulci'* al ar.i;Ji: ul 33^.54.2 wJtli I bn 
larger force. 


R,. * 'unul. t-ravuL-i \ E I or 55.375 ir.il«s and t lion N Sl ft 4S,f '* for 54-625 niJeit- Wiul is 

3 ts: instance rnin in-iLr i up. iron the starting point 7 


in t ho figure- a tlw Oont starts nt .4, travels tc and 
then Let if. Jji Hie: z iji'i! Lriaiislk 4fiT, 


tun LCAh BCf'AA' 

1 1,97650 

(HiOg4f ■ S.7433] 

I rv: Inn if.,14: - :1.232fia 

/o« - 5fl l, 3fl.a' 


4.15 - flC/sin CCAB 

Lot: HC - i.pTSJQ 
. -) lui: sib ICAB = 9.93(03-10 

ion Aft - 2 . ID3-1I3B 

,4if ■ 109. 54 


Til'S boat Is then 109 .64 biLea iron lbs starting point. 
SifiLc 1 ,\AB £CAB-j1CA\ 59 3 SS. 8' - 28^14.6' - 33 ft 33,2 i . 
the required soaring 1& « 3i D 25. 2'' *. 



E 


9^ Is ii-ndinK the height ol nil inartea&thJs cl lie CJi, 
cuu jm Jills A ri, 15^.75 It apart., on a plain ije 

A..:sl of t‘in- ”lzl3 nr.' L prated, ITor {) thr in* it of 

rlavjition oi the tin; of the oitit is 44^32. t' and 
1'j'Oti -I the atieii: ot elsvaLloti la 29° 15. s'. Hi« lugh 
L9 E he c | j I I above t hr- 9 J a : n? 

4 autuLion pi a s hizj ! :ir prrjiL i-Ti iPcoblsr L5. 

(Siaptsr 3:i nude ai-t oL cue t-elacien 

CEi =- — -- ■ 

cot l _ co t / SJX' 

in tbf- solur 1 tw- hern, a re I at inn mtiri' suitable LOI 
ir-igar ithnii-- conputatlon *ti! Se used. 


















'I 


1 IK^IUE li.VIH. SOI. I nus 111 KIi;HT 'I'KIAMjl.KS 


in the nnure, Lift 1? t". rj:i-ntfi(i!jlnr 115 .Iff. riien 

.-;cwh j.:iin - £iw < 00 ° - mo - <fti»° zbqc) ibdc - nuc 


In the tie.tit triaUtk'..Lfl) , J£ An sin ZH-tf. 

Mi ci,.. righi t.r inni;le BCD , f.fi = fl£> aid ZBHf:. 

In r.lie rLShl hnaUKlfi MJ> . dLH ■ i^/sia ZflBt* 


Tiiixt r.'J:l t M- a in tRDC 


W. a m BO ' 
ftln 


40 sin LBAC ■ sin ZB&: 
s in 


V ■ LII 2-i 3, n' - -iin 44 "3 2 .4" 
San 15'" 1 &. S' 


I-** L32.7S - 3. Jfiafifi 
!-, log Sin S : i>. U'l 

I-, leg SFia 44 a 3Z. i‘ 9. S4 

■ eolofi sin IS *16,6' n.5TO25 (loc sin 1S°1B.6' - &.-12IH5 -10) 

ru = s, 2903ft 

ca ■ L&a.n rt 




l(i. .t ip't HLiiiHli' uii u kill. On level iU'ouuI at the toot oi ttio mil ury points V nr-il JJ. 2Qft»Qft 
ir apnpr , nr 1, Lc^it"- irl in iimi sani 1 vei-LJc&l plane wick 4J!. Pram the angles of elevation of 
the foot iivd top of the tun-er am 2:= ' Jo„2 r und Ei^'-I . &' ri-fijH-ctivi-l.v, while [rim ft ih&s fire 
i:t 5U.S 1 and JT s 2*3-:<' suspnctivelj-, FiivJ tbt jieLtfir of ch^ to^er. 


Front; drop * penwrcdilculflr c?' to Kf< nn-d Frew & a |»rpi'jid«-ii|ar fit’ t«C4 ejtendodi. Let Aft 
e*tended iwet Ci) e*t£iBde<l In (J. 

in the y-Lj-ln trStinsle AER . tfl = EB/b In i£AB . 

tn Mi. r^M Lr lun^li' CEB , iJfS ■ Cli sin s£CB- 

In tin’ riflht triangle Hi-'H. Cfi - i.'f fui /CkF. 

Iti Liar rnjh’ Lr CDF . CF - VB sin a CDF* 

Tr|r[i H Eli CB sin /FCB rj~ a in jFCIt _ CO slit ZCDF • aUZM 

sin ZEAB uin IE, \h nio UUb - &1JI LVRF ' " sir ZFAB - sin ZCEF 

MOW ZCW F/ a SJ.2 J , itrfl ♦ ZOO* - lit:A 5 s ' St- S' , Zf-AH a fOAC = SO L ' -ZiK'A - 6t ft 40.a'. 

ami &cBF*£(m-iw: <EHn° - / V- 1 ffi-zocB) £(*:» - tim w D a8.3'. 

it* 200, l» - 2.311103 
[«) Jun din 17^32,3' - 9 fc A7[irJti-IiO 
M l inn Mh 5*Sf,e J ’ ft.0126'g- to 
Mi tifliir sin <i4 n Atl.S r = 1MJ4333 
I i i cnlnn silt IS 5 33. 5' U. fiMoO 


(!«{ Bin e^M.S' ft. saseT-tai 
(io* sisi = s.a^sv- io) 


Fix: AB ■ i r 4fi66i 
■■1ft 3Q. 2B3 ft 














LOGARITHMIC. Ml M I TFOfS OK ltn;iri TK] VNG] .HS 


; 3 


SIP PLEM F\T A R V PRQB LEMS 


Ef.il vc and rhfsrk rsirli ni l hr following right trianglet Aftr. given 


11. 

£ 

c 

25,72, 

A 

- a^ao' 

Ant. 

If 

- 

53°40' . n 

- 

34.97, c 

- 42-41 

13. 

a 

T 

342- 55, 

A 

■ *5“3a. 8 1 

dlE*. 

H 

= 

34^37,2% 

t 

235, 23, 

< - nm.si 

13. 

ti 

= 

r 'T4- 16, 

ft 

■Wme' 

4m, 

.4 

- 

sa^ss^', 

t 

552.3 3, 

<■ - I036.Q 

14 . 

c 

= 

44. ^5. 

A 

- &e c L4' 

d.T.1. 

B 

- 

3n°-16'. v 

T< 

26,70, i 

- 24. m 

15. 

c 

- 

£57- 65. 

A 

- SS'^IO, 'J A 

.4*14 ■ 

B 


M a W r t', 

a 

- L77-7A, 

b - 23d. t'J 

16. 

€ 


67,545. 

B 

4 7 : '2S, &" 

Aft*. 

4 


igf*34.4' t 

a 

= 43. fi57. 

b - til. 711 

17- 

a 

- 

-12,4 3ll, 

h 

- 53.4Sl> 

.4JWJl 

A 

■ 

3S P W.4' + 

B 

= oT 1 3- E' . 

r = 72-LM3 

IB. 

B 

T 

3S4.fifi, 


- 251.35 

.■1/LIl 

4 

X 

ss^s-a'. 

B 

3^3 1.7' 

, C 161,44 

19- 

A 

stru t phi 

road 

1 la to be 

const fitted | ■:> j r, L Ji|a Leu 

t<iwqii .4 and K r 

If a js; located 133.75 niles 


lu the hi^k! ami 25ft.7fi mile:; to the norm or .4, find the lenttli and direction m* iUc r(nd 
tran . 1 . An*. Seu.jS Piles. * 27°a0.E' £ 

25. Two hirers (it MS.-M lh nril 323,. r .4 Lb- act nt riRht arstflea. Find the u mini Luilc uf LiW result* 
uni- force nan the angLe which u oakes tiLb tut larger forte. Jn* , 43 a, 97 lb, -i i' J 2 P s' 

21' find tin- lasrsi- <ji mi is^r-rlr::- triune;!? whose vertex angle 3e 48“ 27- 4' anil whctic innial Ices 
lirr LG3. L-}. Aftit l iUfl.OO 

22. Given a rirrle of rndiUS 43". 12 h. find IJtt e-Jde anal urea 

bj of a regular inscribed deea*™, Ant. 257.50 ft, &U,3lO rt 2 

i.> of a rccular -::i rn-Kvrrihed (IcciJ+’OQ. An*. 371.03 ft, &S5,:?-3U tt 2 

23, GiM:i a cirilc nf rad ms 336.43 ft, t'Lnrl the side and area 

a-i of a regular lrarribed: ociason, .ins, 357,52 ft. 3.2U.210 ft 4 

wf a regular t; j rtuuKcrlbed ortagon. Abs. 37S.74 ft, 3t&« 170 fE* 


24- 7*o jidSilts A anil J) arc in a liernKKiUl line wLth Hie foot ol a tower Cfl and on ospfiaite a'ides, 
Ibif d istunre- between .-t and f> 1& 535.4 ft. while the annl.fs of c 1 l-. at i or. of the top h are 
i£ ? 4G' frond, and t^TtfS' frrai 0, E,ul the perpendicular through h to the lineAfl pii.duced neet 
it at r anil show I hal 


CB 


Iff siu £BDC _ AD -in. £MC inr. , BfiC 


BD i a z bin: 


am itm. 


•sin itm 


T2,56 ft. 




CHAPTER 8 


Kt'dmiioii to Functions Positive Wuli* Angles 


CUTER M I NAl. AlfGLfE. Lt-t f? be any sn«lc; 


then 


sin{6 - pSGO 3 ) = sin $ 
C os (0 * n lifiO 13 ) COS H 
tan(y + rt360°l tan >9 


coMfi + n3eW n ) - 

secffl t- n aftfJ' 5 ) = 
chc{£ + j-i3$0 3 'i = 


where n ia ;jh v positive or n-u^itivi: iriteycl 01' siertb 


col £ 
SCC fl 
csC fl 


Examples. sin 400° sll)<40° 1 360°) - a in 40 n 

riw B- r >Q'"' = Cos(]30° + 2-ZWf ) : cos ] 30 11 

taiK-lQOO*) = taLnC^tO 11 - D’ 3 S&°) taCi $[T 


FUJCTIOKS OF A reijATIVE ANGLE. Let 9 In.- any angle; then 


sinofi) = - a in 0 

Cue i -0 J COS fl 

L an { -fl 1 = Lt n fl 


UiainpleR, aim -oO D > = - ail] 50°, 


COtt-fl) = - cat 0 
seof-0) = sec 0 
CRff-#) = - cel fl 

COS<-30° > cos 30 <f , tMi(-30O a ) 


For a proof of these relations, sue Problem 1, 


tan 2A0P, 


RE1XCTI nt I'YIRMI I AS. Let 9 tie any angle; then 


sin(!30° 

H) = 

L OK 0 


sin(00" « 

0) - 

COR ( 

C0tJ{9O° - 

0) 

sill 6 


LLKH fyO'- 1 1 

0) = 

- sin i 

L-Ll2i 1 : 90° * 

&> = 

col & 


taii(E)Q D ’ 

91 = 

- cot 1 

cot(DO° - 

&> = 

tun f| 


cot(90° » 

91 = 

- tan - 

sec 190 s - 

&> 

crc & 


Heo{M ,J - 

0) - 

- CSC i 

CSC (W a - 

0} = 

SCO 0 


C-RCf9G a ■+ 

9) = 

sec 1 

s i n i ] 00* - 

- fl> 

s in 

0 

s.in( l&0° 

* fl) = 

h sin 

■ usi lfi0 ,: 

- R> 

- COS 

0 

CQE{ ] 

< &) = 

: COS 

1 an /1 nr.i : . 

- 0> 

= - lari 

0 

tan( 3 &fl D 

t &) 

tan 

CotflBCl 15 

0) 

= - cot 

0 

cot(180^ 

+ fl) = 

COt 

seen till f ‘ - 

- fl) 

. - see 

0 

sec (1 SO® 

4fl) = 

- sec 

omen 00* - 

- fl) 

= esc 

y 

cse (] ItH'l 0 

4 fl) 

- CSC 


For pf* jof s oi r h esc r. ■ l ut i nns , s ee i J rob lens. 2. 3.1.5. 


GENERAL WilJUTlCfl KHluUtA. Any trigonometric function of (»-$0° i fl>, where e is 
any arable, ls imurr a< ,rl J> equal 

m) to r hr same fnwctitm of 0 ii n is an even integer, 

t>) tu th* tiiirreHpoiidltiif cuiniuji.i-on ut 0 if n is an smW intener. 

The aim-bra ac feign in ouch wise is LllC same as the sign of the given function 
for that qua [Irani in which n-f)0 D ±8 lies when & is a positive acute aotle. 


For a verification of thin form la, sen Prublem 8 . 






HKD I cnu> TO n MlTIDNii OF f'OSTTIVE \ 0 . TE lN'CLES 




K:< amp lea. 


]5 kih( 180 Q 
EKi 13 and, 
■:j UU |J full r 


6) 5inf2-90° - 0) sin f! 

when fl is pus it in' acute, Um 1 

ll. 


sineo ] la ah even multiple i_if 
tervlnal aide r>f iho^-b liea in 


2 ) 

31 


coaflSfl 0 + 6) 

90° mid, when 
qLiacirajit TIL 

tarl(2TO D - 8) 
SQ 1 * &rv|, when 
quid milt III- 


= COifS-M 0 +■ 

S is pas i t i ve 

= taii(>M a - 
fi is pnsi t L ve 


8) - cos 

acute, 1-1 js 

fl) cot 8 

acute, llie 


8 since 180° is 
terminal Side 

si ace 2 TO" is 
terminal side 


an even multiple of 

of i^O^-e lies in 

as. ndrl multiple at 
Cft 2700-B lies in 


4j CCfefSTO 13 
90^ and, 
quadrant 


+ 0) CQSCS-OO 0 k G> sin R since 270^ is 
when fl is positive acute, the terminal side 
TV, 


aj] t oil muil iple of 
Of Z70* + B lies tn 


SOLVED PWOlll.HMS 


1, Derive I ear wains ter the i unctions of (-ft) in l*rnes nf thm funrt u»i& <>( 0, 



in the fiaarea, 9 and -0 are ctMi&imer M in standard pop it ion and luinerlcnlly cqua L . On 
Uieir ri-spcct i in* torn Lain! siitns lhe points P(j£.jr} and Pj Oi.>i I are iur.ih.H an that Mj 1 uTj, 
in esc It ol the fleurea the tno triangles are -runaruenc and ^ i, ij-j, j, ■ ->•. Then 


SiflL-Sj 

H 

II 

zl 

r 

- - — — sih 0 

r 

tPii-fi';. 

- ii - 

J. 

JI 

-r 

% 

? 

- rot 0 

OOSf-0) 

= ii . 
r i " 

i 

r 

= coa 6 

sec{-0) 

_ ^ . 

*1 

r 

a; 

- CSC 0 



= *A = 

x i 

Zl 

X 

- - ^ - IBii 0 

X 


„ *JL - 
Jfl 

r 

k i >t 

1 

ll 

- rso 0 


Ejjept fur thL-. ; ;i- rsjsca in which a lurirt Lan L&, not-defined, the above relations are also Talld 
wh^n $ is a QimdrflJltal saple, this onff hi- verified ttf rutkijic isr of 1 he fact Lliiii -a 0 and Cf 3 . 
-KT swd 2Ta°. - L-SCP and 180°. -27{F and 30° sre ectrrminnj, 

Pof enaotil-e. s ini;-D°l n in V Q - V - ain ff . fiin I,— SO 13 - 3Ui SijlP -3 - - 9ln 30®, 

1 -os,:-LaCi Q | ock 130°, sad c ot 1—271?° J -not 9tf h - cnl 270.°, 
















itEDU/rio.N to it.vctiu.n* of u:\ iv t\oi.Ks 


56 

2 - [r-r' f tOTPuJas lor r|n r Jiwtion:- oi lr term ui the fuiu't.ionr. r,: tf- 




m th<* flcprcs, t; imH ari’ constructed in standard position and on their respective 

r-iTTjnnJ Bide a me points and l\ (x, j, :< nr* located w Liiat rjp - fjf 1 ,. [n i-acli i>l tine 


fti:uj'i. L a Ltii: L*n 

tr 


arc iipngriiopl and r t r . 

Xi 


Tltcn 



-MU (KT 1 - 

0) 

- 1 ± 

x 

p 

CQ& 6 

coitf90 D ■- 

B) 

- Zl 

It 

=, £ 3 

J. 

trui 6 

uod [ «l 9 - 

a> 

_ 

r i 

l . 

r 

sin 8 

sec(M 0 - 

B) 

_ l^k 
r l 

r 

y 

csr fl 

r.ani$tf n _ 

B) 


s 

y 

cot 0 

L-a^;l;9n ^ ■ , - 

ei 

, Hi 

Jl 

r 

i 

&L'C 0 


At Lji tin- casi- of i nr foriolas of Pro*if* i, certain ol then* re Latlon* nrr without nennlTie 
when $ i.s a qimdrantni nnftlo. 

‘J. thrive furiruliL- fw ttlO function* Ot (StP >■ 01 IQ tBXWS !?[ tlw rUllCtlHin Of 0. 































HKULUTHilV 10 FUNCTIONS OF FUSITIVK YU I K ANGLE!? 


i7 




In LJie 3J.:urW£s, 6 iml 9fl' J +0 are t Mi&EniCifld til aiondard [HHllKMI a.iwl nn r.hr I r rnspi^ i i vo 
Knrcr.in^l :f ir1c=::^ r !ir- [Wjntin ■Rd/ 1, l (A l Jfg. I a - r<; 1eral.iMl M Lhii W - (JfV In tael I Oi tli& 


fijfuririi the t*u Irtaiiftlea 

art! 

i■ i■ i ; j• iiL and 'j - >■, 

*1- -J- 7l TJ - 

7hon 




r.jn^3D° -■ 0L Lt 

1 


ir oii 9 

4HjL(J'Kf Gi 

. a 


? - t-CLll 

0 

r l 

t 



yt 

± 



coa(90° - 8) r £; 

_ _ 


- - ;1ji 3 

gactSfl^ - 9) 


r 

- ri;c 

e 

1*1 


f 




~ J 



lujiOiV 5 - 6i - 

S . 

X. 

- _ £f?L 9 

CSC (Jiff" r 0 i 

= £i 

i" 

&ee 3 




J 


Ti 

3F 




4. iK-rivfr Ear mi IBS Car Lliu fund lenii rjj i Sftel 17 " ^ 9) ill tflisa *1 Cilfi ruaiCtiOOE DC 
L^-fi = i (goP - 0J , 

iinclflfiP - 01 sintiKJ 3 UscP-0»l = rpesfM 0 - 6) = iin & 

(rajlffl 5 - tiJ ■ t <go a _fl>l = - alnuOfl 11 6j - - cqh 0, ofcfc. 


•5- terire 'omnia; car tht- functions; ol i.lM ! - 0> in torus of tno Huniltwin n£ 9, 

Since igo 0 - t! - 9(p M S# 1 + 0>. 

■sUnflAtf* - 0} - sln[fl(i a i i9i)Pi 9)1 - rwnjM) 0 t @) - - -sin 6 

c-u6MKf n • 0} 3 ennfgtf 3 ■ jgeP = - sinrtfflP ’ 8) - - cos- 0 r -e 


6. Buriri! faraiilii* for ttw functions of (270“ - 6l> 

£!&$*> DdP-G = LflO' 71 ( H?' - fli , 

fela.270';' - &) sintlW> & * OOP - Mj] - :sinf90' J 

i‘fW!f2TQ^ - 0) coslUM 1 ' ■ ififiP- 9)5 - - cosf9DP 

t&n<2'ri> n - Sj r tafi|sso- n t {&D'" 1 - 0 :■ taming 

7- (hirivc fnmijins r.ir tbp r: in.’r. ■ on^ ol (2H]f ■ U) 

&inoo 27CP + 0 - (M d h 8"l, 

5im270 a I 8) - %ImL3K<i r - . 13CP I 8;.) - - ainfSflP 

coa(2ia D » 0) cati[iso" *- igo' r “ fl>3 ■ - cotHstf 3 

tuafSTO 0 4 0) - t&n[lf» s t [SO 0 -0.j - tinfSUP 


i in tcriEi 

of 

f 111- 

funCLlcma of 6. 




0] = - 

i±o£ 

9 

cotfafOP - 

01 

= Lai: 

9 

- 8} - 

sin 

fl 

soc{a7B° - 

0) 

- rs:: 

9 

_ et ^ 

cot 

0 

C£.'M'2Tf:i" - 

9) 

- - 

9. 

In Ltirn: 

of 

LJir- 

i nnrt iurj; Of 6. 





i 03 - ■ 

- OuH 

fl 

rnCi|210 D 4 

$3 

- tan 

0 

. e\ -- 

atn 

9 

seccSTOP 

6) 

i;sc 

0 

♦ e> - - 

- (70t 

0 

cm: i'JTO 0 - 

03 

= - 5VPC 

0, 


8. D^L'iv^ L]ii- iicnfirii!: mducLioh form La.. 

By eaatilAioK the furmiaa derived in Trublow 1-7* It Is seen t-Lurt- the (jenn-rai r<.irhx:i son 
tamiLla is vaJfd for ibn sotEitere n o, i r 2,3 T IL follows iliat tlie JuJ'buM is vnJisi for n wcy 
integer aium A-gflP±9 in OotL’nn Lbh. 1 wJi.li nome rnifi cif the Jinnies i 9. W ± 9. CL 2TO t 9.. 










5H REDUCTION 111 FI NCi’U^S Ml |'OSiT|\ K WTK WGLF„S 

EA]u j c*ji 1‘scli t r Uie 1 1:-] Il.v.jil in urat. el n liuminn m H; 


"1 

SiH£0 - Sll/'l 

rf) euac-lflii 3 + Ol 

til 

slntSMf - Oi 

J ) 

(.■ai-. i_4r/J c ' - 0) 

fch 

eaa(0 - SKJ n ;i 

■'] a til (-£70* 0) 

ft) 

lar(T20° - 0) 

*> 

cee^gwP ♦ &:■ 

i 1 

w(-8 - &0 o i 

f) tin (6 - iteo ' i 

J 5 

tatuTStf 1 > Oi 

15 

*its(-5» D -05 


ill r-Eni>? - SU^I sin.-HT 05 - atn(-| -yd' 3 ■ toi - (3 t llhh s Lien Imim nuijiilEve ajmut, 

■man $ Is jMCjU.j'r-n iiri:l i . I hr Irmmul ke<Ic nE S-3(l 0 1 M!S- : n qiudrunt tv, 

l.j c(Ki.9 _ f«>° j ■ c(kh-BO c ■ 0r - cps f -1 • Stf i O'j sin 5, 

= l 8 «C (-0 !»' 5 iir(-afl° s«ri-1-B0 ,: - 6 1 ) - sac fl. £ hr- sJrr lirjr.j! fifcKatfwc s m::i: t 

■ Uti 9 is- iki^liiv* sicutr, the terminal side ol -O-iVlF I if* in nuarirut- III, 


«J si]i|54D'' + fl> • ajnfC'!Hl r ‘ - 05 

ft) * 61 - tan^E® 15 - Rj 

- 9- 

1 5 Iiun Ti!0 : - 0'l lan-fB’EW d (01 • Inn hi 

tapi 2.360° 1 Oh - tun 0. 

,'5 cws£-t4M a - Oi ccref-S'M 0 - $1 - iiP 0 t 

k) n^pf-gotf 3 * Oi e5c<-lO‘90P i 0) - esc Eh 

l) a i II i-540 1 - 1 - O'l Sim-S-Stf 1 - O l = a ill 0. 


- mas- 

(qnajdrsnt 

l][i 

•C-G 3 R, 

i mishdrnnt. 

I) 

can €h 

i; ituiutsifu 

15 

- sin ft. 

(dUAdrattE 

III 5 

- fcnn 0 



uun<-@l - 

- tftn 0 . 



Itcrnsss ctirh ol r hi % eo l■ tvcnil m 1 i-nrs nr h.nrl urns <if a positive lunLr ani’le In 

t»n mLja. 

11 5 

in 

Li(f 


t‘) sm 31o' J f) tan (0^ 

E 5 slm (iTQ 11 


rise flfiS" 


If 5 CQSI-fiflO'' 5 


Ear 

320.* 


Ji c4jb 3li5 a /i set- 

a: cot 93 D g 

5J 

s In i -1 in'r i 


1 5 tanii ^M 1 - 1 

fl ) 

sin 

1.10“ 

=. 

& LH i 2-Jltf-' 

- :>j ,!, 5 - S-111 :<l° 

i'i cna 

3E0 g 

cfisit-Btl" 

_ 

5D J 1 

noa 50° 




- 

atiici-sd' 1 

ICjft 1 •. rua 



13- !M 0 

+ 

4B' J l 

- 51H 4Q° 

lii 

La.il 

H2S : - : 

= 

tanc-l-SO' 

- M d ) - tan 3 S l 

f i tan 

5C5 d 

- tan{2-!W G 

- 

16 a 5 

- - tan !&< 




- 

i an i; J-EJi.v 

- n.s r ':i - - m. S5 n 



: LtU] \ 1" W 0 

+■ 


- cuL 75-' 

*J 

J! 1 II 

5aiv : ' 

- 

slnf2-9tf tl 

>■ 2fl r ) - - aim 3£l c 

ft auc 

2Kl r ' 

- sire 13, M r ' 

■# 

70°) 

= - Sirt in' 




=■ 

ft m aidin' 

- TO* 5 = - CO& 70^ 



SccfS+BO^ 

- 

20" 3 > 

- - cm: SC 1 

£| 

a 111 

niir 


yu’ 1 

- - *tn no" 3 










* 

s i: n C T - 9D f ' 

- -JO'') - - -nos itf 1 







LH' 

nisi 

U7D a 

= 

- 

160" 1 - sis 3IQ 1 ' 

’i 1 n 14 ■ M 1 ' - 5D f, 'i 

- Sin SO 15, 




h 

?0t 

linn 3 

- 

cot ,• ig ■ iXh 1 

+ 30^ 5 = cut oHl 13 










= 

L'Ot f [ i ■ && c> 

- &Q r ' J Uui 00° 







aif 

C bt 

Mt? 

= 

CnLf2ia' n i 

2- 3 BCi'" 1 1 T(>t. 210° 

ceil 1 2 J 3a‘ J i 

'ST i 

Lot 30* 3 




H 1 

rsc 

BBS 41 

- 

'■fttf i; 5i>‘g0" 

- 3S s 5 = CM 35 (> 










= 

i-fic.:9,tio^ 

- 55^ :• ime BS h 







or 

rat- 

665° 

. 3 - 

CSCJM5 i 

2-3 510' 1 > enr L45 " 

r mc ( 2-Dl]P - 

- 35“ > 

CSC B n 13, 





j) sinr^5lWl D ) • s lii<— a-&4J° * DoS - - sm 8fl‘ J 


■ SHIC-L. 315 


irf 1 > - - COH 


ur *tJi(-iDI>' n j - a an HKT - I r. | 2 ■ - fly** - - am fln fl 

or ■ slnMOtf* * 3S0°) - sin s«uP - *jO(2- !« B + «n° i ■ - sin Ml 0 


RED! Cl HA in H JMCTMAS Of POSITIVE SO If 




it omf-SBaP) 
nr rpsj-6®" ) 


rent-:-8-00° - COE fOP 

mitf-T-Un" - M rj l Njn SO 0 

cns.>6M 3 ’ 2 J 3 B0 1 ? i:u* 10 s 


Ci L;iiii-2B0 : ‘. 

rjjr laiH-EKf) 


- HV■' i - tan tU' 71 
1 :in (—3 L 0[/ J - BOPj ■ uul £0° 

iJJi f-29i]P 360"' ■ Ian 7!} D 


£1 . find t!ii‘ eiLLrt va.| uta ciT EIn■ smr, engine, aEnl r.dii| , .! , j|l ri£: 

a) IHp, ft;- 210", cj 3IS*\ d) -13^. !?> -L40". |‘ ■ -330°, 

Cell 6 , n|-*.iys positlTC- acute, the . J j 1 r -13 angle cf ^ when J- ■ ]Stt w — <*, ISO 0 • 3 «r SK) 3 - ft, 
ltieft s=hj rune Linn of is inincrirnl ly *'iu;il Lei the sau<’ fund jun of 8 . The s ipjehi ■■ li; B-LJ?n in 
weft cm* ie- thru, of the function m the quadrant in which the icrimiai aide m c I i#*b„ 

ft) 120P - [(Mr 1 - fiO°. The relutetf nnulp Pli eu' - ; !20" is in duniLrant II, 

aid I2d° = a in 6ft c - V'3/2, cos iaj* - - cos «P - -1/2., tun 130° • - Ur. S0 Q - <■' 3 , 

b) 2 1 0 ° = mu 3 ’ 30 ^.. The relate!l anifle i* 3 si ft ; 2 Iff Is :r qinutrant Ilf. 

.i in - sin Of/' - 1 / 2 , cos aiflP - cos gDT* - 0 / 2 , Inn £ HU"' tail 30 " - r' 3 / 3 ,. 

r-i 315° 360' - 43-°. Tin* minted ;ir.,;]r- is 45' . :i 1& 5 Ift jn qunilrni'.l IV, 

sin 315° - - Bin 4& a - - &;%, -eos ftij* - ecu 4S° - /?/2, tun iJB ft • - tun 45" -1. 

d!. Any function ot -135° is the satin function -SrtB 0 + aijff - 225 s 4-. 

2i5 D 16!]P ■ 45*. Tin 1 n-liitfld Is 45'; 225° iS in yi^d-iUtt III. 

Sini-ias*) - - Sin a? - - i/^.'2, cost- 135 s ■, ■ - f« ill' - - i/2/2, t«nf-135 n L • I, 

e) Any [unctiuh of - 2 io d is Hit aubr function or - 3 -GCP • ISO". 

120* - 18B U - 60°, Tin- re]uteri an-i i J* 60°; 120° is in quadtHiiL tl, 

sirv(- 24 cf' x sin SO 0 = kT/ 3 . ftOS^Md*] - - eoe ft)* - - 1 / 2 , Ianf- 240 ra 1 -tan go 1 -' -vT. 

/> ACyf Unction ul -SlllC is Ihu aim EuncLmii ciJ' ^ 33 tf S - ;«ju" AVp- 

*illf-330 & ) - P.IJ 1 30° - 12, COaf-33^) " CO* 3flP i/T. 2, tnnf-330 1 ') l.un 3flP sJ/Z» 


IS, USiriK Lbr lull,: ut imEuTiiL fuprtinns. Fjnri: 



O) 

3- l:i 


= 

3 311,; let] 13 

- 54’ J 46 F ) 

n i:i !i-t u 46' 

Oh 

01 K 


Jj) 

unc; 

IK" 46' 

M 

cos (sea" 

- 10"20' ■ 

- - ens nViri 

‘ 

- Q.M3B 


<"! 

tan 

3d£J :! 25 ' 

= 

tan c ■ Mf 

+ 2lf23 r > 

- tftn 2i.r'2:V' 

- 0. 

3TIG 


J? 

Cut. 

25(f44' 

= 

L-iaC .. E b0 : "' 

i 70"44' f 

^ cat 

= 0 . 

349& 



Ocs 

313"Li' 

» 

com f 360 '' 

- 4 6"t2' 1 

cent 4fl ::: 42'' 

0, 

M5& 


/> 

-sih 

J-l 1 : 52' 


:: ] h ( 11 

- ISPS'') 

- - ate ia c, n' 

•- 

0. H112 

n. 

If 

fan 

» a - ft. 

1 Lbdr 






-ll . 

Lan 

155" - 

ten 

M& 

- uni 3& c ' 

- (- OOt 25“ ) 


- It + ] 0 - 0 7 ► 1 1 * m J 



1 - 

tan 

tan 


1 1- tMI 

25 ft if- COt 25" 

} 

1 t Ilfl/flJ 12 t O 2ft 


ib 1 

tao 

JOfi" - 

tan 

[15 s 

tan 2.5 s - ■ 

- cert -2S"- j 

n - 1 

-ft fl" H I 



tan 

245" - 

tail 

335" 

Out &3' 1 - ( 

- ran a"i 

1, 'j - 

if 1 - 

ii. 

ir 

A E 

fl ±C = 1 

■ 90°h 

i then 







sin 

(fi + c> 

- sin (|gtf - A r - s in A 

■ 





air. 

iiB - C) ■ 

sJn j, LB0 S - A) - 

sin (so” - i-,-1, 

- COS 

5A. 
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1 7 . £?hrch' |hiuL a in *3 and Lu.il 3 ft hnvu l.hu S&Bi- S-iisii, 

u_i sinipnHv <? - «*• IK)°, If ji Li even ; irk.-Lwlin& »ro> k 2*. < ten tin(a* * LflflP> tnji(*-iSfr°) 

■ 0* Th 1 ense *ben m is odd Is oxctudrd a ante l limn tart ift La rtiaL defined, 

1 1 Suamose 0 - r\‘ l^f Q - <p t wiiere 0<^<J80‘ ft . If n is jvnn, inslndinu Seism, 6 Is In 4|iiail- 

r a 11 L L or ^□il-;Ituill II and Bin 3 La positive while jft it in quadrant I or ‘quadrant ill nod 

fan s-b it JSO^i!■]¥<:, It n ja ^sdd. !J Lis in dundntnt 111 nr IV and sura ft Ln muss Lieu ffiiale 
jS it in quadrant II or IV and fun 3 ft la weative, 

1 6 , Find all positive value-a of 6 Lest than sea* for which sin ft — j , 

Ther* *111 ht t*n ansi** Chapter 21, nnr in Lhi; I.hird quadrant artii (she in tte fourth 

0 au.dja.nL. Tin- related anftle (see Problem Li) ol enoii lint its sine > -owJ to * £ and m 30 a . 
thus thff required uaifiLn:; un fl Lflo '' 1 - $0° = 2lD° anil ft s 3^0° - Jt| D = 33||P. 

SciLiv fn flhtain all vuliau; nf -ft fur Wliiuli tin fl = - j , Odd ra-.SK!* Ln uach of the aboi'e 

Ml at ions; thus ft - 2 Lq 3 - q-nfif)* and ft - 3M ft 4 n-aeo”, where n is any integer, 

I 7- Flail all piiesjTlvi! ™J .ii ji nf 0 It lifts 36fiP far Billet Cafe A - If-9063- 

there nrf 1 jkj sol in :mik. ft 25” in Lin- fLrsil Quadrant and 0 36l.l" - 2 D d : 335 n ib the 

fourth Quadrant. 

18. Kind nil piuii-IVP ™]in:a nT ^0 Lc&s than 3M"'. Given sin 6 □. B43B. 

Thv tBn positive ap^rlns l(is:i than 3M D fcirahinJi sin ft Q.G4£B art ft 4B 0 anil 0 = I00 n - 
40 ® ■ L 41 J 0 . But Li Ti^ is to imclude rvJ J . aJ ues lets than 3fiQ", 6 mast jaclutfr nil values less 
I him -4 ■ 3t".fl r:l 1440^, Hkmr.n, mr ft *■■ lal^r the tm> ruiflioM above and u|l CbtOrnLnal ail|£leB- 
Jess: tlmn J4 J(i d . that Ls, 

ft ■ th 1 *. 400*. 75#°, 112lf: 140°. 500 13 . . l^aO 0 and 

=6 10^. lOlf, 190° i 2@tf; Js". Lisf - 2i$°, 2p&°. 

l*jl. PLjid ali pijajt [vn vafuns nf ft les^ tiiap ftfiqft *hie}1 sntisfy -sin ?0 rtKi ^Q. 

fcjacn uim - 5 inf-Off - Ji0> - sin 2ft K £0 - M'- i®, ■ISQ*'- jft K ft 10*- jlB, L170 0 - jft. 

Thfin ‘ «|°i 150 a , 310°, Ll70°. „„ anil 6 • i<f, |A0f“. »&**. 4CS 0 , . ,. 

Since aqr je - siBfStf t -jti! = sin 2ft, 36 - 90^ . 4 S-i> d t jpB h moP •- ^ 

Then E4i D , I50 a , 8it| n . and ft - SO*, 3O0 I \ 540* , 

Thr required soJulLiin& aj'L-: 3S^, iaj r ' t a-24 41 ; 


I (.EDI CT10N Tn FI !NCTIO\$ <>l FuH| l IM- SCI TF i\r,LF- 
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SI PPl.lvMK.M'AKV PROBLEMS 


2G- Express rurh d rnc followinu 1 r> 

«n sin 515* rfj cot IJ5° 

h) e-os ZL’fi fj gee 335° 

cj can 440^ f) esc ISdP 

4rta, JI sqri as a nr cos 5& a 

fv.i - eos 3J 11 or - sin S5 n 

c) tan go 0 ur L-bt |0° 

d) - en-t 2f. c O-r - turn 85® 
r? esc :iS D ur cat sJ p 

jf) - t'.sc 10" W - Hflr IW Cl 


nf fund ions ni n jki-s lL i vi: 

^crit-- unsjlH, 

pj sin t-SsjO 11, 

i ) ret 610" 

hi CCS 

It} sec jss* 

tf tan f- lass' 3 ! 

I) CSC 025 n 


jii, sip 2 d° nr coe 70 3 
ft-> cos iff or sib SO' 3 
c) tsai 55 d Lir eot 35° 

1 > cot 7D° or tun 20 d 
J<] - ait- 5 . 5 ' or - cse 5° 
l \ csr 75® fir sur 15° 


terns 


21, Find the exact vil>'s of rJie situ-, cos lire, .inii tangent- of: 

0} io 225". Cl 300° 1 d) el -2M D , f\ -315°. 


.Ins . aj 1-1, - 1 /^/ 2 . -i e;'i 

6) -/i- 2, -F2/2, 1 
n - / 1 / 2 , 1 / 2 , . j% 


d) -vS/3, -1/2. 

e 1 1/2, - </ii/2 r - 1,,V3 

jh 1 h/z. vzn, t 


22. Qsinfl appropriate I nbl ns, fjmi; 

«0 »lii l5S D ia' ■ 0,4132 

h) ros iG^S-ft' - -si, 2526 

el l an 30jf24' : -L.40T1 

o'! sL:i ll^lfl' 0,9114 

f . fOS - *0.9730 


} 1 Ice stn L 2S 01 Jl. B 
t) !■:>.. sin lUf JJ.7 
n . 1C* Sin 16^35,5 
:j lop sue ISB^aO, 5 
/) lOE :: 1 n 174° 12, 7 


- 9. 09500-10 

- #.97140-10 
= 2.47iB0-H.I 

9.32119-50 

- 0.99104*ID 


23- Find all arj&Jos, 0 i. 0 < :jhj°, for alileh; 

a) -tin 0 V'0,'2. 6 -1. c.l sin 0 ■ -0.6IBO., d) rn; 0 D-5525. «> tan 0 -1.5301 

4 n 5 , j} 45 ®, 155® e) 215^10'. 3ai P Sfl* O 123° 10' , 30S“i0' 

t> 1B0 C d) 5fl*lo'i, SOO^m' 


24- 111411 G la a second quadrant a tit. It rot which tan P -3/l> efcovi tliaL 

tintw” - 01 - e<M.(ljlft g - ij) _ t_ _ , . t-andjO 31 * B) + COSIlSlf ■* EO 2 >■ vT3 

CtnmDfh _ $ 1 ♦. rni ilBffi - 0 ) /Ti SlUfSTD 0 - 0) - COtf-Eh 3 „ rTl 






CHAPTER 9 


Viiriiilmns and Graphs 


I hr Trigtiimmrlrir l unrlinns 


LOE REPRES£NtAT tONS OF TillE miGBNOMETRIC FtflCTIQtfS-. Lut fl he iin.v given ailftie id 
standard pnailinn. {See the figures below for 9 m each of Hit? quadrants , ) 
With the vertex 0 as center describe a circle of radius one unit rutting the 

initial k ido 0* of P at A , the positive y-axis at jS, and the terminal side of 

y ai r. ilraw IT perpendicular to draw also the tangents to i he c ircle at. 

1 and fl meeting the terminal side of o or its extension through 0 ui the points 

ij and ff raspectiVeli 1 . 



X 



¥ 

I 



In each Of tile figures, tin; right triangles OHJ\ OAQ. ami OBR arc similar, 

and 

a in p = MP/OP = MP cot 0 = OX/ftr = BR/OB M 

COS ft OR/OP = Off sec 0 = OF/CM = flQ/OA = OQ 

tan ft MP/QM AQ/QA AQ cm! rf UP, 1 Mr Off ■ 00 Off r 


Tin segments UP, QM> ,tp, etc,, are directed line segments, the magnitude 
of a function bein.fi f;iven by Lhe length of the corresponding augment. and the 
sign being given by the- indicated direction. The directed so gm'ills OQ and Off 
are to he- considered positive wton measuredi on rlio terminal aide of rhe aamie 
und negative when measured on the terminal aide extended. 






















VARIATION \MJ i;iai'lli OF TIlK TMIC0NOMKTH10 H IVaiuNH 
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VARIATIONS OF THE TfclOOWO*lEnUC FUNCTIONS- Lei F move COUP cere-lock wise atari the 
unit Circle. starting at A, so thiit -0 IMS' varies cant imttniEly i rcsm 0° to 
360*. UsiikA the figures above, it is seen UtiiC tj r Increases,. J>. decreases): 


to 0 

ir,.- reuses iron 

ft n to 90° wf 1* iSti^ 

Lftif' to 2TO r 

27^ to 550° 

sin 0 

J, Irw. ft to 1 

It iron 3 to <1 

0. iron tl tn -1 

1, j'juP -i L, ft 

CO£ 0 

0. 1 to 0 

I>, 1 rap Q Id -1 

J. frcffl -1 to 0 

!i f rnn 0 t-0 1 

Lor. 6- 

l , Iron 1) 

• tthpwt l iitu: 

(iji te + ^j 

I 1 , frtm large 
HEBati¥r valJeii 
tP 0. f - -u to 0 f 

I. from O 
wllboiit Jlnit 

(ft to ■+<* 1 

1, iron 1 njrfip 

IieflHt ive i ll 1 veri 
tu (J, i-'l 1.1 j 0 . 

ecrt 9 

Ji. r r«r. targe 
tjoaltive -. aJ uta- 

l IJ U, 1 - X t* | | ) 

0. 1 ro<i O 
Without 3 ifiLt 
to IP -id j 

f), 1 rpp la-rif* 

fHLStilvr viilue-K 
lu Q, 3 1 35 til ft 1 

Eh Tram ft 
■ itflPUl JlOLt 

Lft Ld - !fi t 

SHir- 3 

/, Iran 1 
■ ItflOVt JtBlt 
i 1 Li» * ■U) 

t . i ran J argc 
negat ive •values 
tD -] r | -™ to -n 

li. frpn -3 
without Lilt3.1 

[ -| id - Hi ^ 

ft- i ror | arei 1 
positive t u-n^ 
to 1. 1 1 aJ to i :> 

tac fl 

J1, Cruu ]arj(i? 

po-s Lt 1 value:: 

tu Li ( > u.: lo 3 

f. fros 5 
Withtful Unit 
(li ta + 

I, ITon Lsi'bh 
ni L'ji 1 vie values 
to - l, l -a? to -1 i 

n. Crop -1 

* j t !:(■ 1: iinil 

[-1 to - an i 


GftAPliS CF THE TRIGONOMETRIC fTINCTlONS- In the lolloping table, values uf the angle 
-v arc given in radians. 


j: 

y - Sia a 

y = CTM 1 

y - Lift j 

v r i:iit i 

y - at:r i 

y = ftSt: x 

0 

O 

uoo 

* 

■ 

t n 

1.0ft 

i as- 

n/6 

0. E-Q 

ft. sn 

Cl„5(t 

1,13 

1,35 

2.00 

x/i 

a, t 

ft. Tl 

l^ftft 

3.00 

1.41 

I'll 


ft, 87 

0,50 

L.73 

ft. 50 

a, Oft 

1,15 

K/3 

1>M 

ft 

±w 

D 

1 <a 

1,00 

&V3 

li. AT 

-D,50 

-1, TS 

-D,5B 

-2, Oft 

1,15 

W4 

ft. 71 

-a, tl 

— i.Oft 

-1,00 

-1.41 

1,41 

%V6 

0.55 

hj, ei 

-oSm 

—1.73 

-1.15 

2.1k) 

n 

0 

-s.ftO 

0 

±» 

-L.ftft 

ltd 

Ti/e 

4-50 

-n-m 

ft-IS 

un 

-1,15 

4,00 

5V4 

-ft. 7 3 

-0. ii 

i.ftft 

Mio 

4.41 

—3,41 

4*/3 

■■ft, S7 

-0-50 

1.73 

ft, 50 

-2, GO 

-1,15 

3V2 

-4.» 

a 

■i m 

0 

± OJ 

—I.OD 

5*/3 

-O.flT 

0,51) 

-1.73 

-0.5S 

2. Oft 

-l. 15 

W4 

-0-11 

0. Tl 

-1. oe 

-1.(10 

1.41 

-1.41 

lln/4 

-O- 50 

0. 57 

-a. 55 

-1. T3 

1 , 15 

-2.0ft 

3* 

ft 

1 , 50 

0 

i JD 

I.ftft 

1 .<T' 

























* UiiALJUNS \Ml GRAPHS uf TIN*- H NCilu^o 


iA 



X 


r Y 




y r 


! 

IV 

j 

i 

i 

, Y 

U 

I 

-71 

r\\ " 

i 

r d 

7r ■ 1 

A A 

0 2t? 

in 

! 

i 


y - i 


y ■ Chit i 


Mi-t( since* k ij* { s n i v) cos *, the graph of y cos * nay lie ubtnmet! 

cost easily by shifting the Krapb of y - sin * a distance in to tbs left. 

Non 2. Statce esc (Jit *■ acc x„ the graph of y = esc x nay be obtained 
by sin! i. in;: tlie rcraph of >■ see .« a distance to the right. 


PEE 10I11C PW/nUWS. Any function of a variable x, f(x), which fi'prttts it-S values 
in lief in j. 1 1 - cycles, Is called ^ri^ici The smallest ran™ of v.Udes of x 

which ■ ■ VT^-r;[-1 in; v in a .. cycle Of Values- nl the flKICt iwi ts called Lire 

period of I he function. If i--. evident from (he priiphs «1 the tf LgoiUWtnc 
fund i .j.r. r I is i tin’ ait'Lu, cosine, secant, anrl cosecant are of period 2n while 
the l.uELpjnsl and colafleedt aro of period n. 























v-utitjH.vf’Hs h>i 1111- 'j'iircut\o.v[i: , j’ii[L ri \<rrrn\s 


bS 


TIE CJEMSjU, SINT CURVE. Thu irnpi i tuefr {usix Ltrtlfin i>T (I inn to ) and s - i . n»* i.wav • 1-,‘Jlgt *. '< 
of y = sin x are respectively l end 2n. For a fU veil value el v, 11 1 - value .if 
v * sin x, ,i >0, is ft times the value v>f y sin *. Thus, the aniplitude .jt 

y = a sin x is n and the pri-itul Is 2*. Since uben hx = lin, * - -fr, LJle am¬ 

plitude of > - sin fix. li jfl, is | and the period is 2it/ b. 

Tile general sine curve (sinusuEri) of uc| mil Lon 

y a 3 l [ i fix. a ■ D, b > 0, 

a:as amplitude .i and period 2s/^ Thus Hie jiruph of y 3 sirt 2* lias anplr uric 

■t and j,ie]■ tr>d 2n/2 = u- Figure i,u belw exhibits tin- graphs of y s... » and 

y - 3 sin S£x oil the suirn? axes. 



rti l 


COMPOSITION OF SINE CtIRVRS, Mure uonijil ieu Led Uito. Ol mivu niul Liny an: oblu Jiitid ii.s 
COtfibinihp, lwo or iiKire sine curves, TJif method of adding corresponding ordi¬ 
nates is. illustrated jn the follow mg uxuitiple. 

EX..4NM.E. Construct the ETuyLl o.L j a LB x i 3 sin jx. Sou Pi i„ (si a)‘live. 

first the graphs ol y t - slit x ami y* = 3 sin are corns emoted on the suinu 
axes-. Then, corresponding to a given value x = 0A Z , I he ordinate A y B nf >■ = 
sin x i 3 sin 3* is the niftebtaic sum of the ordinates of y z = sin x and 
AiC x of y t 3 sin lit. fllsn, A„B = i A^tt -dj'f t- 4 S C,. etc:. 







V Ut|vri'!\- K\v «,!* \I J FIS UP Till THJCUNUMI THJC H U:TLi)V’i 


i-'-. 


SOLVED mmm.EMS 


Ir Sketch the sruptis or rhe: fur am? «»*<! ]«n*th. 

n y - i kiji .1 c) y - 3 sin .* y a cu* $.t 3 E-irt (Jr 4 Jr.i 

h~) y - sin 3* y 2 <:ra< M. ■ s sin Px -» jR) 

Jr :irh i :iw n - iik-i II■■- Hunt- curve atJ(l tiled jilt In tTi<? y-ftlik find ChOOfi * 1 t.fcc iinjls -::n enrh 

AXl£ Ll f- lit LSI, 1 1 ! I r‘- luirf-r- nt:- I ILTJI n t Mill- Lind period of «*Cb *: Iir-. :■ . 

m $■ - 4 Lilli » Pins ii dpi IP. i*je 4 awl jieniMl = 2fl.i 
III 1 - &IJI It )in.f> Hdplliurtf li iui'1 Iwf!H5»l • ilil/Hr 

ii f - 3 sin , i; i n.- n ti j■ 3 i i iidi- a iinil pi-rl«d 2*v - 4n. 

Jl r • L' ji (Ii.h anjfl ltudf - 2 uml pi-riivl in, Pint* 1 ClU.- pitisiL l:::i ot Ite ]-'■* IS. 

tj 1 - a ctis Aj. hiis a»ji! i t nek' - 3 urn! rr-rimd - 4 ti, 




X 


y 3 cot". 











v.ifll U'JO\S V-MJ <;H.V.1 1 1LS cM- THE TRIG(.i.\t>ME')'KH I I \' I IONS 


U 7 


2- conn!met thi* k rat'll of eaclt of r* 11 - following 

■I) ) - n ; n t t l-cbi r ir) y = s-Ln - CuS Dj 

fr) $ - s,bp &L - cm 3 .V J-j y = A alls Jf - 2 COS la 


y y 

4 



A' 



I 




ffr I 




SI I'PLKMtJSTAttt HliOBLKMS 


2. sketch t-b( dr&ph ot each ot l Tie- following for one ware tensilii ti.i y - 3 a In ji , hj y - ein h, 
r'l J M h in x/2 p d} y • 4 cos *. r r) >' £ c:os- x/3 r 

4. fiuaitarairt Ltw* graph of each of the following for or■■ »aw i-emgtli, 
a i y i a in m 4- 2 cion * d) _> • s-ln 2* ► sin Js 

&j y • sin 3-x 1 rgs a* r) j 1 1 E-lin 3* - cios 3* 

•rl y - nkit x • Sfn £i /) > ' 2 Sin Ji i 1 con ’Ac 












CHAPTER to 


Fiinriaim.ntkif Kt-lalroii* ami lilrnl ilivs 


FUNDAMENTAL RELATI Qfifi- 



Keciprocal kelaliiitis 

Quotient Relation---; 

Pyt huiiorvaii Relations 

cat- P * i/sin 8 

ten 9 k s a p /c a?. <=■ 

sin 7 f? * cos 7 6 = 1 

see 6 = t/CCIS P 

col 0 co?i e/ s is, e 

t + tan"g - see® 0 

cot 6 t/tfifi 6 


[ H cot" 9 csc ? 0 


Ttw? fcfeiatioiiB Jsulc! fur every value erf a lor which the functions In¬ 

volved arp defined, 

1' H-, pin 1 ' 1 i c ns' fl 1 holds lor every viiliie ul P while kir 8 = sin fl/Ous 8 
holds for all to lues of - for •« h ■ r.-h tan 9 is tdefiffid, i , for all 0 ? n.ofl f 
When n la- odd. Nul<- Ihaf fur lln- eXCl livUsd. ViAhioft of 0, fjjs P 0 and her 0 / 0. 

For rrool'K ui in.' duin j- ui- a.n(S Pyi liaeoronii relations, soc ProtaieaB 1 , 2 , the 
n ■ ijjrncal relatioilE wen treated ns Chanter 2 - iSae also Problems 3 -ft*) 


S I MPLJFTCATHJK GF THIGQMUMETR IC EXPRESSION- |L is frequently dt»a irahit! Lu trails- 
r: irm or rod 1 ice a a i v<-n express: c .1; 1 nv0 3 v 1 ng r r igimineo r r K ftine 1 1 tins to a s i m- 
Qfur funii. 


. t u 


ill 


cac P 

1 

00 * 0 cue 0 - res 0 

1 

C(KJ 0 

Kill 0 

*111 0 

sin 0 

Km y 

t win 6 

sc?- 0 1 ini H - nes 0 

f.:lll 0 

.11 n 0 , 


Oils fl 


rue fl 


rfi ] at Lcn 3 1 - ‘ h ■ 

CO:J ¥ 0 - dj 



:;in ► 

1 .-I.:: 1, P - 

■:aji:' ! 0 i eciK, 5 Pi j; in P 

- Ill 

!an Ijl 

1 

i - &]ira 

il - :;j rs 6 51 1 1 air &? 

1 + si 

1 0 

1 - sill 0 

i - £tin 0 



Ktn--\ Tlir? j -.-iai t™ air^fl - cu » r 0 = I our lie written as am* ft * | -c« ? fl 

‘JillI i-; cciK J fl ] - liirli fnm tti i-iluitU.v u.™fLi! r 

I fir-' ProblE'iis 7-0.") 


TRlfloNwDfffRIC IDENTITIES,- A re lint-ioei involving Hie tf igonmici.rir functions which 
is vail i r;u- nil values os the an^J-- i'ur which Lhi; functions ucu defined is 
called: a Lrigtnimetric identity, The eight fundament a 1 re 1 ;it. ione above are 
L r i(loncuiietri r idon 1 1 r ius; so u iso ;iI'e 

v.oh 0 esc ft = cot P and ous ft i&ti fi sin 0 
ul fciamiile 1 above. 

.-1 ineunomctrif nJontiti c- vcrii led li> t runs lor member (your choice) 

iriLci eh- ot.hi.'r, lu .'I’Jitaal, ojv* ben ids with the mure complicated side. 








FUMUMENTM KKI U'luNS \\i] 111KSTfl IL-> 


m 


sUCCess i n rer i fy ii, ; i t denti Lies rs?c[U.i ret; : 

-t > nomine tc t a mi 1 i ar i t y w i th LIie f imilanKn in 1 rekrn >ns 

b) tomulntt; fulfil Llarity with the processes Of factor Ins, adding fractions f eLc* f 
l’> practice, 

(Sue PruliLumM 10 - 1S-J 


SOLVED DKOllLEMs 


]. Prove liic dubtleiai relDC Jons: Lao ft 


sirj 6 

-- . col 8 

fiicjs (r 


C'ijH ft 
sL[i I.J 


f<u an> jniiU- fj. sin fl y r. duc$ fl x r. : jji ft y f », a::: cot ft 
nay pdIhi «a the ternlnai side of 9 at n distance i from the or lull. 


a y , "liL-ri: \ is 


Then un ft - - 

X 


j/r Jjg fl 
x/t COP, ft 


imd 


•cot ft 


jf _ */r 
> j r 


L ZLJi . A] sc. r.tft f) 

am 0 


[ cGS 0 

- - -.i 

tnn ti sin 5 


2. Prwrr I hi' l*jr1 hagoroap relatir .. u i s»i ? fj *bi»ss.*$- l. *'i I - Lar.'i' - ms/O. t 1 -col'P - cs*’ ! @. 

Pur P|jf r y- dfJitiL'li 4S lji h"t-:j4i 1 ir ii 1. ft JiSre A ■, x* y 2 r ! . 

u DEyldttlir 4 ) by r 2 . Ii r ) 3 * (y - r ■* - l alul ficLn a 0 - Ci>k T 0 = J. 

!■ i DEvldLiiid 1 I by rE \ (j. jfji* - fr jf) J atnl f - Lan ? ftl - S-i , £ I S. 

1 A r, r- «_ II M d I a 

nlSQ, ! J'l MlilLfi Alii rJ ■ L.;u» L ft 1 Lij cnS" 'j , { - -1 i 1 - i- r i il' tan -i . ] . s,fe‘ !'. 

tua ft C(ss ft 

f:I DiviiSln* M{ by A [ x y\* - [ - I.r y)’ nr:! Cut ? ft - [ - pac S ft, 

AlsCj dll i-Jltkti 6LSi*ft ■ L-oB^'i I bv aiii J ft. 3 -t I!— —••* I.— ! —• ' ::-r I rot 2 'I cac*{i. 

sin n sic ft 


J- Lkpiass -'iirfi at I in Other I »■;- liens ft i:i n-rr:- i sin r , 

■ ofi J ft - \ - Rli/fl aort ttn> ft 1 /l - sli? ft . 


inn 4 


sec ft 


ein ft 

ms; ft 

1 

LIKS ft 


sin ft 


! 4 - kUi *!. 1 
i 


i*iiL ft 


E ± /l * sin?0 


/r: 


r sc 


fl - 


h Lji 2 ft 


I.U|I 


? Lji ft 


Sill ft 


Katn LfcaL rps ft - i /i . sin f 8. 'ArlLina cqe ft - y /\ - al.n ? iT Us its hiai:Jl- Ei l.u thpfie nuad- 
rnnttj \ r irst and fourUi) Iji »hicb ‘In' i:om rye ju positive. 


I, EXjil’etls dm:ji id l r.'- ntiii-r functions cl ft ii f crniti of 1 mi 


ASC' 

‘s = 

i - 1 tiu Z ft and ate ft 

J a 

± y'l 1 tar, tl, 

rxuz 

ft r ■ i 





^ " i /] i Can ! 0 

sin 

e _ 

Cah ft anil a Ln ft = 

1JU] ft ecus 6 • 1 mi 

fl 

i t!U1 ft 

Cui- 

0 

11 

- ±/\ ■ Ufi Z 6 

CSC 

ft - 

\ t ■/ i tar/ft 

ceil, ft -^— 

- 4 



- = - . cal ft = - ■ 

sirs ft Lai; ft fan ft 
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J >, Udirku the rundownt-p] rclution*, find the vaLues o( the functions ni fl H *mn *i=i 6 = 3/5* 

Prrm c.tnt 6 - ] - z iii^fl, cus S - i i/l - sin?3 -i /l - i,d-/5>* • i /l®/3 t 4/5. 

ta : 111 ■ anil c:ijk fl otv bath positive when e IS K f iJ-Sl Quadrant anisic while Sill fl = + 4 hd 
.•at. ft - *Kpji ft ij. -:-.vi>n.;l 'ju.u'Ji iui L ancle* T.!lUS h 


tlrs( :r.ia::riir,l 

Hib A ■ 3/5 COt G = 4/3 

i:dtr fl i/5 sec t) ■ 3/4 

l mi fi - 3/1 r:i<! M ■ 3/3 

*1/ 5 


s&oraid nimdr^nl 

sin 9 ■ 3/4 rot 6 - -1/3 

CuS 0 -4/S BCC ft - -3/4 

Lelii 0 -3/4 CSC ft * V3. 


*>. Us ins the tund^nertal. relai torif-, iirvH th*- values of LSie functions a( H, «mn tun ft • -5/13. 
ijni^r- Cub - 15 Cither il -•ivcnn:! gr fcimrth tiiuiLriut abjile* 


atvixi'J ■j.na.il-L'-.iril 


i 4 Hirc.li quadrant 


( Bll 

ft i 

-5/12 


tan 

ft - 

-5, L2 

H4jl 

ft ■ 

L ten fi 

—12/5 

cot 

6 - 

= 12/5 

ti^r 

ft 

- i/l i tan* 

fi -11/12 

50C 

6 T 

13/12 

cos 

ft ■ 

t/sec li - 

= 13!/13 

i£0« 

6 x 

12/13 

(■SO 

ft ■ 

■ i/i * wt 1 B 

13/5 

tSf 

fl = 

-13/■. 

sin 

ft | 

: t/ostr 0 : 

3/ L3 

m in 

ft 

-5. L3 


7 . Per tom the initic-nted ofierutioris. 

■ i 

□ i (hill H - (-u* ft ;• ■!tl I fi i COS ftj - KW fi - ««: ft 
g c 2 

t\ (tin .■! - c-ot.-li sin 1 * 2 stu A oou, l *■ cue 4 


r ■. xin I - I'US yl .sir y - COS Jj ■ sin * sin jr - sin x cos i S-lh v COS y - ens t cims jr 
A = cue A} 1 - tan + .i - 2 
fi sin 0 ♦ tane 0 


u ;■ ■; luii" i - roc -l> f tan 4 .4 - 2 imi'-l cot 4 - coiM 


O I 

f) 1 


sin n 
I 


il I II ft 


O&Si 


fi - sir ft Cos 11 - a 


P *W 0 n W Z ft 


S r 
(.■ok r-t 


ft. Factor. 

. ? 


ol -sln a ft - sin ft cos fi sin ft j-i 35 n fi — c«* ft> 

li) sin® ft sln ! S cen/R ft-ilrfi (] + 0[i& i 'll) 

• i sin , ft • sin ■a srr. fi - 6 i k in ft i 3 -sec fl'i<sin fi - 2 sec fti 

1 ■ 111 ••■•::' fi - ■ll/' I- ' " ■ ' ill ■■ til' ft COS 1 fti - sl«l fi C«S 6*1} 

n sin h tf - cos'*ft - ism ? f* • ri»! 2i '«j c»an a ll - coa^p-j = {*ln*£ J r« a fli(Kin fl - no* fljiain ft » cos ft) 


SrTgililv ciKl-iof fc III-- Jo liming. 

•r: Si - fi - SIT ft ::m f F i»r fl i ] - sln’ftl * 400 ft p<w T R 


J — eofi 2 ?"! -cos ft 
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rV. riin 0 its: 1.1 cqt fi - Bin £ 


I rriK 0 -lip ft cut; 0 


cos fi stn ft cos ft sin 0 


■ 1 


CM silPfi ( i - 4!Cl 1. 3 ^ l - sjjYft CISilT 


■fl = tUn^ -J— □ I 


:; l n' LI 


li >> sin‘0 fcflc J f! - !-fic a e - (5ir 2 8 - llaoc a 0 - cos 6 sn*« ft - cow ft 


J Ft 

i:ii« H 


= -1 


ft (sin II - L-US fl>* ► -h-ili n - cti* fl>* - 8ili ? !j ' 2 6-Xl) 0 CM 0 ' cw’fl ■ 5in'i^ 


11 


- 2 Kin 0 COS H I COS 2 P < 2lSin‘ft ► CKvi**J) ■ i 

ij 


tan a ft c «*9 * cot a £ tskn 2 0 = fill!: e«tt 2 8 t r --‘- sin 2 fl - sin* ft * cos J fl - k 


£lj| 2 f! 


£ i Lull B 


coa (J 

! sir 0 cos rt l •« sin 8 


a in S eas ft 

+ 


air 9 ( I ■ stn 0i * ecu^ft 


j j 

stir l 1 - ;.ir, 0 ► licit; B 


f,nq 0 [ 1 ■* Sin 01 


era* 0 ( J t sin 0, 

sir 0 ♦ I . 1 

r.-os fj 1 1 ■* sj[i Cite 0 


A irily Hit! fnlinnmn idi*rrMi let;, 
lft, Bae 2 !l otc' ■ sec 3 0 1 cac*0 


srr ! 0 t rj;c- 2 fi 


sin. E lfi i cuS^ft 

C04"6 ^ 111 ^0 sUi r 0 eos-'B 


* ♦ 1 


t i 2 i 

sir 6 cos * sir. 0 cos B 


( I 4 4 

-- L— = (at 0 Mt 0 


[ | . set 4 ft * .‘:c-r J -■ 


Hu! M y 1 LU1 ? H 


tan 1 *) i tan* ft Liui'f- • tftn E ft , t«i 2 6 set 2 * (tec^ft - ij3m-*0 = - aec a ft nr 

sec 4 8 - sec a fl aec*6 f bee*') - ] > aet^Er tait ? 0 1 1 ■ Ean r rhtaii 2 0 - tan f 6 t tan 4 fl 


12. 2 


t- Lai i | i eiki i 

-- m 4 ■ ■ ■ »_ 


SHI 1 

1 4 COS I 


L i cat- i 
| . cos i 


B J Cl J£ 


X la If 

£ 2 
sin 1 f (] ' CO« .t I 

a in ir (j i ,ij 

2 i 2 cost .i 
Bin j )J - COS x\ sin * (1 + c:{B5 rj 


. 2 2 
£--2 1! Xf • 1 I 2 cm i * Cite t 

Bill X f] *■ COS X) 

3(1 + rite I) 2 


K LTI 


: 2 esc i 


13- 


J - sin i 


COE I 


cos I L 4 Sill 1 


cos T 


cos f x 


. 2 

Kin t 


(1 - sir ii i 1 * sfit *1 _ 1 - n|*r x 


1 + sin i cos * ( 1 t eln x| cue* (J + sin *j cosi rl > sin i) 


14 A ~ C ^ L " * Lan -i - 1 


eec i- csr A 


lan A I- I 


1 ] sir ,4 

site .-1 - esc A _ cos A sin .-l _ cos .-1 

SOC A 4 tic A 1.1 3-iJi J 

cos A 


- t 


otis i -; ir, A 


tan A - 1 


* I 


tan A - 1 
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15- 


I ,ir. T — sjti x 
£ III ^ ¥ 


l4ll t S III .1 
4111 T 


SCO X 

1 r (ins ■' 
Hill 1 


- *lii i 


so* * 


*|is t - .-sin it i:<w .t sin if il - ««* JO 


mil' e 
l - t 

■ I q Y i tl^i 


(.'Sift s 9 L il 1 
i - i-rn: X 

s 


■ Of- ± 4 I II i 

1 


-SOC = 


£*4 * 4 ] - cum- ,t| cuji ,1 (1 ■ cos *i I ‘ n,M T 


tus A L-or - 4511 .1 tan ,L 

l.Tj.-- I ■ mu i ran -I 

CSC 1 - 41 Si A 


, CD4 A . sin A 

CUES A - - S-EII - J , 

L(ia I, ir£it A - ain 4 La.li A _ _ *liTi .I _ ms A m - sjn>l 

nsr .1 - SBC A I 1 CuS A - Sill A 

S-n A CO* I 

* k ” A 4 *'*■*> = £oa ? A ♦ c«B4aib.4 - ajD ? -1 = 

s-’ft* ,1 _ il im 4 


e.os A - hlh 4 


I 4 tun A a in i 


17. 


4>T1 H - rnu ft -_l sqr 0 * I 
Sili 9 ' CG6 9 - i £ 1 * 6 

*lu 0 - l cStiJi 0 llftiin 0 •* rtw ft - 1} air*' 1 * ssn 9 ««» ft » so* 0-1 


H 


m» l i sin 0 +■ Sim 0 — 1) 


cns y < rvin •- <■ COS f> - 1J 


- cot ft ► sin S vos 0 * £'jfi ft _ ens 9 isJr 0 - t:<is 0 i 31 _ sin (I - olik 0 1 ] 


com f! (a;in ft ■+ <!0K b - 1) 


cos 0 jaiii 8 + coo 0 - t (. sin 6 + cos 8-1 


+ Lao ft + srt 0 - -1 _ 

IS. -- - LSIl ft * BSC 0 

Lao ft - arr ft y \ 

Lin *- * ear ■ - 1 ! ail ft t son 0 1 car .'0 - .sr-r' 1 ' 


ton 0 - see 9 4 j tun 9 - &ec fl 1 ] 

- tan ft * sSir ft 


(tan ft * sen ftifl ■ tan ft - sur- 8) 
tail ft - S£r: ft - \ 


nr 


tan P 4 ate 0 (Lon ft i =;nr 


Lati ft - Si*: ft • L Liin 2 1 i — J Laa ft 1 - m:o ft 

tar ft - see ft 4 1 tors 8 - see 0- > I 

- ] + tan 0 y aac 0 

X U II 111 ■ -—■ — . Til I 

tan 6 - see ft + 1 


NriH\ Mlii n f 'tprPBBed l 11 la Pit -it nib f and cris ft, Ll.u-- idftiLiLy Sum: outs lSiilL ol Prublv-n ST, 
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SI i J l J i EMI YI AKY PROBLEMS 


19, t'LipJ [lie v j 1 ufrs u3 tl» trifLOCLiiH-trlt iiinst ions, oE 3, mvpn sir r : a>j. 

tits. diyid I : 2/$, \fya, 2/A, ,S 2. 2 3/2 

OiMti ii: 2/S. -v'.V's, - 2 ,v,:-,. A.-i, -3 a, a / 2 

20. Find Clir- v.5Ufrs ot I bn i ncorviKw* nr: fimcfJnns el <\ uivn-n cwc '■ -S-f.. 

4i«. Quod H . TT _fi, -5/6. - >'Tl 5. -5/vTl. —6/5, fi.vU 

Qw\ Hi: -I-J3 6. -V6. 12 f.. v/Tl* -a -0. 11 

J], Find tlK- values ■.■j tte tripQMHnecrlc Junctions, or ", given tun >■ ■ ■< 4- 

Ant. tyttd I: S,/4l. 4■ i 4 i , 5/4* 4/5, . 4 1 ‘ 4 1_. 4 fr 

Swad IH: -S V4[. —4/v'll 1 . 5.-4 r I S, - , 11 4, - ■. II .5 

22- Pltrd Uvl 1 in|UR!; af LHhi Irlrmumelrir tunctinnx of P, given Cut ft - i/3 l 

4 us r Uiiad ]I: j /£. - , 3 - 2 , - 1 /V 3 . - FiU -3 V;r. 2 
qn?d IV- -1/2, A/2, , 3, - A. 2 . 3, —2 

23- , Find the valise ot '' 1 1 1 J— u 1 il Lr ! 1 wfirn, tun P -j 3. 

tn:c H * CM/: 0 — tpl fl 
4*U. 9uad I], 23/6; Qj^d IV: 24/35 


Verify ike rolE owing identities. 

24. sin w see ? - tun 0 

2G, I L - COS 3) I L - I r:0l 8 - «HI S 


2b ■ (| - liln’A^d ■ 1IUI ^-1' 
2 t 

27 - 4 -±c: x i; ] - l-iis t j - 1 


nB SLH tl MIS 8 

Jr!---] 

cat 3 etc- 9 

J } ;■ } 

30, T.«n . esse s cot . sin ? i 


32. ) - 


2 

COB P 
• sir 3 


= a hi 0 


2 % 


] 2 <MS* t 


- tun .4 *■ rot i 


sin A cos 4 

31 - * t n .1 COS A ( 1 jn 1 ■ I- nt. A ' - I 

1 


32. 


snu 0 * liui 3 


- sec 3 - tun 3 


34- 


I 


L 


- Z sec A 


1 - sin .I I - &ln A 
36. tan 'I a in 6 - kgs 3 - set 0 

£ 111 f| aisc 0 


30. 


40- 


sli> O <- cos 0 sec 0 4 esc f> 
sell x 4 Cki: i 


Ian x i cot i 

is i n 3 


sin A ■ COS * 


42- m>t A - 


1 i cf,:; 6 


esc 0 


3ft. 


I - err:; l 
J - CCS n 


sre x - L 
sec * +■ t 


- I cot x - ns I- 1 1 


37, tan (l - esc 5 sei t? , j - 2 c*b 6) - cot 8 
sin s' i tun x 


39. 

41. 

43- 


cpL r ■* cfcL- r 
ajn f! - CL'H ! 0 

sin (! -* cos 0 
sill S CUB i’ 


H-in x Laii x 

] - aLi] t) cot; f.i 
tan fr 


coe I fl . s in r 0 E - 


44. it-a .11 x +■ tan y)il - col x cnL jr| . icol x • pot y .1 | - [ari x bail y) - |> 
4ft- fx Bin 9 - y tua ij ;* . (* cos ■! . y ain 6T - j" t ?' 

4fi. iS Bln 0 cos T r f reos^.7 _ sin^r r " 

4 j- (r sin S -iCHi-^ ! i 7 - (r sir. 0 sin * \r rps 0 j* - r* 



















CHAPTER I i 


Trigfliiometric Function!* csf 


E tv4» \ll"h'rt 


ADDITION rmiTllLVS.. 

si rips +p> 
cuts {a ■ ft) 

t-ari (a * d) 


sin ^ r ■ or 3 v cos a sin 3 
cut; i cos p - sin j. s;n jfl 
tan j i Can 3 
] - Can ti t.ati c 


I'fir a proof i,1 Ciinsn Consular, sp>« Problems } *3-. 


SUBTRACTIOft PCWjPD^S. 

A irj{d ■<) R La j CflB ft - I’DsS a s 1 is £ 
c os (d - ;? 1 = cofi a ffiH & + fils a S111 .3 

[«,<«-?) - tM - - tM * 

] <■ tan a Ian n 


Fnr a proof i>? L.tirisf- formulas, :-.ff Problem 


DOLEiUi i-lNOLE POftMliLAS. 

sin 2a 
cos 2a 

tan 2a 


2 Sin a CUE- a 

cne; J a sin ? a = 1 2 siri'a. = 2 COS^n. — ] 

2 tan j 

! - tan^a 


Fur a promt i>l tlHS6 iorniilaa, sue Probh':- ID. 


tlALi' AIWil£ F'ifiMU.AS. 


-sin in 


4 - 


.' i - tiQS fl 

V % 


Ct(« j-9 


\ - cos, ti 
\ ~ 2 


tan j i i 

For a proof a! Uinae 


= * J’— 

Yl + 


forrailan* 


COS H sin R 

COS H 1 + COS $ 

spo Problem ][„ 


] - co s 

sm ft 


7-1 













Time’s mi Kiim. m Mrnovs m ti\u 


7.i 


Mll.VKD I 1 HO HI. t VIS 


1. PtbVL- L i tltid S', 

and 31 CXfki,e 4 £| 


sin >1 cm P - run a sin £ 

eoa it l-iju-: r - tin a iifi r *aen a and r are > «>nitiv* acute suiu3t-t. 




Let a anil P is positive acute iioglea ftiK.lt tliat a - p - 90* -Mg. •>« -rid i r r ■ yi ' ifr*. Ii). 
T:i construes these Eiaures place inm a m atflitdartl uasi* iitw and I"' i J-* ■ m I- : ajii- 

its vbiIt* ill b und a 1 1 hi Its i zi i E. I ■ :: iisi l j;nnfi Sin 1 lern ir.si 1 £»dc> ' dbi u :( , I ■ ■ 1 P tih any 

n t on the temiaal ol angle ij-l-i. Bni* PA perpenrlic-itlar lnf^f, Pr perj■■■riitir-ilwr to 

till.- tto-niiiul wid! 1 ul arnil-i- X, fit: perpendicular tu C.TSV . jjid Hi. isr'i-.n:! !• =;J^i i •• -If'. 


Visa £ 4 FI? ii tinofc rrLOSiiniHtini: .- I'ii's (((■! :lii :i $p t (£> dm! BP) an p. rpimdicilly y . I'l.v-i 


H i n \ it - , L i 


AF 

■>F 


b r ' '- W 
OP 


rl; -nr 

■ 


cp _ up at <& S'P m 

op dp os op bp & 


■ri j n ie L-ixa ' - riws i :;ln P 


and 


t x j— i 


QA __ PC ~. A£ PC - OB 
OP OP OP 


i.r 

_ ™ 

__ tic 

■vs 

_ M 

fJF' 

OP 

OP 

Ltd 

o-p 


'dp 


- r. ij£ , E ?i*t f _ ft 111 2 ; l:. (-. 


2, Shrr* tint Li and 2: pit pi- :bl«n L aw lalld "lien a ami g are any aih-ii i'. 

f'lmL nlifck the fr,rrauJ J* (OT the case «- if, g if. Since 

s inf[i D t- a D I - sin D a cm 0° 4 cos fl P i Jn 0‘" {lit - 1- U u EtJc tf 

and "US(fr r i- o ft j s Cos t|P can if - sisti tf' sin Q n 1*1 - n-« L cm if', 

i|<' toriuiLas are valid for this taai;, 

Vu, it will pc shown that If ii thrill 2s nre valid Cor anv i « •. piv-n un.cir i iui: P, the 

I ur-.jLfia an- valid when, siiy, -t. j s inmiaKiMl by iNl 2 , Ej :1 j anil f hr I *q uti. :i I or *h i rh 

IS acid 31 tre]d and consider 

*s i aiufo. P * M c i - sm(r< 4 M r -j p M r - rtwi'a - SQ*'> silt P 

and In costa + f • wK*) - caeta *■ M°j cub P - Nitifa - HU a p Bin p. 

By Ljim rcriirotion tCTMilpa at CliHjrter 6, slruS -;i(s q i cfxxe. cob-8 t- imi 0 i ■ ixln P„ it fut- 
JiVAS tlmt -jimi'E ' C 30° i Ctlita . p i , (.0310 . f • ;¥|P | - »lti(3 . P,. Thun j anil (.> reduce lit 
















TJtKil iM JMKTHK; H \CTH>\.s ' TO I Wi r \ K- 


“ft 


a' i cpiiu I f*) nos a rtUi f t (- Min a) sirs f pos i cos p - sin a sin £ 

and i 1 1 — MirHQt -» r 4 ! — & jn ft cos p -■ Cuft a aUi S nr 

GrlltiH ■* £i sin A eras & • cafl X St in P 

■lilcb, ti> lair llnptl uB, an valid relal ions. flma. -.iciij i) ah- valid re f at •, cm;, 

Tho sam? srgrirent pmj i» node to slio* time If I) mud 2) Fura valid for two aiinlua & and 
tlLey are sLs* valid ■bea r js increased by iwl'- 1 . Thus, the fcnml jm arc valid whnn botli a ami 
0 ar»* iacriinseH ms 90*. Kna anj positive* iliu: 3< ■ ran by exureaned as a Multiple cl 911° jilua -6, 
a Hr-ro H Lk fitter 0° 0 ] an acute af)gl£. Thus, by a flfllta Qusfcat <rf tr petit Lora* of t tin nr«u* 
ivrj! Ve ;iinn that ) lie I iirirjlj:; are vuliit for any tan given prMltive iitigLe*i. 

Ir -ill I- I ■-■: l fur :b‘ reader lu carry I irrciiMh the arcuneiH when, instead of no Increase, 
there |« n lioerp.is*? , r ’jfj * .iq.1 (DUE Ml fellt** (iitlt 1; in* I 2 ) nr-' valid Vih&Il uil« am:!', ii pufal- 
1 IVt* aital the rjllier iLC'i.-,at ive, and “hen bnLEi a.r*? Iteftai IVR, 


.1 u . ,, Ian a r tun fi 

J. Prwer Mm (!I 4- pj - —- 

i - lan it lau L r 


ran (a - Pi 


sln(a i .?> 

con or ? 


sin n .■■i-- . ■ cos i -i‘i r 

cos; is m p - sm x air p 

s;in a «<*r. i~ rtw i sin P 

cos :c imos P i,-oa t cos fi 

ecs x ctm f sin i a In p 

cos rr -rew p recs i cos p 


Cub a - tar P 
l * am i mo r 


■t. Provo till? Sulilcatt Lon furnul Uk, 

sini'i - p) a.lr | n * {— £!>] - sin s c<k(- Pj. i coa a sun- P i 

sin *i (cos P i •+ i os a i sir p. a|ti n ttjfe p - tea i sin p 

ccffifa , pj - co® E a * (- iBfl =• cca a £g»i- Pi - sin i aim- Pi 

co® a (cok P> - s.1ji i - :■ in p | pris <t eras p •. sin & sin P 

- t S n[d + < -aij = lan,] r r " m - -!l 

i - air r t-EJis- pi 


tnn « ■ '- c an pi 


r.^n ii - can p 


1 - tan a (- Lah Ps 1 * ran n tan fl 

■j. Find ite laluvv Ml slur, ensure, and tangent. o.r 15 : ' H iismg «o i.S s = 4ti n - arj* *rd 15 0 


(S3 - 1) 


= tiQ ? ' - 45’" 1 . 




n> sir LS n 

• sir (45* 

-3(^1 sr 

sin 


1 >3 

1 1 

1 

|/ 


S2 ^ 

SI 3 

2/2 

tcev i:V a 

ncaffitS 0 

- 30 IJ ) = 

-15 1 1 


1 1 L I'lfi , 

— , _ ► - . - r — (r3 > 11 

Si 3 * 


Si 2 


■ tar^5 r ‘ - go*> 


tan 4V I an 30 


l - W® S3 - 1 


I - Lun itr D I an M- Q 


- V;t 


14 Li UV3 j v‘1"S i | 





















TRJUAoWTKIl FlMJTiOSi OF TWO IMil.h 


77 


ii) sin L. L i rf - siiK® 0 -45°) siii e;r’ cu* «5 ,: co* fiO' 3 ir I.:- —- -— - 

1 (/-j. : , 2 


|.fi" - C-I3K < ©<r' -3 r ’ ‘i C*S M.I cots Jfi - - J .1 flO = >511 -13° 


l I *3 i 


* -/2 1 ,' 2 


n n - t IlJl GC n - tan isP i :> - 1 - 

»nn [ 5 d tuni@£l° — - 5 5 ' « --- —— =■ - 2 --A 


I J tail 6tt IllD ‘Ui v'J ‘ 3 


— ■ ■■ I - I i 
=L 


/2 

— ■; V ■> ’ Li 

4 


ft, s ! to , .'i=- ■ nj slnt'l5 <> +- © J - - fa si In 6, h\ s in r JO : > 0) ■ ros^eO' 1 > <i - mi 

g) .‘4i(l(4S ,i i-6,i - ssilif4D-°- C'i = i&in 4!0 > <'« t? CCS 4.Y' >in pi - :si.u -I:.?' "as- - •. 45 ' f,L:s "1 

= 2 cos 4ft° sirs 8 - 2 A sin 6 - fa i=in 0 

fa 

b) s-Lai(3O G +0i 4 C0S(5U° » 0 I - {SIB 2lf COS '■ ► MP sin t*) * i«qs fil' - am &.' in ' 

■f- cpa 0 - — sm S) > 1 - cob+“1 — ' •- £ J 1 1 i's "1 -Lif. H 

2 2 Z l 


"« Sinpllfyt 01 sint 31 *j £pj|(.i-flv. In era (flu p - et*. i-?>. n 


toma > - 1 an 1 


t - 1 Mi T - P 1 E.WJ1 J. 


d) isiti a lus 8 - cos a a Lei Pi - fees j cos. g * sin -c sin fV . 

41) ¥im;i ■ slnrcr-?) ■ (&fn •( cos p 1 cos .1 sin f 1 ' (sin v "<>s - - .••*■ 1 In 1? 1 

; 2 sin <i cos p 

i) tuem-fU - = (Ct!S 2L COS 0 - SlO il Sill B) — (COS B COB 0 f Iflll C Hill p- 

- 2 j-,i:i u sin f? 


tan (ct +■ By - fnn n , - , , 

C ) ---— - tiUI | ^ ft r j — Lt I a LlUl (T- 

l «• 11111(j. ■ "P (1 L are fl. 

dl (sin a cub. 0 - ooh a a in pA iL-Lsi 4 cos p * alii a sin p,) £ 


! f- 7 

s sin (o ^ c i fijft 1 1 _p-i - l 


Fl. Find ini,! h i> 1, kihl(i - p)^ Kinii-Pv ijita(a - 0 j iuid litltil'nilK tbc i>Jbltrani« ji *h1 ■ . ■ 

;uifl lil-p) tcrirmam-, given 

a) sin 1 4 5, ec.ks= p • 5 / 13 . 1 itm: r 111 CitndrflJit I. 

fr) sin .1. - 2 /S, -cos 0 - 3 ‘4. a In ipiiiriraql [1, |f in q«ii|iiriirl (V, 

<il Com i = ^.-'S ajfel Kin p 12/13, 














7S 


J KICtO.V iMETHIL FI \CT1UNS nF TWO ^.VGLLii 


E-lln 1- F I = Sill ft £66, F 1 CUR G £ill F 

C<W( i 1 sh - cos 1 nos P - sir i! sin F 

al;i(.3-f i s sin a cos F - cos. as sin F 

£6ftl ! -r & | CDS L UC1K p ■ sip ;l != i n £■ 

6 ' ««« a - - 3 and Pin P - v'T i. 


4 5 


3 J2 

5 ta * s'Ta 


36 

fir- 


3 A 
Y 13 


4 12 
5 " 33 


4 ti 
S'13 


3 |i 
5 13 
3 4 12 

5 13 5 13 


33 

— 

63 


- p 1 in quadrant II 


ti3 


in iiundr^rs 3 V 




skji<an-@j - £la a cm p -* l-m a aio p 

CDS (ft * Hi COS ft CCUf ? - Sin ft 5 J T g 


2 3 

3 -L 


CO v'7, 

f -Y"- T 1 


e - ■F'lii 
L2 


'/j ( 3 
3 4 


2 3 


ssji- i-ps < sLp a r.-cr:; p - ppp 1 Pin F - .- 

3 4 


costa — fit - CCi-i a coa fi J HCH j sin ji 


. 1^,3 

'■ 7Y 


|B T Fj 111 


. I«- d, 

- 3V5 1 2v"7 

ituailranl 11 

12 


3 4 

6 - Y 13. 

12 

■ics-p) In 

2, i7 

3 - T 

- 3i r, - s/t 

■yjiftiLrar.! j | 

12 



4. ppmv; ■■] . r ct, l - p) - 


di cot (is-pi - 


COt- a rot c - ! 
cat fi . epi ft 

1 - tu.ii *1 tais P 


i , cos * cot p * L 

p aji co4 f'l — - . 


cot r - cot -i 


I - 


cut 3 Cut P Cut Ct l.-ui fi - ] 


tM(a+p) tan a * Un p I i i not fi t cqt u 

cut a tot p 


h) PotE^.g, - c«la . { *e>] - ^ELUAil" §LlA . 

out t- fi ) *- cot ft 


col ft L-iit r - I cn: ft, cot e * l 


- cnt I n.Jt >3 cot 3 - cot a 


10. Pravi' Liu: r|r)i|ii |q and] ft forSYU I as. 

til sjn>ft - r I ■ sin i UC-; r . cos it Sin tv COfi-ift *■ r) ■ COP 1 COS p -sin ft sLei p t a:i>i 

tanfO + Fi - 'A/ 1 --— L py« P . -5. Tliftn 

1 - tun ft lao p 

sin aa 1 siin ft cop ft - cos a slo.rt - ^ sin os cm i. 

cos 2a ■* to? a pop a - stti a ain a 

CIJS^l - sin 1 ? - (t - S lTl^CS .1 - Sin ? 0E = [ - i filil*! 

utEi J a - | L - cns I fti • 2 cPB?a - l 4 























THIIrO!\(JMl-:iRIC K1 MTIONS u| T\\ c i \SGUX 


7'J 


Lilli Si - 


t in >2 + I iiai '1 


2 cir, >E 


1 - tnn a tun a j _ tinTa 


11. Prove t.hir hrulf mnn.li: [urirjl as. 


Tii Cl* 2a = 1 - 2 ait n, put a - $0. Tiisn 


OOF, 0 - J - 2 Sin ±0, 


* i n ' 


1 - CM 6 


and 


ain ifi - 3 


r- 


cot- 9 


In ciie in = 2 nd* .1 - i. put. >t ■ ir 9 . Tfli'r 
C<|£ 9 - 3 COT Z 2,0 , ] , cos 2 i S - 1 -- 

(l cos. H 


j-’inu-1 ] .v. Lint 76 - 


s in i& 

Cod i.0 Y 1 +• co& H 


t 1 . 


irul CUB 3-8 


+ ,'| t d r>s fl 

f l/“^2 


i'll - L-ijh f:'|1 ■ rn s h 1 1 - L-nt; (> 

* £ - * - 1-- 

If il J oop B|fl +■ cor, 9) \l (t 1 - cos 9 !■ 


4 ! ii - PCIB - r -Ofl Si 

V LI 1 (‘0& 6) i 1 - cos 01 


m- cos 9 ? 

\ 1 - out; ? 6 


sin fl 

1 * LOT 0 

L - COT ft 


S3 


II 0 


Tiw stiiiiK i :l r ■ ■ r.ot rdrilriL ihcro since tan i[I iliiU i in •"’ Live !Jie hhiti alien (PPtsltlpn i r , p 

Chnjiter fl] mid 1 ,co&0 la aUsys pus>r j. L ., 


12 , 


Using; the hair 

a) B1h IS 

it) nin 292i° 


angle T-vrnuUs, isM the •'xvl yhIoot ft m sin 15°, >'■ • sin 292,'. 

1 - CIW E.irr-73 

V 2 V 2 

^JE 53 K * y i-c^fer = _ nUM = - i /^ 77 2 

1 2 1 2 V 2 


l^, Find tin; VILUSB til flitie, 

nnri >11 ros 9 ■ 3/ 7, h in 


tnifl Lm.'. ill..I tELliTii'dt ljI i9. tfJMCEi 

qnndriint IV. 


■ii Bin 9 - 5/13, fi'-tii qondrnnt i! 




V13, 

cos e - -12/111 and 

JX m ciuwLrunl I. 


sin j-fl 

f i - CUB 0 j 

1 J (2/J3 

'’2t. 

Sif L:H 

F*- 

1 

ra 

H- 

2 

V a* 

2lt 

EOT ^0 

l' 1 + CC1B 0 . 

3 - 12 13 

rr 

v m 

V 2 ' V 

2 

- * 1 — 

V 26 

56 















































TRlliONkMKTRIC l'l M Tl<KNS 1 H- TWO 


Hi! 


tun jtt 


1 - c-ua S 
sin A 


1 - 13/13 

5/12 


= 5 


i:i sin B - — ai/Ici 7. cua h - j/r, md ±fl in nuadranT ] 2, 


««* • JLlzsA - Ju*a . •£ 

V 2 \ 2 T 


cos i B - - 

V 


*L ■ fujis P 1 




,'L - 3/7 




tern £l! - 


l- Loa A i - 3/7 


v Hi 


Si 17 8 


3/10 7 


L>], Khi-ffl llijt; a) .1 in f - 2 stn cm ji'J 


(,•) ale 


c. ^ Litn 4 jt - 


- COS 2.4 


2 

3in >! t 


Ji nos 6fl - l - 2 slu Ilf* 

ei Sin * Jr A ivl-fcis 11 j . ecu;" ■ 7' j 1 1 4 acts. h -i, 


9 * CTH B.t 

rii T»|]B is otitaini'il triar sin it - '£ a in 4 cus u by pm I liic >1 - ;S, 
iy 7hiB is tr-M siri^S 




J - ana- fi 


lH' |.'lit T tJi>: 17 - 2 . 1 . 


cj This 13 tibcoloaci Iran tsn *0 —' 1 " - — hj putting A - B-?, 

] * r-pj; B 

iii This is obtained iron cos 2o£ - 1 - Z 3in l ii by jiuCLiisi! flt ■ 30. 

el Thditsf fnipiilnj jri' Qblfllnnd bff .-iiiiuripi: .sin jf? - - (i 1 !- - unit cos iA ' ' '' ' ■ 

I'"Jr Depress a.' sir 2a LII lurrts of sin [, Fn c(i.i q.i In I-cjth nf cos :jc, 

a) sin An - sin <34 ’ - aid 2 o cot* .4 - cos 2 q sin s 

- (2 sin J CHS -iic-03 j x- :J - J sizMlihin :i i silt u Cus*:i 1 (1 - 2 3 J l/st > s j ci re 

- 2 Slii i ] — SiJi^tES 1 | - 2 1 11 7 e >s tn a - 3 s i 0 <1 - A 5 J fj ! ?( . 

■b. cm n I-os 212 4. - 2 '.‘ua ! 2 ii - i - H 2 - 1 8 foe*® - 3 ci»‘a + j. 

l6- Provo cos - oos M r - Bin"*. 

it «* jr y i 22 

L:OH ? - Sin 1 1 C«rt I ■ ->1T1 x | < 1 - SJIl'jBt - '.105 I ■ i]n I - con. 2x 


17. Prove 1 - i SLU 2* 


sen if * ‘li-n'j 
n-in JL EOS .1 


S(il'jt i cos ' jc _ (slo * 4 . con, a )£jiin Z r — Sib x C 03 1 4 OnS S i> 

Kin j - Op* x pin i-4 cot 1 

I - a In i BUS- x 1 - i(2 sni jr cos ij I — i sin At 


In, Prove i-L'ii fl ■ irlii-ftf - DO"; wrste + SCl">. 

3 In (A 4 - l«mi 6 * W 0 ) - (fllii B cos 30° - ■ 03 11 Sift 30P 1 1 * fCOS A 00 a W>°- li sin ) 





























E'XIWtfOMETRIC !■! M:tK>NS UJ- IMn \StiLEt 


Hi 


19 . PraTf cos x 


1 - ton 7 

1 ■ 1 illl y ^ X 


1 - 


1 - Min t.i 
I - Lun s ?* 


S 3 It i I 
nra:; 7 j 1 


!5 in i* 2 
(S ---- 1 tijs — t 

'-iif ix _ 


sr.i- pi¬ 


ntle 7 £ a: r i*.-i '' .1 j 


■i 1 ■ ■ Z JL 

i:HCi if - ujn 71 


■ COE * 


20- Krcrr % Lun 2* 


CL'S x • SiJL 1 


CM x - StII x 


POM J) - Sin x Ctm j; - sin. *• 
ci:« 1 1 h-Lii 1 Lii& t - Sin x 


i'us x * sin i) - |i:os f i) 


COS 1 - SlFl r 


CHS j - Kin x 


rum JC - sin i'I' LIl-; i Slji *1 


2 2 2 2 
(«•«!« x • 2 sji- x riw x - sin xj - la x - 2 Sin x Cut, 1 - sm ij 


2 „ 3 

cos j. - sir. i 


1 j;in * r«u: 1 

f 2 

L'lJfil ± -■ sill! e 


2 1* 

COS 2x 


■ 2 tMl £1 


n L 

21 . Prove* siti 4 = - — — Cuts 2«i *- - cop 1 -1 , 

[12 u 


. *. .22 l — tixa 24* 1-2 cos 2,1 - cos 2 A 

3Jn 1 - (slii 1 - 1 - 


-rl - 1 Cod 2 A ■*■ !- FIM * '1 - - J cos 2-1 ■ 1 cos 1,1 

4 2 a 2 B 


22, Provo tnn 4 i - mp'* - tnn** srr‘t 1 soc' 1 

6 m2 1 m* 2 

Lan/t = tan ■ -.an -t - tan jeCwr jc — 11 

q ? 2 J | -g J .jg 

inn x 2*ic. x - tan V - ]) tan j sin: . Ian x x-:-r , - 1WD 1 

Lan x Set 1 


- L. 


1 Jl , 2 .. Z 

t.iin x -.cl" ,1 - tan x tan x 

2 . t 


■£■ £ J ^ 

- Lilli x MI7L- ,1 r SOC X 


25. Mien i i fij-C = 180°, dhow l.Jial sjn 2,1 - sin SB ► S Lei aC • 4 Sill A *in /i H-ln <\ 
Sinn* r; - 180° - ^-n„ 

din 2A - atn *8 - sin 2 C - ain 2A ■* atn 2lS <• siotlHiU 0 - 2r-i -B'll 

- aiiL -£A ■ ain 2ir - &lri 2 (A - tfj 

- sin ■ sLn 2B - sin 24 co^ 2£i - co-s 2,1 sin 5^i 

- isin 2 4) 1 l - 2 W 1 * lain jfi J f | - con i 

- 2 sio 2 A aLn 1 # *■ 2 a In SC sin ? L 

J J 

j sih A cur 1 sin fi * itn/i con fi -Kin a 

- 4 a in -4 si n B [s in .4 cog H + era A s 3 n f i 1 

- '1 k in 4 d in £! ? in (A - B 1 

4 Kin A khi £ Kin[l£nl rj M ft;.l 1 sin 1 .-4n U smi 





















TRJGnvmtTUJi: ri nations «h two u\h;i i-:s 


tiZ 


'ZA . HSntfl i * £i ■ (,' - isg°. slioi Unit tun n . Juki & » tan C ' tan 4 lan fi tar £. 


Sine* r - ifliJ 1 - it < fiJ, 

tare .1 i tun fl Inn C • tan 4 ■ tan ft ■ tan[ig(} D - r.i -/})] - tan A ' tan ff - unit * fl) 

Lin. A l Laii ft „ , x __ _ . „ 1 


Ian 4 i- fur. ft - — 

1 - Un A tar dl 


r . tan 41 tan ft 
•:ton -i ■ i nn ft it- •- —-— > 


T i u-n 1 ■ i u n Ji i. (I - 


tan A tan ft 


i - tan i ian ft' 
ton 4 i tan if 


l — tan 4 Lim ft L - tan 4 tan ft 

Un 4 un ft tarn ■, + l'-t • tan 1 tasi H tan 1180° - (A * B)] - tna A tar B tmi C. 


1‘KOBLOts 


25. find mi- -.a hire uJ *ln.-, :oAiJie, and tarn^Jii «f uj 75 °. hi 255 ^, 


rtr*f. . 'i c ,■ ^ in, —(/3 - TJ , 2 - /'a 

4 A 


f*J — (. 3 + t ' , - T. 3-1;., 2 ■ 1-3 

4 


26. Pji»i ibn vii I iii s :'. 1 !iin(Q r ;■, cue 1 n - ft.i, Mid turn'd 1 r'i, mi#mi: 

n :■ sin 15 3 / 5 , cos ft - !, , L. 3 , \ and 0 in Quadrant. I. Ant. fiS/OtJ, -iQ/flj, -*3. 1$ 

ft:, iiin = - ft,-17, ian p : r, 12 . * and ft in Quadrant 1. 4ns, ITL-SSt, Mi)/32i, til/ HU 

1 1 cos a = - 42 / 1 . 3 * dot ? 21 .- 7 , - in QiiailnciL II, ft in Lln.jdru.11l ([). 

'Ins. -36. 325. 323/335, -36/323 

Ji sin it t 1/3, 5ill p r Q. 5, a in Quadtanl L ft in quadrant. It. 

4 1 2 - t'2t 2 ■+ 3/42 4 l? — / 2 "] 


Arts. 


15 


13 


% ' 2l42 


27. t Laid tin' vnlii.:$ of slJin-A - Fi, cocsi-i -p;. and tan (a -fi, given: 

to sill 4-33, *10 r ■ VI3. * and P In Qiiftilmhl i. Any, UTSS, 63/65. 16,,'’63 

>i\ sin n B J", i nn ft - 5 12, ,i amS ft In Qundi-ant I. .ins, 2 ] 22J , 22o. 321, Sj.-iao 

D tus it -12/13, ft - 24/i, 1 in Quadrant II, ft in Quadrant J, 

An#. 204/325. 3B3/J25, -3DVSM 

d.i sjn ii J/Jj fi 1II ft = J/5, I in Quadrant II. ft ]P Ouiulmil T I, 

4i‘> v 27 2/42 - 2 A - k 21 


4ns , 


15 


t5 


2 v"'J 2 - 2 


2ft, Proi'ir: 

uj .-.J|i^o£ * ft) — sir(>I — 1 2 itjh 7 sir 1 ? 
f, I irrut^ S< . ft (, - ^05 f0 - r 1 2 vus \ c:-->s ft 

O t«K4S®-B> - L-^Li' 

I r tail 0 

taeifd 1 ft 1 inj| ? / - esiring 


f| a j 11 •; r t tan 1 i tan / 


ii(W(a i> I i- tan * tiia f 

Ci>3 ft S I II $ 


ian(4S° v r.i) - 


ft - &ln ft 


■J 


j 5 

ii. *lnfu L 1? 1 Rini'S - ft! 1?in ii - nin ft 

n ft + tan 1 - tan ii tan p tao v 
l - ur 0 1 up ft 1 ii i; fi tan T - mu y tan a 


Cvit f*l — ft I ] _ tan 7 i| tan 7 ft 
O tan ns * ft » o tan , B , J» )ty ] la l 1 I lan r ^ ' :>n tan J 1lin ^ v 




















tkk;hv»ui. mu: n m:thi:Yi uk e'^o wui.ks 


:-■■ 


23- IC <1 anrt H arc amiiN* ary;irvi k find \ -B 

il l t j:i 4 14 . Lais fj 3,"5 r JLluLI la.it .1 fi'i ]. .Ea;.. 43° 

k) tan .4 - 5/3, t-uu JH - 4. An# < 


30- 1l laii. i - y: 32 anti lint y J. rthti* I In I I in y 

11], Ft Ad C lit- VttlLrtS Of --: It iKi. COB :; : l, and Lilt _ ..ii-.-i. 


it j Sin ll 3 / 5 . A In ftnililralit I. Atu;. 

sin 3 = 3/S„ S In Qinutrunt II. -tn*. 

c 1 e sit fl -12. (• in CitjaJj-fliLL r¥♦ In*, 

a!) inn 'll - -L/f> , 8 in flundrwit rr. 

1 n it 0 ; u. tf In Quadrant I. .Lies. 


0 , 3 . 


24 23, V 2J„ £| 7 
-at 2S. 7 74 1 

- . 3 a. 1 'a. - . 3 

-h J3, 12 13, 5 2 


[ - ll 1 Jit 



22- Prnv4?: 


a) rnr f- sm 30 2 s.in*f' 


•'■ .1 0 Stll 2t'< 

1 1 4 

sin .1 — COE jr 

r> - 

Bin 1 - CO* 1 


I, 1 COS 2(1 

1 - 3 !•-(□ 2JI 


if- 


l - Kir- 21 

CO? £1 


E - ! iin I 
i tan A 


I' | l us 2i ■ 


1 - fclip a 0 
L - t,ici 2 i- 


/1 1 *.*” ^ ->l « 

^ Ln Iff 

^.1 cos 3f1 -e l-us'- - ;+ cot 8 

u a E 

Ji , COB t - - i’OR- 2i • - Cti.il |J 

b 2 G 


133. P-" 3 rj:l LhC rahti,-;: ■ 1 1 1 n«- . r r«: i nr L :ir.:! ■fin.-i-n-L 

£. • 30°. cos CD 3 f 2. 

it't niven cn:s 210 ° - ■ /a 2 

< ;■ jfi, Sivrp ,'itn S 3/&, in Llitadrmil I. 

r h-, iUf'n cot 2 »? 7 24 . S J in Huadrnnt [. 

<■1 ft, GlYTn ■:or 20 -5 ll p , 20 in (jruaifrant T 


of 

■I'll . I 2 . 3 2 ] Y3 

to*. i J, -5 iyfc-vS, -(2 ' vin 

llln I ,‘KT, 3 h-‘Tt>. 1 J 
ini, I !> , 4 5, -3 4 
Ini. : I :i r 2vTS, 3. Z 


31. Prove: 

JI CUE 1 1 titiS" - J 3 - 2 : ; m' ;1 

61 ss 11 I 3 -i 1 n £JC rnri JcK 

■r 1 (sEji - cos jS) 5 - E - riin 6 

j'i fan. ('iio 0 - njjf 0 


I - Lfiltie L - Slta t? L'lKi 0 

1 - 3qn >0 DOB- El 1 f SIB P 


D t-UJl .•>!• 

1 1UJI .1 


■■-i 1 r. 1 


35, In Ihtt; riiiJtl LriiuvfiitJ-rlfitV, Jr ^hn::i ( Is in- riitht ;tr.i:':i . |.rnvc 

ft -1> 


aln 24 = S^. 4^24 b * ‘ B> 


s tn ; 3 


ctjs U 


■■ - * 


36. r-rttvi.- : ui 


&iJL 2i 3i 


sin 1 


V ?.:• ' L " r V 3c- ■ 

li'l I ait r/i' - I an IQ' 2 Lai; KJ 1 - 1 , 


37- n s iepcj'" 1 . jh-uvu: 

■ji &in .4 - sin B A - Lit r 4 l-lls -.4 ooe. ffi <-s» >c 
hi rijr .4 + cos 0 * vvt C - t . 4 &iJi >A sin ,-<B sin -J 
n 1 t-tn7l - 6in J fi - - 2 cut 1 «in 6 cok c 

Ji t.nn4,4 t-an + car iF tnn iC - tun iC tun- l.-l L, 




















CHAPTER 12 


Sum. DiHVroiu'f^ anti l Vi whirl I'niniiiila# 


PSOOirTS €F 31 NEK AND OEIhES. 


sin a COB & = 

cos a sin £ - 

COS. CITS P = 

sin .i sin F = 

POT 1 proof* of t-hese forma 3 ( 


j Tg in fa 4 0} + 5-in (a - ft ,i | 

5 [sinfi + - sin (a. - jCf) ] 

i'CQSfa + ^J i- cosi>-.'-’ : )l 
Jitc-QS/a +&) - n nfl ( a - .3 }. 

?. Prnh 1 Him C . 


SUM AND LJlbinKKM’E; Ob’ SlffSS ANJl COSINES- 

Sin A * sin B = 2 sin i(A + B) cm h<A -B) 

sin A - sin B 2 coa 2(4 - B) sin 

COS 4 * L? 0 ft B 2 era j{.4 + B) ens 5 [A - B) 

■COS 4 - COS ff -2 sin £(A + B> si n ? {A -B) 

b’o r pr no fs u f r hose for mu L us , sec Prab 1 pm 2. 


SWA I’ll PROBLEMS 


I. Imrivi ! hn firtyJuirt fnranifciLH, 

Since fluid - g) * alnia-tii - (sins .’-as P + con. a cm P> (sin a eps p - cos a sin pi 

■ 2 sin a ens p. 

: n l Cfis f si-sinjA ■ P) * aLnpe-piL 

Since aiaiKr |J] - aiBfH-6) - 3 c«e d sin £ r 

cat ot tin ft - i[siu(a>pj - sinrn-£j]. 


Since co6<« - fi * cos (a -p'| - (cm a cos P - sir. a »in 0) - (ec« a rps t? ■ a in 3 str £} 

2 iit». ■! Cltb 0,. 

cOb 3 cob p = i[co3.fu v pj t- Ctliiiil-pi] . 

Binee cssiat i?;i ■ coaia-i?] = - 2 stn a sin p* 

&la tt sin P - £ cfis(a + 0( - co5(a-fl>]. 


DiTiw" the sue n.md liittcreern (onrnin*. 

I.ct it,- 1 mid «-(■ - (J so Hinl J. ■ aro) P biA-fo* Then (««« Prcrtileir IJ 

5 in(c + S> - ninjij. — -1 ? sjii a cos & be-cows sin A 1 sm if 2 sin ibteB) to* ${A— S). 



SI M. EJlf-TKUErNflE, \\U I'RDfU CT Ft J KM U-LAS 


H 


H-im: x - P;- - siafi — iJ> - t cns. sin f l*«iiw!s sin A - sin B 2 rnw- if.4 t S) sin 4(4-fij, 

fl> ■ cimsi-*- &i - 2 rsfl i c:x-; .- becaM£ cos- 4 *■ Cuft- if - 2 cos i (.4 > Si ras £(.4 -Bl, 

e-ccu-a i±?| — coe[.i -- -3 s'n a its S bvcaHti cut A - cos- it = -3" Bin i(A + £) sih i(4-£fi- 

j. «ach <*£ Lite fuMiifcio; iS a aor nt BiffCIWluit: 

<n sis iO 0, C-fl* 30", b> C«? 110° n]n SE.^ 1 ! <1 ros SB 0 tins 3&' 1 . Ai sm 5S M sin 4CP. 

rtj e: In -il'" uttt- 3(]* = i|aiu(4fl cl i- 30° J i ain-UD* - 30°)] il«in TO' 1 t kIJI llfi 

b't c«es t lij" sm -S-i” - 4.Hint IW 0 *- 55 s ) - studio 6 55* lJ ?l*in l«5 s - s ? n 35° I 

c) 50 3 35 n - 4 [ci> 1 5rt° +■ 3 5° ;■ + cos 4 fid 0 - ms 0 j ] £fco* fl5 3 * pns 15°l 

■i? 8 lb 43° a In 41 ?"' - - i[coalJ5 n '-t *[f) ~ cos (55°-40° >1 if nos as 0 - nos 15°) 


Express .'£hL-!i of its folltinaie an ;■ product. 

i) sis 50° - sin 40°, fcl sin 70” - sjn 20 : . ft cm 5S U +■ ««s 35". fll> 15° - cm» 15°, 


ul tin. 5DP ft til -JC1" 
t. , tsib 7lV"' - ft Lei tf.l"' 
r| LOft S!* 5 *■ iik; E?" 
:( j nos 35^ - ona TO" 


2 T, I it itM 15 - itf 'i C - 4ft°> 2 Sin 4^ 

2 cos 71 - 10 °- afj ftih i(70°- 20 °t = : tot 4 : 3 1 sin 25 ° 

2 cus its* 5 - 25°;, *■■**■ A (55°-25°) = 2 '.as 4\f ecs lM 

- 2 Sin 4f3^-i s:n 4i35 fl - IV' ' - 2 Uin 5$' Slti ^ -3D 1 "' • 

2 Sin \i-n 3D d 


Prirtre 


g-lii 44 - Bill M 

PP5 -Jjf ■ CffS 2.4 


an a-1, 


itlii 44 » aln 24 2 aln Ad4 ^ iA> n°a j(4A -34? 

irps 44 - cos 24 2 cos i(4A + 2A) cos i(44 - 24J 


ftinj-i. 

3 1 


i an S4 


Pi'ciV-n 


t- l ii 4 - siii e 

S i n i- ft- 'ih if 


t-ao j-i.4 - Ki 
Lari f(,-l , B\ ' 


itaA.-B.VLB . B in id-131 . (:nt kiA .M Lail kiA _ v> 

ft in A - spn p 2 sin ili-fi} rns 


iw\ il l • if i 
mu 4 14 ► Pi 


7- Pro vs cct. 5 t & in 1 ; = —.;2 cos x - coft Sr - cos }i], 

16 

riv;Vi Eiin^.i (Ain x ROSS- cm j - - x\n ix Rkf 1 -f-Sin. SrfJ^iiLlt 2 ± CbS n 

4 4 

-idib 24-j[ifsSn 3jr * hIIl - if a in 3r Ml) 2x - ijia 2r *511* * • 

4 fl 


1 


{- i{C(i« 5r - cm; *. 1 l- j i re* 3* - i!i* x> . } 


—-f:2 i-iw « - L-us 3s - C(*3 in 
lb 


8. PrcVL- I ■ L-I3h 2l * ctk! 4; ► COS li a = 1 *•<*» C COS 2^ cor- 

1 ' ft :ok 2k 1 ous 4t | ■ tins fa l - 2 CM, 3* C*=- x ’ fa ] coc fa; J cos .1.; CCS x 

■ 2 ™i: :i -3r < 2 ::ne- 3 t l-uS r 2 COS 5*- ^COB it -4 cns 
- 2 cc» 3x i 2 rus 3k cuS o * 4 cOS- i >:m 2x 0 05 3j 











SI M. [Jlh'KKHEMIE. Ul> i T FOHMU VH 


J. rrtintroi'n t i - -1 sin s intn tl* [or* PD*(i - U + 

Since ' CoS-C' — :t ■ r i<:«s * LrnS i Sin * sin 0. ■ . r COB « 4 Mill e sin a ■ 3, 

Then :.cfl a ■ a . iiii’i asm <i 3 'r. Since m« * ♦ eus « 1 1. r - 5 and -5, 

1!»sris l- 5 . cm i ■ i &. sin a = 3,-‘ 5, am! 2 : 56^5^ . THUS, 

4 '.Lift i ' Jsim - 5 eatu SfiFs:; 1 J, 

Usmrr c • -5. a - Sltf’M.' and 

i COS r i 3 Sin * -5 oasu - 31<^52 r l. 

Hi, FlQU tl- liJixiruni and nijiinihli Vflluus nJ 4 ''im i *3 8111* at) Ui^ futiii’Mil M ^ ^ 2n. 

Frnn PToblen •), 4 caa n - J sir. m - a c-uhi.v - SiSPsa' i. 

j. . , m if. pnimcclbed ihtervu I , cos 0 iUaJtiS Its iraxlirun value I when 8 - S and its asin-* 
iiruii value I when • n r Thus. the nxixluniB value »( t cue * i 3 sin * 1* 5 vliLt-b occurs 
•Aili-ri ± - se ! !>2' ■ <! ' >r wlil'in * ^liLle the miniTnir via Elk: La - 5 sfttilch occurs *lK:n JC - 

■3<7~ ri2' -IT nr wltfn s 216^2'. 

Si PPLFMI Vi'ARY PROM,F,MS 


11. E<| i ■: ■ .iar i ,i| i.i t e cil 1 cispE iif fspoducts a#; n sub or ii.lfr>rnnr.o cu s:ii«s ur of cosines. 

m: sId atf* -nos 25° • s (*m fl-u 0 ► sin 10®» 

h> Sin CCS vP - ;(sin -sin gQ*! 

d> COS 50 :| CflS TO 1 ' " ifcos- 12Q" + cos 30° 1 

i/l sin moP sin 53° - - ifcns iga u - <:ij« TS"^h 

r. aim 4.i I’-cfi jr H ]n a* 4 sin 

t, n i . 2 roc 3 a 1 4 i fain Hr - =;in jeJ 

JJ y '.•ci!: "r i'hs; |i i(cni lji i CUii 2l | 

lit .in : ,t !ft 1 T| fl - J(i:b6 9uc - tea Jti 


12- Sltiifl IhjL 


1 . *i _ 

u. J bill 4 n" rua i.p - Jr r. anrf cos 15 ° —(v 3 *- ],, 


j.. 3 i . 2 i. 


i> 2 sjii flEj 0 ms 31 j" 

[3- . j • • • . -jttcl rin i * pro<li»:l. 


c? J Sin 121} n -:|n il7 r° -(v'3 4 v'2] , 

t 


a) *ut Sl.l 1 ' 

i a in 20^' 

2 4 in 35 ft cos Ij.® 


VI 

sin U >■ sin 

2 -ft in COS x. 

if is in 7S : 

- aid 35 C5 

= :: 33 r ' &m 3flP 


/} 

sin 7t-i - s(u 

2 cos 5 -S &in 2^ 

c') n»> F5" 

i Cfw 15 n 

■ 2 ctfl 4 <] l cos as 13 



cos fiiS 4 njK 2S 

2 cos 40 cos 20 

u'i cos pa D 

- cos -JOP 

- - 2 sin is' 3 iiin S J1 


h) 

cna Hi.,'J - COS 9s/2 ' 2 sin 3£ sm 

that 







U l Sill .irt 01 

i- S1P1 

- tffi m 13 . 


trua 

465" + COS 1^5° 

- -&fZ, 

l. | r, lii 

• sin I5 n 

• .6/2. 

J) 

is In 

76° - a lei t5 a 

x/M. 

cos 73 " > lo' 1 




\i nim:nKM:h. \\u FitoDi ct h>mh.la* 


47 


IS- PruVS; 

^ sJrt A ^_K i n 34 
'■'jj A ■ cos- 34 
^ ft : n .1 ■ a j il ^ 


l.itn 2-1 


tail i (-1 Jf41 


h) ^!l-^- L ?ln l*n 34 


d; 


rjns 24 1 ™s <|4 
CCS 4 «- CDS & 


- - Cut J.(.4 - ti) COt .- 1.4 <■ D i 


Kin 4 - sin H tan J(4 -J3'i lm* 4 - l-c™ fi 

ci ft-tii 0 j ftm 50 <r gin 3 fv sin 26 ' (sin f> i sin afl) = «in 26 ( L s <:n» Pi 
f) cos 0 ~ cos 50 - c-ds 3ii - ™ 20 (i + E cos 6j 

sis 50 <- sin 46 4 ain (Vfl = (sin £0 + sis 40) - 3 sSn 50 cob 36 

4 pcvs H unss 50 si-li 30 


Hi 


am It 1 sin 5 t i sirt T.x sis ftf 

3j( ► C(1S 5s + Eing 7* rira !>s 


i sis 3s ■ ftETi ^ (f? j n 5* * sin 7n 

(ons 3 * - i:iv-i lls 'i i (cns 5 -i ■ i:uS T.i i 


tar. fLT 


10. rrciTC: 

fl) COS ISO 41 ■* 005 i LO a * COS IS* - O t fj) COS 22V?-' * CITS 100 s t CDS 3dT' fl. 


17- Prove; 


2 a j 

a) <io« {I sin 0 —(2 sin ft + sail 30 - t; i n 56'l 

16 

tt) r«s 4 ii sm^fi - - < 2 - cos 50 - 'J cos |0 - cos (i0) 

32 

i | 

c( cns H —-: 11} cus 0*5 com jy - cus 59) 

i 0 


if) fcin'fl ■ 1 ( li) sin 0 5 sin 3$ - Bin 30 > 

IG 


] -B . 'J raiinfiifn: 

rt> 4 cns ± I -.} Sin *■ inl.n the forn r aims * C£) 

< 1 ) 4 r.o* i 1 3 sin X into the lorn r. sin I* - CtS, 

r ) sin a - cot- s Into thn lorn 4- sim> - a), 

if) 5 cok 3r - ti Bin 3J ULto die torn c cos(i!i - a). 


.■In.-: * 5 sinf* i 53° B f ) 

■Ins. 5 s ir.(± - 306i r '3£') 
4cu- if2 smfs: - 4^1 
4ns „ t3 ca.s.(3r - 07°j:V 1 


10, I'inJ Lhi iriLiimiTi ;iral njinmiji v;ij i|p:; tif njrh. sun of l !, rcib!‘.-n 13 mid il vnLun pf i ur t hcliraifn 

0 and jn, at ■‘liioh ssoIl occurs, 

^ns. a ? ttiinunin ■ 3, H&l'n s = 3<^3S‘' (S.L, ihpp ^ - 9fl 5 K irinlWH - -5, rtlifcii i _ 

sie^ss 1 - 

h) iSfliro -4S 11). 

f| Jfi'-S tnvnp - i.'a„ ■'hen s - 12S°; niniRim ■ - t 2, when a 315°- 

J) tfeiiuiiH - 15. wJieo i -■ 2fi°£fl r : minioiia - sii^ni f - 









CHAPTER 13 


Oblifjfit Triangles* iVm-logaritJimie Solution 


•t_N OR I. IQUI- TRIABLE is rime which dd#fi nut contain a right angle. Such a triangle 
con Litins either three acute angles or Lwu acute annleb and ow obtuse angle. 

Tri' cunvotii IUJ. uf rlnnotmg the angles h_V A , ft, C and l lie lengths i> 1 tlkC cor- 
r. r.poiifi i ng apposite sides liy n.fi.c a i i t lie used here. 


C 



Wrluiii three parts, hut all angles, are known, the triangle is uniuticly els' 
! i i inert!, except in. one case tube noted lie lew. The four oases of -nl> 1 i c|tu? tri- 
angles are: 

Cast- I, Given one side and two angles. 

Case 1 1, (liven two sides and the angle opposite one of them. 

Cast' Ill, Given two sides and the LEit’lurlert angle. 

Case IV, Given the iliret 1 sides, 



TTiE LAW Of' Si NILS. In any triangle, the sides are proportional to the sines of Hie 

opposite angles, i, e ., 


she 

_ = __ cr _i_ 

sin A sin F sill C 

The fo L lowing relations follow readily: 

e _ sin A b sin F e 

b sin B c sin C s 


s in C r 
Slh A 


For a prool ol the law oi sines, see Problem ], 


MOia.W.rUK'S UnftBtllAS. in any Lriidlglo ABC, 


,? t h 

cos ;■ \A - I'i 1 ) 

a -■ h 

sin iM-fr'j 

£ 

sin if 

■c 

nos 

i r.h those 

obtained by cyclic: 

changes of 

t h f let Lets. 

h c-c 

COS jifi-Ci 

ft-e _ 

Sin i if? - Cl 


sin jri 

•1 

cnK iA 

n + e 

oos icc-A) 

C - .”1 

sin §(C - A) 

b 

sin 

b 

eus ifi 






















OtfliyLl rBlANCLKs. !NU\-lJHIIHXH S<H.I.T10> 




and. three obtained by iiiterclKLibgitiK tiso cmtu> l&tiors i«mal | and cupLin 1 \ in 
the niin^rat.or* nf i-ach re J.at iqn. 

For den VutioJis Ol tliL'a-v formulas, Stle Problem 


PROJECTION POHMULAE- In any triangle ABC:, 

■a h cos C + c Cos £! 

b c c-ns A ■+ a cos C 

c = e cqs B ■+ b cos A , 

Pur the derivation of these formulas, see Problem 3 . 


CASE I- Given one s tile and tarn angles, 

EXAMPLE, Suppose i Si, 'inij i? are e jvi'ti. 


T& find 4, use 

■1 

km' ;: - 

if) 1 n, 

find b, :ikt 

fr 

SLJI J? 

n.honr<> 


U 

sis A 



t 

i L 11 < 


Tu r 1 ll'J A . U!M2 



TlblMLCt 


n 

sin -1 



n aln Jr 
Si tv 4 
tv sin C 
sin A 


Tf; check, use ant 1 nt trie MuJJueLdt 1 l&rnulss or oris of thu r rgjrot j on fomu ] m, 

Hee Prcblene, 4-@. 


CASE Hr Given twi. ^ides and 
Example, suppose b t 


rhe ant:la opposite our of them, 

t, an:! t> are given. 


Prun 


gin C 

sin N 


r 


h 


h Lai II 


A 610 B 

b 


If sin C > l, no angle C is d-c cammed. 

It 6in C - |. C = ftO r ‘ Add a riftJLl sriynuli; ia detenUied. 

If sin C < I, t*o apg:les are dsternirrd; an fleet* 1 fcnplu C aeiii aq uriuiai- ancle r' ■ 

ien D -(.'. TliUfr, mere irai te one or two triangles deierslned. 

This case la discussed geometrically in Problem 9 . The results obtained 
may he siimuar irwd ns follows: 

Alien the given angle is .icrfe, there will he 
*0 one sol lit inn it L lie? siUp opposite the i;ivefi angle is equal to Of greater 
than the other given side, 

b) no solution* «ne solution fright triangle! or fun* solutions if che side 
Opponite the given angle is less Uon the other given side. 

When the Kiveii angle is obtuse, there will be 
e} no solution when the side opposite the given angle is lest Lliati or t-ciual 
to the other given aide* 

<t) eno solution if the side opposite Lheitiven angle is greater tleih the other 
given aide, 

EXAMPLE l) Wbifn h go. c - 2ft, ;xdi! ji 40 °. there ia titic soLai ion since & is acute 
noil bye, 

21 Ahum k 2ft. i - 3ft. ximJ iH - 40 °. Lbere In ejlhrr IU! ftol’JC l*L, ont OTill- 
L]on h or Lwn■ sol UtiaHE. Hlri particular : : oiirioio is tit- U\ rn■ ned nlli-r can- 
L~ ill* B 
h 


putlnp: si a € 









11HI |(_M !■; TWANG] .1C*. M iN-UKJAItlTlIMlC SOLU TION 


<)l» 


3> Bifiii b - 30 , c = an. ftod H 1#, tlicru is solution, 
i) fi i;i-r. fc 20. c 10. aaid A 140°. llwre is na ailuttm. 

This, rh« -.u -cal lnd ambiguous casv, is solved by the- lau of sines and irajf 

he checked bjr either the .Uol tweicfe formulas or the projection foraula^, 

Sop Problems ],0-]3. 

■ 

TIE LU rji|.- eOKiWS. tn uny triangle 4flf\ the stiuurv of any side is eriual to the 
=v,.: ot the sttuuri!* ol the other two sides diminished by twice the product of 
■ iHuh and the cosine of their ine 1 iiii&d angle. 

- b 2 + c 1 - £bc eos A 

fr T t ? ¥ a 2 - 2ea cos B 

r ? a 1 t b 2 - ctis C, 

h\>r the derivation Of these formulas, see Problem 14 . 

CteK II I. Given tVfi a idea arid. the included angle. 

EXAMPLE. Suppose ri | !|, ;md f nr-' p iven. 
r* find i'. uttn i 2 a* l |. J - 2ac. eos C. 

Tn find .4, use £ Lit it = 'Ijli'.'J.' - Tn Ilnd ft. □-*:£ alii fl 

f 

7li elite k, use 4-fe + S = ISO 5 . 


ib m |ti C 

c 

Sl'i; Ft ob lens 15 - :fi- 


CASE IV. Given Hie throe sides, 

Example, ffitb a, h. sjid e Bives. solve tiie la* o£ eeaJWfts for eucli ul the aBRles. 


I'Ll Ftnd the VSi- COE- .1 

1'::- i-ht-clc. iisr 4 «- fl + C L(|Q*. 


fc 2 -c 2 


1 I 

ti ri . £" + a - h 

— , ens fl- ■ cos; {, - 


* b e 


i 


2U 


2«6 

See Problems ■ 


SOI.Y I II PROBLEMS 


1 . Derive ilw Lun ul surest 




Ler :»:■ .in ,i:; i,h- -nanjii . In r in. -sa'i, digits A and fl nr* meufU *Ail« jo flg.(Al« an- 
K.Jr- H la nliLiUii-. [uw Cb [lerpensllciiiar to AA or 4H i: x U-mfe'I urn -Jenotv It* length ny Jl. 

Ifj LJi* ris;tu tr tangle- 4 CJ 1 Ql eltkr i Lsure, A f. sin A » 1 i 1 !b in the rlptt irlanple flCD. 
A. - ii. e I ii H . it-ch- In hi lj, f L, k a sin L JlikT = i s 4 n(U 10 * flj - a nhi fl. Thus, 

b 


& B h sin A 


nr 


sin A sin fl 












Iiliuyi K I ’HI NO>.|J»f;.^HlTfl.\lK M>!.lTm\ 


'JI 


In ii s in,] in r nannrr rhor drawing a p'M-priuliiiitl&f Iran H 1 u .41" «r a utriaimlLcutar Chn \ tg 
iff; j. *■.' lAtBiii 

a -n fr _ c 

sin A h in C sin J* sin f, 


Tima. finally. 


sin C 
h € 


nip 4 


Sin ff 


am C 


li. LNtjvl- j. pair of Huliie’ide'a futmulas 

d 


By tile la* [>f aliios. 


sin .4 6 

and 


sin B 


fhcii 


aid C c h Lai C 

a i -!i _ a in 4 * Sill if 2 alii j<A i (1) CCS Jtf-fi] . 005- j - Ji 


e sin C 2 sin jC cos £C 

since Bin i (A ♦ £) sin $<l&Q a - f.") a ismn r - JCi • cue jf;, 

<3 -b _ slh .-I - aid B 2 cue ifA h fjj &m £{A -fl> 


sin iC 


Similarly. 


■sin r; 


2 aln jf oua 2 r; 


aln i (4 - A) 
cua i(i 


si run? etm i<4 -6.i ■ eoB{S0 D *iri sin if. 


3 . ES^rlifc one of liio projection turauJaif 

Rh-J'er in ttiir tiuurua <kT Prcitilnir t. in Ltih rinht triangle AiD til «i Lbur figure, Alt ■ ii iro* .4 r 

In tlir right, trinnisLfl BrJ) ot Fig. ia), (JIB * cwi ft, Thus, in FLU. (Or 

c- = Aft = AD - IJA = h cw A - 0 «oe B - it «w JJ - h g« 4, 

in the t ight triangle fiCft of Fid. :i'J. (fIP u cob ^ fW « C09=.fl80 o -6, dcoalf, Thus. 

In Fsit.(k), 

c - 46 AB - flf) - (j HDS A - i- a rra B] = n cris (3 + 6 fas 4 r 


CASE I. 

1. SoJw! I hi* l.nmnrio ABC.',. given <• - 25. .4 35°, and ff ' fit! . 

to rsrui c : t: - 1 bi j"' - (,4 Bj lacP - ids' 5 tt\ 


T« Find a 


Tw Find h ; 


c ala A _ 25 win 35 
sin C sin 77 D 


2&(0-pTJ&i 

D.97<H 


Ih. 


. trsnifl 2&sipfifl 5 25l'0.9212> _ 

■J ■ — — — ■ •* ■ 1 —- - --• ■ _;-L i 


sin C 


sin 77" 


C 



h.874A 


TO -fhSCk tiy W;>] tireidL'- 1 !; Furnuia: 

li ► ii nns j (13 - A ] 
C s lo jC 


*r 


H (1 + if 1 tin if I r CCS Sifl - 4 i 


ft- . a) sin iC - 39 am SS^BO' 39(g r €22S1 = ^4.S 

c w i(B - i) = 25 ccai 1 ^ 311 ' 25fO,9&ea) 24 , □ 

To ofiock Ij i»roj«cl idci fornuLa: c u one B • h 00 s A L.i cce (iS“ r 24 co« 35“ 

15(11-37451 * 24«9-093i ' 25.3. 


The rs-giliriMl Jiaz-t;- ire a r ig r b 554 , and f - tt 151 . 

























uhr.jyi.t; tk[Av;i.k^ vrvi m,\ hj'ju.mu. sun tion 


^2 


7. 50 3 vi! I h*' 

p <5 r H : 
Puff U : 



triangle ARC , tfiveii a eg-3, ' ■ 115? 20' . *fld C = 42°Ul\ 
ft - ISO 41 - (C + 4) = IBOP L54 a (ia' = 35°^0 '. 

, _ ri :nn )i 62,5 yi n 25°^' . 53- n<0. 4 30;.} 
s:n i " aln liras' 5.925# 

issStt HE 15 ®' ■ silK [HO' - sl2?2i>'j • sin *?“<*') 


t -In C 63-5 sin 42 : H>' 48-5-10+67131 

j r>r <7 , C —- -- - 

sin.-l s; in ll^ao" (?, S2&D 


15.#. 


Ciiect : (c ■ 6) sin j-4 = a ^cm j(C - U\ 

Iff ' ::ip $4 74 .& Sih :.,J. 1 "HV - U.Sfa.HBDtft = fit.99 

.i cm itc - ffi e:.5 co* b 72#' 6s,5(u-S8iMi sus# 

□r ii - b eos r +■ ? ru.s ft = 2S> IfO- 7# 12} ft 45.4(11. BOSS) (12.56. 

Tlir- reCjutred liar?:-; arc ft 311.1- c 46 - # r and ft 25°3D J . 


6* 4 anil £ ai'lf t*n Joints on OBPCsUp hank* nf a river, Pegu \ a Lint- M', ■ 21a fl IS mill Oft Mid 
the atinltts (T4£i - 125 ® 4 Q J and AQf ' 48?S0' fire ssasured. Find tn-- leapt* i-f 

Ill Ihc. 1 rianp]e ABC tif FSp-cu} IteLiw, ft = IHO- 0 - (C i A) $*$0* and 

AB , c - h * in c . ra = a^io-Tisei _ 2t60 fl 

Sin if S| a 5°J0'' 0.0|>M 



fip. .,ui r-roti. e 


Fig. <*o Prtib- 7 


7 . 4 ship is saiJlfift due cast when a liphc fit oil served liearlng N SS^ID'E. After the ship hua ttav 
fftled 2251} r 1 . tb(- fight bears N £. If tlw nnarse Lh crail luui-d. tin* L'lOfle #113 llw Sdip 

lipj:ri^FifN L!it flf.br? i'Scl- phublen 5. CIlBjvL iMr 5. :■ 

Refer to Pig,(tl nWvR. 

In the utiUgue Lrjiui a ]e ABL : At* = OMi dHt AL l^W'. ^ A&L - 13^257 

<L4L£i ■ lad"' - UJCi^f. r I At Ilf - ! 37.15'. 

. le M L=I 4BAL 2250 jUi _ 22SP t 0.1S&fl) . 

3lc l ALB nil 13 a 4&' 0.237T 

In Lhp rlshl trlanirlfl BtfJ ’ HI 442A and ±Cfl{. seP - 4B^*25' 4i D 35', 

i'L - M sin £CBt - 4430 Kin 4^35' 4420CO.fi(13Tf - 3534 ft. 

PM an lilli-nics:. ;nn fill inn, fi.nd.-li JH fhl‘ nbl Igui' trfa-niElv 461 and l Ice-Ji CJ, th the I'SKllf t r I - 
anp] P AiX'. 



















ojsuqll rm ru,t.i.-. NiiVLn(;.wui.Fiftik: souths 




ft. n EQ«r 125 IE tiJfil I5 Ml- c J I [ t Ml the honk Gf n r]v--,*r„ Fr-if. Che CO® : ‘l‘ the ttlf ai;j;Ji- 

rjJ dhiij-L-Ksicm <rf u jcii.ii: Ctfl tlu-; □ppfiitLe sJirtl-ii is &imI rr:« the in*>' <»( the U.wi;r tilir 

anjsir r ilepressltm »i lb* sow* point is Iff* 20'. Find the width o+ the rivpr b® 1 1 iw lieifM 
ol the el iff. 


tn tbe rStjure ' represents Ibe tower, Jlfi rep- 
rp^oril; till* clift, mid 4 is the pci ret nn r. hr pfipo- 

ii n =;hore. 

In I r i:;eqir d£lC; . C = 90° - 2^40' 01° 20', 

if - so 0 + is 1 '20' ■ toe^M*. 
d = iflp 0 - ffi - o - 

rt ft in I 12S xin 6L n 20 r 12510,87741 ... 

C - --- - > ■ ■ 3 '- CiL L. 

Sin A Him lflPffl' 0,1794 

In Pielit LrinniiJci d£IO, 



fifi -i -in Itf^SO' 811 (0,31451 - 193, 
.-m - i ?<b i h 24.: 5)1(0-94*33 - -8U- 


Thr rivej La &U0 It *jiL- a.tHl ILC cliif is iS2 I'- Iilplt, 



It- 1 c, and B V the given parte. Construct the given angle J3 -ind La.*- l*C( the side i(,l • , 
With .4 as center and radius eQial Lei b I. Lin? u-iile SpTinSi-itt the ,. vi-;. anitH' [Laetrile- an arc, 
Flgureb (til-(Vi i 11 list rate the sprain! puses which im> *rtr #ll*n the itivaji urniLi (L is arnle 
while Figures L/j-lgi iiluatrate the cases *iien J3 La Dlutase. 

TiW (JILfti imgJe i) ls urate.. 

Fie, (M. When h ■: A ft ■ sin B, t-lw arc dues not iseei if> and no triangle La detetnlned. 


















oh uy i >: i leia ncles. in i.og ih it H MU su u i n:i rv 

Ahi'ii k AD* die arc Is tangent to BX muH orw lriftn«]e — a rLslit triangLe fit!) the 
rich! ujigle jl (i — ia iSet^nmine4. 

Fig. 11 - i, Aorn (j 40 acid b .; f t the nrc irents (f.V in iwn pjJhtB C and C J or. the as« aide uf 
Jl, T*n t.rjiinfijfla ARC. la #Meb C M scute, rind A fir'' in ubmli C 130 U -C bn ob- 
tuee. rtrE' determned. 

Fig. sip. Atoll IV > AJJ a«ii fi = ?, ihr; nrc h!«la RX Ln I, and fif. One ir tangle i Lsrereles) la dr- 

tersloed. 

Fiic.-iej, AJifra b > c, the arc neetn HX In C noil ox ciimided In c '. Since true triangle ABt~ r 
doe-ji not contaia lSmu given angle B r uitlj one tr inns Ip AM.' is deti-rmirret]. 

The gjfcm i»j{f ts ^firihse. 

Fig. (0. Ift.im b < C nr li ■ c, Juo 11 Laugl-s jft lot bed. 

Fig. (gj. 'Ahrn t> • r, only oiw triangle i:t f turned an in FIB- (e !• 


CASE II, 

10. 9p]vr I hr triable! ABC, given c : »nrl C - SS^lfl' FLerrr to Fig. rm) brio*. 


Ssnoe C 

IS OSUtP and c > ii. 

t^orc- is ijtiIj Mi£ 

stlaLluo. 


Fur ft : 

Silt ft - frsllsC 

1BQ sin 55° 10' 

. 460(3-3206) 

0,6274 

£ 

639 

623 

For -1 : 

A - liQ 3 - (fi 4 

C) - SS^il ' r 



For a : 

ii sin A 

a ■ - - 

If in a 

4KJ tin S^d J 
nin 0g^5fl' 

460 ( 0,69761 

0-627] 

764. 

ChRcS : 

(u + b) sin - 

c ca& j(A - ft |- 




Cm i sin Jifr - 

c C res i (A - B) = 

1244 sin 

6^3 c«f £3 CS 3&' 1 

- 1344 {0.4630} 

= fiSMO-Hft) 

- 576.0 

- 575.6. 


If pri 1 - Th: rml, u prmooLiiyn ("nrxuJa □&> lie liaed lUT til? flier 
Thi: rcrjitircii JKirts arc li 36^50'. A - BSV, end a Tfi4. 



Fig. is) Prnb, IQ 



Fig. ih’ : Frob, 1] 


11 . 


Solve trie triangle dJK.', given n - 525. t ■ 121. sad ,4 I30*5o', fcrfes- Ln PL*, ii) above. 

Since A l= obtuse and n > c. there Is one aoIutiMi, 

PtoGu am f lll£Li = ™ *'« t30 ^~ <™ 1566 ' o.«WT and C 

■a 525 525 

Wcfii Jf r IK) 15 - It’ - Ah IT 11 0 80\ 


t, -. n sin l{ 555 a jp l^sa" . 5 23(0. 2051) . w 

s m lao^ao' 


For h ; 


ain A 


0, 7566 















OULIyUt TRIANGLtHr MJV] .UCAHJThMIl.: ^UT]U% 


l K 


Ciirri; ; (c + ti sin □ rus- j(C’ - £J }■ 

(c * i> ain i.A - 503 ain 6S D 25- J - seiHO. SG94 > ■ 58^,0 

- 5Sa.C*B 1^4*' SSSlUOTSAi - 512,1. 

TV rf-qijlri'ri ■purta ar<i C IT^SU' r W L1 '.. and t Lfll. 


13, Solve tne triangle LSfV, pnvfji o = 3 . 1 , 5 , h - 51, H. and A Sl^AO'. Befer c v F t f. 1 . l- 1 heic*. 

Since .1 Is iCUt-T’ ann It t: fe, r hors is Iho possibility oJ ipn:. sul 111 ions. 

Ford: . L£ii - s '' 8sil1 ”° w ' 8 --»^- a4t! • 

a 31.5 31,5 



There art r.’Ad 

?f>3 ui Lena. B - t5 u 4D' 

an d B ' - 

ibo d - es r -4&' - 

1H' 3 30 *. 

For CG : 

1 

a 

40 

* B) £#40 ' . 

For C J 1 

€* - IBO* - (.4 

. fl' ■ - sz'V, 

Pur c : 

11 aln C _ 

31,5 aln 

For c J * 

, A 5lP C‘ 

31.5 aln 32*0 J 

eld A 

ain 33 d 4D' 

s-in il 

sin 3§Pi0' 


_ 31.515-936111 _ y 

Q, 55*4 


_ S1.5tO.S2»9«j . 3n L 

0, 5544 

Check r 

it- + fr> sin 

- If CCS i-(C-fl) 

Check : 

(fe 1 r 1 t 8 In -jA 

: n roa : iff J - r.: J 


(c + b> sin ^.'1 

101. B Jiin ie^5D J 

- 10T.aC0,2S9Bi 

- 31.25 


(t s r' ) aln 4A 

■ 33.3 sin Jtf^O 

- B1, 9(D. SBflBi 

- 33. T2 


u -fii 

31, 5 rns T^ao' 

- 31,5(0. WHl 
= 31-23- 


-a lw, j <£'-£' Jl 

3 : 1.5 cus 43 a l.U 
31 . 5 ( 0 . T52@> 

= 23- Tl- 


Tde required pare a are 

for triabpLt ABC : £ = <5& c- 40'. - Utf4Q\ and u - 36 , 1 . 

tor trlBBale ^flC- T : B‘ U4 D 20'. £-' ^ JSfo', end c 1 .ID, L 




Ftp.lie] Frot, 12 


Fit, id'I Froti, L3 


a pilot wishes to t-racK e 5°0' stains! a wind ol 25 mil iron 100^30Find tiis required hnnr). 
Liu and the ..>■■ iimdh.|M. , '- , r| wliejn Liu* airspeed Lk 135 nplL, Kefer In Fig, Jrfi above. 


fillin' -1 ts iicufce und :i ■ r. It.rre is tjni: snliLtlnn. 


Sin C - 


f 31 n 1 


if = iflO' 3 - (A 1 0 


Si > I fi H4 1 35 
175 


s4D d M' 


25iP.5S&1 1 


L15 

a ajn /i 


Q, tlK&!i and C t°4p' 


175 sir- 3-S-Q‘ 50 


slti A sin 34 D 3ft 

TiK prouo:ls[ih-i , :l is- 195 nqib and LIih required hear l up is 19^40' . 


135i;0,6316Y ^ 

U.5G64 



















nBugri thj \&k;i.i& kox-mic-uiithnx.: sui.utk* 


% 

H- Derive the ]a* ot cqsUwe. 



In til* T Ejriil frl music* fii'-i} Of Fin. I'u'f, Ji n sin fl und p& n 6- 
Thun AfJ 1 .-!£ - i>£ j - a nos ft 

and h 1 ■ lAl'o 1 - n 1 sin'S + t ,s - 2^a cok fl + a z c■&*// 

- 4 7 i&m 7 B - cob ! J? ( * - aeo <!<w ff - t 2 ■‘it* - 2ca rn» B, 


In uio r l .;ti1 tri-angl e BCD oj Fig.<6>. t\ • « sin £(&a * * in 1 1 DO d fh n sin if :inl 

ft/) - v eo& £ CfU‘i a cos ([ fflj 11 -. B) -a ros fl. 

Thuu 4j> = A{( r flfJ - c - a C'oi; ft araJ b* : t‘ m 1 - 2cu Caft ft. 

Tin 1 n-nuinn:; riiiuil imir- nay l»? uhr.u i nncl by ry;:Jii: ulitinurn ui ’.hi 1 iC ttif k. 


CASK in. 

1>, Sfclvn tliF triangle AfH: t K.]vi*n rt - J32, b = 224, mvt C = 2fif , 4D'r to Fi£. (fl belo« 

t'nr r : e 1 * ii ? + h 1 Soil res C 

■ CITJ) 1 + (224- 1{132 ){H4> cob a^ln' 

..„Y. ..* n , -I ■ , Wl, 


For .1 i ain A - 
pnr ,'i & i ei fl' 


a Kin C _ 132 s;n 2F 4Q 

c i25 

|| Sill C 234 ft-EM 2E°40' 


^174) - 157 L4 

mid 

c - 

13Z ta.'lTB'ir i 

0. 5QBG 

nnct 

123 


224(O t 47BT) 

If- B596 

a rift 

125 






r 125 

(Since 1 n, .1 is 3>v (it t 1 . since A ► C < Sft", £ Slf.) 

Ciiecft . 4 *■ ff C The required purls are A sc/'rjfi'. ft l-SD^in'. c - (£&. 

A 




b 221 

Fl*. (e) F'rob. u 

II). fialvn Du- t r d llii :: ] r tBC, irivwn a 322, c : 2T2, anil JN 1 10 t5 5l»'" - H^firr l.n pi if. (d> liUnv-u. 

For b : // -. 1 + a 1 - ■a™ cna ft [coe = -TrailflO 0 “ 1 1 ft a 5D' j - -ooii ss^io'l 

- i:si 2 ) ? - < 322 '-\ - 2 CZl 2 )f 3 ^ 2 >i- 0 ^ JSiT) = 1 !> 7 i 03 and Ei - H- 4 * 















OttLJQL fc lHUNGLfc*. \oS-U»G-UUTH.Mf( miLI 


Pur 4 : 

E ill 31 = 

a i n 

h 

322 

IJUPSQ 

444 

hV,r 1.1 : 

sin C • 

,.■ sin B 

312 

a SIS n^&o' 

h 


3 34 

Check : 

A 1 (i * i 

r : ■- Ewf. 




Tlit* required i-r-iriarc ) ■ j/Vd', * jr'i "'hi'Ii 


ffiStlS® = (,.sns 

,4, 

and .1 42-40 


arid t 2^30 

444 


and 'j • ;>i4. 



17, M«in forces uf n.fi ll» llii-:I Sib trl tsn H bull;.'. If I be Lr diTertians niihL- ssi Aiu;ti: f $iY‘ HI’ 

Ml 15 h pin'll Other. f »|K| ■ IWSJIl? (ptlp 03 It/- IT rflEUltaiat- ‘Till fin lUIKtn Phioll qi "Lfc I i: ~:Hl 1 h" 
Ihrufir force, 

Refer iu Pig. (e ! bflutt. 

In His parallelofcTan ABCD. \ ■ £ = C - 1) ■ lad'- 1 amt £ = tw D - St^lc' - tSSPSCl' , 

In the tHnnclra ,■! /ft',' , 

b 1 ■ *■' rfl 1 . 2*4 COR (i feus las^&u-' - -cosdacP - 139^50'I - — COR Bfl^ 10' ] 

isq.lii 7 4 0 7.5)* - 2(22. V 117,53 d-0,S4<Hi) 1317 mid b :J<5.iT- 

si«, ,i - *** - }?i 5a ' = Di3TO2 ^ , 4 2rW . 

i 36,3 3&.3 

Tte resultant is a force ct :3b,3 Jb, die required <iji«ii> it- 2 1 '9U' - 



Fit. in rtcb, n 



Fin, </) rmb, is 


19. prun l a pi I at i'ltss 125 □ i m the direction N 3 S'" 2fi' 'A and turns hack. Thrcnisifi an error, he 
t.ln-n files 125 nj in tile direction 5 51"4d' E. ltd* far And in rfliAL direrLinq must hr- kixh J'I.v 
to reach file- Untejided drat i nmi ion 4 ? 

defer to Pis, ) abate. 

Denote Lhn Lorn bun}; poilli US B ^inu Mk r Inn J pog.it son ns C, 

in the trtangle ABC, 

h ? • r* , iv s - 2 1-« cos B 

- (IE) 1 ^ [LE)* - 3U2&1 £|-£&J COS L3°20' 

2(125)* i I 91391 - 3*43-7 find b - 29. Q. 

Sin A , " * >J1 * » L " - fc9BW ,|. - 83-40'. 

t 23.0 2&+H 

Smicl* £ C4A'i = A - ZiVt.-lfi - 15*20', the pilot must dij a course -5 45°an' * for 29 r O ndtes 
in Kninc. iron CJ to -1. 
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CASK IV. 


19 - 


Sfilvp Llnr triwietu Aftc, Slum u 25,2. i 37. ft. and c • 13.4- II*3el' to Fig. (g) Oulu*. 


For .-1 

ecs A 

b* - c a - e 2 

. -: :3T. a ;- 2 

- 1 4:5.4 i 2 - (SS-Sf 2 

- Q. 8160 

and 

■i " 3B a liO'. 

2iic 


2(37.6; (-*3.4j 

Frif ft - 

nos £5 = 

c + n - It 

.,43.4 f 

- ,25.21* - (37.fii 7 


and 

if ^ Off 0 lo'. 

2ra 


2:43-4; i'25- Si 

For t: ■ 

CDfj L' = 

a 7 4 6 S - c 2 


1 (37, S; 2 - H3.4:- 2 

0-BS47 

anil 

C ' H4 ]Q r . 


2iifr 2(25,2) (37, B) 


Chuck . A *■ )i - C IBD*, 


f: 



Flp, i >:) PhAi, L‘i< 



Pjfc. (&') Frah. 35 


20, BffJV!' tl» triangle ABC h nivvn « HO. 3, h 4(3, 9, anil r - 62.6. Ri-feJ* in fie. (lift ahnvr. 


FOL’ 4 • 

'* 1 •' - ■-« 

A - 

(40.4) - iGZ.S:' - (311.3) 

0.0150 mrvfi 

A 

■ 23^40', 


2bf 

2(40.4)(62,S> 




Par Jj - 

b t* ♦ e J * b* 

■Tfl« f t ~ - - 

. (62.6> J - (M,3) ? ■ ,4<I.4) F 

I1.S4U and 

H 

- HSfW. 


2 ra 

2(62,6) (30, 21 




Pnr C : 

„ ■* , i 5 - n 2 

ee« C - - 

(SM) 5 t 14 ( 1 , 91 2 - (62.6) 2 

‘ -0,53315 and 

c: 

- L24 n 0 J , 


2aK- 

2(30,3) f-50. 9.1 




Check 

A * It « C = Eft if. 






21 , Tlw distance «if a nolm {.' free lm» r">iri: ■; 4 and (i, fjiich caon*l L«? resawed direct-}.?, ure 
required, 7 hi- Ijiw: (,,-t is cnr.l imirsl thnwiKh 4 f«r u distune* 175 Jt tn />, r lie 1 ini: CB la l-mi- 
tiniii'i: through B tor 225 ft 1 -f> J:' , and tb* distances - 300 ft, IIFI -326 ft, mid fit - 453 st. 
are tatas'-utvcl. PjikI 4-C and BC, 


71'ianf.lC Aii'( nilv L>r t,nL vi-i3 Cue the required 
purfcfi after ill.- iiiiyli 1 ?: inirt /.ABC Slave hucr 

found, Thm first nag It Is the sunuleaent ul Z HAf) 

artil tilt iserrlnd jS Lh" Uujip Lum-tiL nl thu sun u-f 
£ABf> and Z M £, 


In tin; LFjlili(ii? ■tJHJ’l stldu-s ari: kni<*n, 

ttf s 75 1 (float 

zMD ■ n^n\ 

COH ZABP - 1 -"J 11 - ' ■ . li ' iii (J. 54 ^ mid 

2(31Hn(32C> 

32*10' , 




























h rRIAMJLfcS. Mt\-l.tKrAkn'JfMM HlH ! I'Ti A 


'•V'F 


In Uik LfianiJc jftn£ wfiase aSJet ate 


nras £ 


rjo&i 2 - raaa) 2 


f408t 


J2.-23S'. 1 326;. 


-■ft.5fin.fl mid 4[W • m°4D J 


I 21 Uie Lj-ituiclt ABC: AB 30ft, ZB.4C - 1B0 & - ZEdf: g^w', 

lAlt': - I Ml 15 - UA&0 ■ 41 m I 




iacb - [b£i D - uLBAC ■ 4AtH ■■ saV 


Then 


nnd 


,ic; r 


ht: 


Ah '■> n LAW! 
=in l ACh 


MW fttn Si^lQ 1 
sin 5B n 0 J 


noot».4i?fri 1 

I). H44H.J 


(45 


Afr :;m zR.tr: _ aoo &m a^ns' aoo«>. 9 »Tj _ „ n 

■—- “ JdU-s 


sinZ/ICB sin ftdV ft-fliaft 

Tin req'j l red (listmrp; ixrr AC I4S ft unit flC - 3 50 ft. 


SI PPLEMENTARY PUOMT-W 


Suive eadi ui th.e rDllenrliia oblique Srluigleft Afir, siven: 


22. 

a 

- 

L2S, A 54^40', fl 65" EQ r - 

-If 11- . 

A 

- 

ta?. r ta3i C = m r -so' 

23. 

b 

■*■ 

32i, A is® an', v ^jo'. 

.ini' , 

■j 

= 

3M. r 218, ^ - R^iO 1 

24. 

ii 


215. c ■ 1 BO. R • 42 0 4ft\ 

.-Ini-. 

a 

J - 

amo. a e09*10' . <: Sa-^lo' 

25, 

□ 


512. b 426, 1 4ii 0 5BV 

■Ini;. 

t 

= 

ifiiU. B :)«■!»' . C = 

2$. 

b 

a 

50,4. r 53.3, H 118^30 '* 

-lnxi. 

fi 

= 

25-1, 4 ■ 30V. t: * 

27. 

b 

a 

40.2, a T[ - B , tt 112^130‘, 

■Ini-. 

C 

E 

S5-7 1 a ■ 46" ao' . <; ai r 't*' 

2lt, 

b 

* 

51-5. a 62-5, H iO'^ft' . 

>1njr . 

c 

Z_ 

78-0, A bf ix'. c ■- btV 






i 1 ' 

* 

16-0. •!' L27 rt 40‘, - 11 * 40 “ 

29, 

IX 

— 

330, c - 4Tfi. A :*5 C, 20 I . 


il 

— 

55 2 1 B ■ S5 d 30\ C = 






t f 

- 

224, R J LSvS^EH) ' . f - 120 a 50‘ 

30- 

il 

- 

I 2fi. r - 2Tft t A = S1 g D 4rt'. 

Anx , 

fi 

- 

a^i, ff t . f ; - 

SI- 

G 

* 

».'5i t‘ - Ui.O, ..- = 20.4, 


A 

- 

GO 1 ' ]ft', £ 42^40', C - 74° 10 

22- 

II 

- 

ft. 24 , ti - 7,:lu, ■ l.W. 

4nx‘. 

A 

~ 

1 & 0 2 &\ £ - 4& 0 BO'. C — 91°50 

33- 

Two 

siiliw t.nvp. -A .130 oqiij itnen 1 » Ath u 

rarufte ol 200 nllcu. 

liar i- : E 55 m O’s, N 42p40‘ F And 


ftthtr is 165. Bilea 5U 4& rt to ' 11 at :.i jibwre atatian. Cnr. il- two nMjis cccnaimldite it i r-ruy* 
In.*, Nil. thwf llf*- £22 be Ins aiinrE, 

34- 4 stup salts J>.fi filler mi a euurae S 4 «‘'j0' * and ftwr 21. ft sinks oit » sours*. N 2BP2B’ >1, 
i'ind Lhu *Ji sl itr^'a 1 mud iij.n - i t jnp nf the Eiliit petfi11,1 Cin fTicn Lbe fltat, 

2ft.9 it leu-, ri * 

35 • .1 E Lisi:iI.L duki j> 10 nilfts jinrumai nf & i::x:h. a aiiip It: uvea lEio dock at. 9 a. ii, inn ateime 
at It! mkft per hour. At wh.it tip* wilt tt ^■ tf icilns ime tlii? 1 ipljtJiguse? 

ins. q:iU- A. V;. .Ifni -i . \. 

3G- Two tOT-rcs OE S tfi > h end J1S |tl ncfin^ ran era ntiincl have a niMjl.LLmt id rifl*;ElStm1e 27ft lb. 
FLfld Lhf ariulf LieLfutn tliS direct-AMia Hi nJliftil Llw fffven forces act. rid*, TT ftft' 









•nm.E^I ¥ TKTVNCLK*. H^rVUl'IiLMH SOLI THA 


m> 


37, A a 50 ir hu;Ji is fill. iiuLi 1 d at Llw luj; Ot ft Jli3L. 4r it point. 45 D ft draw. Lhi- hill th* 

ii i;.. i h- batmen the sur-iMoe of tin ini! ami i.br lift*' uf sight t* tl» t-aj> &t tbe tower t$ 12?2Q r 

find IJie but-L tjiiliuri u[ tile bill t© ft Hori^tinhai uliuic, Ins. 7^50 

3S. Thrc i ■ 1 rr-1 of r.idu 11 *, t-50, and 225 Jt respectiveIj art UMisent to escb other i<xtrrnat- 

Li , Find Uie fUit;.L*S Dl ttw : r L^nc.1 <■■ fuTnr-rt h.v ini,n.ini- IL- t-rnliTa tif Lbo Circled. 

-IR*. -IS* Ed'. 61° So'. 7S a 30' 

:tFl. 4 sblji w sctHpos-ed to Lr.ive A ar.il, la.v lakmt a itLraiLti! course of 2 ,ilj 0 , reach ft .5-35 -nil™ 
I im L in Jli ;u , Aftej completing 125 Bile* -if I hr tr tr-, Urn is unde hid to atop at C 

njllnlt 225 -nil-1!* | r«B l ir LJi- (! j jik: L i on K $p u 2fi' *, before rnntinuiPlj to J5. 11" tin: -th:p 

■■naii!:“-: coiu-se Imefiiateij, vlntpins ihu orujjrml siMfeil fur L be-remainder of t-tie trip, and 
-aI Of.!- Kir I kr ;it <:, Jicjh- late *HJ U lie in rcachinK 3. ? Wwt IS IlK! ruurftO tin dark Of the 

two L-isi legs of the- ! r:p? -|a*, 2 hr, 253 d 30'. 265 0 :sfJ' 

IS i ail KC sag, {ABC 148^30', CD ■ 31*. / Rift: ■ t0 o »\ if list UK the posit ion nt '■litcli the 

course i* first ctonriBed. 



CHAPTER 14 


Logarithmic Solution of Oblique Triangles 


CAiiK ]- C ivnn L*o angles and a side. 

The triangle is sol ved by using the angle relation, A • ft if ]:j(i . and the 
Jaw of Sim;* twice. The solution Ls cheolted by using one of the Mo 11 we hie for¬ 
um 3 a s . 

Example l. bn a. A, ami n t*? given. Then 

t- Wf.l-ltB). b T » SlT1 B . r *** C . 

rt|n a hi 4 

Cluck : (I i r i eta i/I r a eiss j -(7 ■, . ir if >■ f.’ ; 

cir ££ ■+ frj sia J/1 ii £4!£s >£G-it| . if 4,1 :■ if, 

See Problems 1-3. 



CAJiP Jt. Given taro Sides and the usinie opposite one Of them. 

Tile I ri an jt la ia Solved by using Llie 1st* Of sines and the anrle relation. 
The solution is checked hy usins one of the Mollaeide formulas. 


Example 2, Let » f c-. anil A m? tiveo with □ *: b. 
aim J1 •— r C - EKt 0 - jA+fti, /• = 

a 

ah^ii ther* are t«o aalutlcma 

ti‘ Lao? - F h C J - lBfl D - c' - 

Cluck : <fc*aj sm it? - e rrfi i{fl-J) t 

ib ■ a) sin iC' - c J cm; 


Then 


c sin r 
atn A 


a AljI C‘ 
kin 1 



Sec Problems i-fir 


LAW OF TA^[>JTK>. The law of cosines of the isfetefllne chapter is 110t well adapted for 
logarithmic computation. In solving Case III, the law of tangents 

■H ~b _ tan jr(A-ff) _ fi -c _ tan 2 \ B ■ C ;. c - it _ tan j \,C - A i 

“ J4 +■ b tan i M fc 4 c tun i (F * C) c » rr tun £ (C ■ A 'i 

wLll he used, F'nr a proof of the law, see Problem 6. 

FfoLc, If. for example, b > a il will lie more convenient Lu write the first 
formula with the letters :> and h (also A and fi i interchanged. 


















If 12 


LOGAKiTHUH. SOLUTION Lit' OULI^I K TKIVNLLKh 


CASE ill, Given two sides and the included angle. 

Thi 1 triangle 1 * solved Uy us ins ttie lam of tangents t.o find the unknown 
Angies and the law of sines to find the unknown side. The solution is checked 
Ij.v using one of the Boilweide formulas. 


EXAMPLE 3- lit uni 4 hi* (Jlwn, Then fe 



FUlf -angle formulas. J.« any triangle 4flC 


tan j A 


r 


s - » 


tan iff —L. . 

jf — h 


tan iC = 

8 -C 


where t «(.* + b he) is the semi-fierimeter of the trLangie 


and r = 

’ 5 

For a urool oi Lhe formulas, 
sei? Profalen £, Chapter IS¬ 


IS the radius Ol the inscribed circle, 
ser- Problem lH. For the Identification of r. 


CASE IV. Giver LIlu three sides. 


The triangle ts solved h.v using the ha If-angle formulas and VS checked by 
using Line angle relation. 


See Problems Il-l2, 


SOI VKD PROBLEMS 


CASE I- 

1- Solve thf trial'll; I e ABCt niven a = 3fi r lZk -1 4^frl,fr'. und C TQ^ITrA'. 
ff ’ 1 @oP - iA+C) - 54° lQ.ft'f 


<3 ftLII 

sjh 4 


I i.n: a 
]□& sin <T 
u L> 1 r114 3 In A 


1,58130 
9. frflB3T-iB 
H, 1.1922 


IdS c • U71SM 

r ' 51-EiT 


a n B 

t - 

sin <i 


iinf (j 1.50120 
La* sir il - $ r 90894-10 
1-13Ini; in A - 0, 13922 

loK b - 1 , 62938 
i = 42.595 



Ctenk ; (c~ fc) a Id Jpt 

r i b 9k 212. A4 

Juy ir + ^it I.uT4J 1 
luff Sin l.V ■ 9,59658-10 


8 ros 

as, L 2 k •••r m if aa,a J 

lur <1 Uifria 

lat ccib jCC-C.i a. 95940-10 


5.571)09 


l.Mfjeiji 

















UJlIAkrTHTlIH: Si I Li T JON OF OBU^L E THIAAiVLES 


m 


■£. Sulve the tyiajljflc *8£ t given b 2^2.4, - 11L 0 42.7', unci C - 
B ^ LflO rr - (CMl * 4^51.5'. 


IV aia A 

u _- 

sits B 

[-tig H - 2-4Si£1 

\os stn A 9.36HH -10 
to alii B ■ LM5&W 

lixi a i.sise. 

A . 319.III 


6 a in C 

sin £ 


L !':■[: b 

^ iii C- 

BOlAg Bin B 


= 2.45fc3'3 
&.e]05*'io 
• 3.15&S4 


LAC '-■ - 2.2271V 


£ - 168,72 



Ctveck : in '-a J &ln Jfl - h cos Jn \A-C) 

■ V41-T3, iif - 21 a 55.i' 1| 262-65. il4-C] 4^8.4* 

L-Og io tAj - 2.73Safl Ins t - 2.46127 

La* aluii = 9.87226-16 log cos ^(iJ-Q - I.859H--IO 

2.91062 3.3109? 


3- 1 n run nine u hnr PQ { S 3ff42.4' E ' mr, Kirn point £. q surveyor LMicnunt-rs, a f.itaiiti, AL A nnfclit 
At cm Llit iii» and at i.'iit" edit of the s*atr|?, he ciiank.e& bl& direct khi to U fU^'D.O' E Inr a dis- 

lAnn- of LSOD.O ft L n u pntnl ft. Hr I. son liiiKta tci the oilier -nine of Uil- aVSnr. I he direct ion 

L*elcu; £i t6 p JG.$' i. 31 tUls tins? beets PQ in C 4 = lnS tHe distance' tron B to C> tlw angic- 1hmiisn 

Ah-icLi he nisi i urn £ rnn flC to "csnt. i iiur- mi lhe nr Ljcinul ILne. mil the dJateJice 4i" across id# 

am up. 


in LnainrLt ABC* 

4 &j B [7.S'. H H' a 2&-4' 

Ttwn € iao p - r.4 i £i 

c sin L 

sin C 

Jos c 3. 17669 
lot sin, - a.!.i -1371-1 i.i 
caIdb Sir. C - 0, L20BD 

log it - J, 39063 
It - 1652.7 


and r 1500.0 Tt, 
49 n 13.0\ 

< sLn £ 

D =■ - 

sin I. 

I ok f -3.17609 
108 S10 £ - U. 85734 - 10 
a olein a in V. - 0- ISOBQ 

1 nil i 3.IE42S 
Ji L526.4 



The distunes- fraff B to £'.' la IM2.7 ft. TV «igk tbr«neh whkeb she sisrvBjfer shlsl turti at {: 
JaS Zfito ' 160“ - L ACE - 130^47. * J - TJie d LfctSTiCe across tfe* smite IS L52£.4 ft. 


CASE II. 


4. Solve tile Lrlansic lac. :’.lveo h - 67,246. ■ 56.9L5. itnd Ji 66° 15-a'- 


SJntif £i is Route and b > c, tilers 1* R-no setjut jun,. 


i r. C 


r -ala £ 


ii Sill .4 

4 - - 

sin £ 


ioK r 1,75522 

Ion Sin £ 9,65820-10 

oaIosl t> ■ y. 17233-10 


loa i> - 1.8275V 
1AK s in A a, 95549-10 
nolM S Lil (f a. 04IDO 


lOKAilW - M.0A5i1- , V-lft 
f = MPtl-S; 

4 lSa n -(fl ‘ I'l ' 64 J 3CI-0' 


log a - 1.82496 
9 &S,62fl 


A 





















104 


i mi, \Nil mm: sou tidn or oblige r: in jam. i.is 


dietrli : ijij t e} fl-iii r 4. 

h r r. 134,16. ±A - 3^15, Q' 

Jgr (t. a - 2,oMga 

L)>u sin i* n, 72723- L0 
1.62131 


- a cos ^(£l -C> 

o = 66-B2E. icB-r.'f i^ao.s' 

lc'K a L. fi24 ifi 
]u\i i-os Jh;j5 -Cy ■ 3,90Kfl-W 

J.S2J2I ” 


9 . fit- | J “ l Li- trLJHB.U: . aiwn 'I - i23»20 r (' - 13r»-37. •' ib^si-t'. 

SUICV ■! Ea lunLr and a < ft, ' IKTP H»J be t*0 ScJuUui:*. 


i-:n ft 


h .4 


l(t£ h ■ q, e y-LSt 
I Of S In . L in 4J^491T id 
UiaJciK a 7.SC930-1O 


1 tit Sir, ft ■ 9,55587-10 
ft - ai 0 *, 1 ' 
f: - laa' 1 - i-L - fii 

« aia c 
sin 4 

Iff a itUKHfl 
Ofc Sin C - g,78573-10 
L-oleit in 4 0,54509 


irfiz.'i' 


Icili t = 2.42143 

e - 263.«S 



ft' ■ L6D a - ft 15^55.6' 

C' ' 150* - \A .ft’ i - 4 n 2(M' 


C = 


a S1 n C' 
5 in 4 


lc* a 2- 00r-61 
I^JluC ll,£9H2fl-Hj 
roLof Sin A 0.S45O9 


Iff ■*'- l.SSogs 

- 33,B6l 


B 


Chech : <6 i «m sin jC • i- «w i^JFi - A i 

b 
c 


T1° J1, i 


« - 2(6.57, ft 
263.as, Jifi-O 2 D ]S, z' 


ipf: f!i r m 2,444g-i 
Ilv: sin *C if. 9761S- (Q 

2.421Q0 

I Oft i - 2-42144 
Is* Cfcl ^ft-4 1 9, 9LM67- 10 

2.421 U.i 


Check: .iij sin jC r r'-Doa ±(ff r — A t 

5 - a 27R.57, 1C' ■ 'fn.i' 

c' 33.061, iiB' -4i 7i s Il, r 

loft 1 5.1] I - 2.14-194 
\m &Ln ^r;-' - a, £&4&»-ia 
1.00953 

}an 1,53093 
lor- ■ ■sss 3-ift - 4) 9. 50854-11) 

L-U3S52 


ft. Derive the Linn nf tangents. 

Hi anj trUntLt: ABi , *o h&vp tilt UtoJLprciili; frjmniLnj; 

(I - t atn I l,'l - tfj ^ a < tj _ cos ,- ft! 


t: COS JC 

Efi'-'il Jfin thi* r Sr»L i>y ih-- ftticond. 


'j - h 


sin silt jf.: 


r i) i h 


cci?, it -s-us kiA - in 


util he 


isr, JI 4 - ft I - I ELM j C 





















LDGAltlTUHIC SOUTH'>S OF ORLU,H E TRiA.SOi.FS 




Since C ■ Lfitf 3 - M *■ Bi. 


jC - -£) am tan, » cot J,(.l -B> 


1 

-fr 

tan ^ |A . £Ti 


Tints, 


fj - li 
Cl I li 


tan j(ji fii - tasi jfc* 


I 'LH. - H \ 

Lan - n> 


rite t*o other far ns ■.!> w viitaUicrf in a, tmi lai- iranluerr nr bj c>cl it iiiniifie^ ol JnM.prS ori 

tin- nJimvn fnrn. 


■CASE m. 


7 - Solve thn triHlsR* ABC, Ktvcn a 2535-4. C 1307- li. A - 54^34.2'. 


A tC 380^ - H L2S J 3=5,S' 

* - 2526,4 
C = 1347. 6 
a ~r - 

a r f 3914.t 



Lnri -C| -—- i(4 i-(.’J 

4 - C 


r. aiji & 

aim C 


Ii^K (a-cl, =, 3.tlPH4 
Cal on fa r) : 6-4U7iUI-Stl 
3cili Lur. i Cl - l>- 205W7 
lot; Lui: - S-ISSM-jfi 


1(4-0 ■ 2B D 30h8' 
HA ■ C> = 65^47- ft' 

A ■ SiflB. ?' 

t‘„ - L" 


!<« c ■ a,]42£7 
log in ft 9. 9Lf! L6- LO 
colas sit c - o.aBoia 


Lea h - 3.3330 1 
Li 2056,0 


Cfocck : Ll Is 1 if Cl [<1 Ulo Stuitefit (d Cb<:C:!l the flOlMtian b.y l«nn& t»10 «L--i -1 w ■ i ii« frn-nnla 

[q+ «! sin jiff = A t® 


ft. Solve tht triangle AHC t given it - *12,12, c 607.44. A 123*14.8'. 


< 'B = l&f-A = &4 R, 4a.4' 

c = CO-?, 4^ 

A - 473-12 
l- - b - 335.32 
ret- ] (5lih.se - [Q 79 .fi 



t«»! iMC-U! - ~ Tail 4-ff-■ - ifj 

c t b 


b ala ..] 
Bln n 


J Qg (c - i) - 2. L 3 3 36 
coins ■: I- , ii I - 6- 95674-lt 
Ing tan ■ 9 .71423-16 

Infi ian ifC-flj " 0-61233-It 
inC-tt) t 3°42, ft' 
4«7 + #) = 21*22.7' 

C 31° 5.5' 

Kf 23^39,9' 


Lint it - 2.614(13 
1<)« Kin -I ■ 9.9L2D7- LO 
colas! f in if - 0.39444 
JOK 1 - 2.96256 
ri - 1160.64 


Check : To check tlio solution nw» the Holler idv form] a n- . Ah is in ■ i n v- - : ■’ -tt>. 



















LtHiAliiTiivm: soi.i.Tio'N *n' uiu.iyi k inr wm.i-.h 


1 1 Jr, 


f), T*U SdJa-CtQt &)d*b> Ol u jiaidl jL 1 a.r.' H47J.7 nri'l -3 a CL fcflpecLive-Ljf u.n:l tin- n |«>; 1 r 

t*ei.-ll tlw® «t 72°]4-.4)', S'itxl Lhr l'iml.h «l Lim lurjyer laprniaj. 


tn l-rlMl^lp Ai$: . ft- LflO* 7^14.0' - 101*45.3' 

<7 ■ A - 7^14, H'i liC 4 I = 36*7-4' 


t ■ 4622-3 
* : 54 72,7 


-a - 3749- ft 
c - a - S2!KS,0 . 



Lttn >|.I " - ,-l I - - tan T M' - A f 

C I 41 

Ins (r _m - a. tnti2n 
COlCig (c r <13 - e.tfcftj 18 -id 
iw; i«ls g,H322-lD 


,*■ &ln S 

ii -- 

stn C 

lap. it 3,66326 

1 tin is 3 r. J0 9, &7JlSi-10 

cnlog sin i. - 0, L tVlj'J 


r -*u i<C - .4', 9-a 7460’ID 

TiC-Jl) 6 , - 1 46,3' 

- 36? 7,4' 

C ■! 2*53.7' 

A - 29*21. L' 


!np b 3,112911 
b - <1747.4 ft 


Check : 


1 r. + r, j &tJl Jii - ii CJ5S i {i*. - 4 j 


106 (r -raj r J„ »i.88S 
3 Up, 4 5 n 9- 90727-ILL 


loft h 3.62914 
hw r.4.xa - 9,fiH>fi9e-ifJ 


3. B2G M 


3r62«lfl 

10. DBriTW 1 It-" 1 bi.J [-iuiif It fcrzrtdta. 

Let Jiff lh, :ioj triangle. Ttirr> Cun ^.4 J 1 * aSltiie M 3 fi 4 L FT-ttyS d.C'.|P.H! , 

V J 4 tos 3| 

J 

fty 1 he In* ul cuslneh. cos 4 


b 3 * c 3 - n J 


so l.tim 


2Jj4? 


] - cos -1 - j - 'l .u/jL2L n Lj " : ' ' ‘" J ' - it 3 lii- !■ I 1- H41 - 6--Q 

Jbe J jfcc Sir £JjO 


unst ! • ooa .4 - 5 


2ir 


2bc>i, 7 c 1 -** _ | bicf-J 


3tc 


JJiC 


; t> -r i a J i b t c — a j 

2tf 


Irt <1 > Ji t r - ; Lben a - t» -*■ c (a i b 4 e 1 _ 2b n Zs _2fi - 

6-^c,--a = £(b—bJ. mid 


cat. 


u - 

T ] I COK A 


■/ 


! - b t ■ J (a - (, 

2iic 


- c I _2ii£_ T /Sc ^' -■ fr|» 3<4- - 4- 

<6 ■ c i a 1 (6 + r - c , T 1 2i ’ - a 3 


/ -cl / ij-3 -ai (e - tur J i' u ^a] “ t|i<j - 


<0 


\ ¥(S * n? \ ^ (a -O j 2 




h' tji»]Jy, jnii.1 ljis r . 4? (* - t><j -c) _ Lnn <-.4 - — - Tlur rciuilcmut furnulas 

I 1 S " >F 

nay I* abLdinnd lv -cyclic ohangsa uf It-ntprs, 



































sou j [i ok iJin.ig-i ii-. i’Ki v \r;r,t:s 


CASE IV. 


11, Jjn)w t hrj iriani:!. IfU?. -iveti a 649- B*, * 77U-«, «' 013- 3H. 


S - :( <(1 l if + ^ |l 


/(i -u :■ 1 1-h) l s-i t 

□ = 613-84 

i-ff 523.55 

1<H.: ii-fl) - J. 71008 

(J = 778.72 

f-5 - nsa.70 

Log (s-fil ■ 2.5SM! 

r - 012.20 

5-r - 25,5. L4 

Itifi (i-O - 2.40&7S 

2 5 3334. 01 

f- ~ L 157.42 

rplnm .5 5.93276-10 

s - U07.12 

2 Ini r 4,6403.5 


1 nit r ■ 2,32408 


c 



tun jA 

4 — 'I 


UPS r ■ 2.32108 
Iob I; - a > ■ 2. 71 H.1IS 

]nu Llui T 4 5-80 510-10 


.4 2L n 56.4' 

4 43*52.6' 


tan iff - — 

3 - (i 

lCift P - 3.22406 
luf. (j-i i = :.!- i 

InK tan ^.Fl 9. 73447-10 

- 3^39.1)' 

B = 56^SSh, ft' 


fmi jrC - — 

f — r 

I OR. r - S- 33408 
ICiK 1 . 1 -O - 2-40676 

4 OR tun ;C" 9.01730-10 

iC - 39 ,; '34- 7 1 

r isP 9-4' 


CbflCt • A I p 4 c; • IHO^O, 2 1 . 


l£. A ti'l&iiKuLyj llfrlil Ijuk sade:; 2025.0. 24FO.O, und 1575.0 P- re- 
us sl>5«n in the adjoining • lgwre. It the iwsrin? ol 
AH IK £ 35*3(1.4” E , rind Uio teas-in*. uf the utlies- L*u sldea. 


s ■ illl'l LC) 


r 


/ 


t s -a i j i -b •) I v- c [ 

s 


U ■■ 3450.0 
Ii - 1571V.0 
t • 302&-N 

i¥ : 5OW.0 
5 3Q2&10 


J-a - 575 

i-h ~ 1450 
*-r JOt-J 

a 3025 


No*! [v-m - 2.75967 
Euui £s-fc|i = 3-10131 
i OR (t-fj ■ 3.00000 
calo® s 6 -:iS1137-C0 


1 lt« r ■ t,.4fl(iai 
lo« r = 3,73016 



tan - F 

* - IF 


tail 4 j3 - -— 

, _ b 


Lun iC ■ — 

A — L- 


Jui: r - 2,72016 

Lent M-i i - 2,75A67 

I OS till ^.-1 - S,B*34t-10 

*4 ' 4^23, B J 

4 = B4°-4T*S' 


log t - 2.72016 
lOjf r H. 10137 

[|>K taji jrt 41.55579-10 

iB - L9 i> 54.3' 
a = 39 11 1 a . 4 ' 


LOR r - 2.72010 
loc (4-0 - S.flOOtKI 

log fun. jC = 9.12010-10 

4C = 27 r '4*.0' 

C - 


lSAC 64*47.6' - 35.°30.4' ■ 45^17.8': tlie bear-lrnic uC AC. In s 49 s 17,2 J A. 
a w: • 3:.'30-4‘ ( sa^s.-i' - 75° ia. ft'; tie tearing of w ii N 15 °ih.k' ». 




















m 


j.i k;aH3TN.vlu; solution oi umiyii: 


-.1 ITI.r^lKVI''AKl PHOKL.E&IS 


iSJt . vi‘ :ic s: rlK'rli rairb u I r in - Lriiui^ltta ABC, |: XVPfl: 


13- <■• 

* 

-fj, TJ3, 

A 

■= 

22*0,9 

. ( 


SL'-'21.fi', 

Jn.T . tj 

1 

43.511, 

b = 

72.432. B 66*33.6' 

14- '■ 

* 

130.80, 

f! 

- 

•12* L2, 5 

f 

¥ 

C 

- 109*32.5'- 

■1m . 

= 

b!4.13, 

c - 

1025. ih A ■ 214*14.7' 

15- 

- 

a 1.359., 

,t 

- 

!r 

A 

h 

c 

- 23*36,6'. 

.In.ir, ii 

- 

36,-306. 

c - 

14-703, B ng'iM.r, 1 

1G- b 


irt. 21 b, 


- 

10. UI.J4, 

B 

T 

25°57, 2 J , 

4 m . •! 

= 

21.367. 

d 

134*43-7', r tfi“2o.e r 

17- b 

T 

iD.Hftq, 

L" 

r 

24.130, 

c 

T 

1 Lq^.g', 

/ins. a 

= 

29- 656. 

4 - 

48 a 3 t J.2\ B 

]5. b 

-p 

86.425, 

l" 


73.463, 

f. 

* 

49 a lS-fi' . 

.Ins' . 0 

= 

69. S34, 

B = 

Ll:rii. :s‘. A «T c a2.a' 










d J 


33, H7 r 

ft' r 

1 ie 1 31-7'. A' - 13^49. r' 

19. D 

X 

12.495, 

V 

- 

!n,S73, 

A 

- 

2l"7.1 J . 

-4n^, b 

* 

28-399, 

B ■ 

L 25 1 ' H • t' . c - 30°43. a' 










b‘ 

- 

3+5745, 

H' 

fi‘'34,s'. C 1411° L6,l' 

30. n 

- 

4h". 3:3, 

c 

= 

71. 

B 


13^91.2'. 

dm, b 

- 

fi 19,00. 

4 

23*26,2'- C. 

21. b 

= 

ttb% 

t 

= 

3!>. 

A 

~ 

&6^43-* r - 

dm, 


175,49. 

i!t 

40*24.4'. C. : 42*51-4' 

22 . ii 

X 


h- 

- 


t 

= 

336,04-r 

dm , d 

- 

27 LP.2 

'. J i 

7!>' : '57.O' , f; lfn.5' 

S3, d 

T 

LH94. a. 

h 

— 

2246,3. 

t 

- 

M49.4. 

In*, d 


23 u L L.S 

\ It 

34 d 4- fc- , t: l it'43,2 


24, A wile, allied Jeaiin |0°15' frat t-fic vertical t«ard llw- sun, nuts ■ shfisLo* 10,75 ft lam; 
■her t he iuir! 0 of i'.|r»rat.(nm qf l.hi- iiiir? is Pi mi Lhe J-eOJjtfi Of tiie pule. 

Ant. il,91 ft 


2&, Tro obaerrars .■! and B, an level grwinrf 2ST5. 11 opart, -wmium'- [in- jukU; tif clivaLS-un ul mi 
airplane as it men r?eer Lhe Line jpIalnB theft. The aim!«■ ol eJevmtiwi at -1 ik 62?4S' up* 
ill H nfi' 's4 ', - Inri I in- dint jru-i- rif I,hi: iirpl 3 ™' frem t, " n J:, Uni ahOVf’ I hi 1 “»:i! fifs sur¬ 

face. .fit;. 2436 ft, Itjhj ft, 2 Lie., ft 

2 (V. A I untie! is t :j hi (jrintH. mcLr-d 1hr17.i1;! 2 nmiqUio J rtiu l Ijj jK, \ cttiAl ( 7 . (run MbiCfa both I 

and B are visible, Lf 2m. E ft trem d *r.ii 555 .. 6 11 frm If. Mo» Loop U the l.nnncl ill / «;ft 

35*42' ? dm. 390 .fi ft 

27- teisunlra the dlstancf ol the sun Iron the earth to be 92,697,0011 nl imd j Ik: m 1 un.:i ■ of thi> 

sun rtoi» nj'j 111 iw 33 . 9 eo.DW iri, find Line pcscsil le iJULaiieen of Merturj (ron the earili 

Alirn I hr- -,ni:l.- end*- l>,v hnrtuiry and i lie sun m-11 ti I in narlll iis ifrrici ; (VlM-fl/. 
dm, flfl- (iCH), ODD or 1 35 , Luo ,M0 n: 

2H. ■' pi 1 in I ti mn.'Mis-'iitiluril luvIs i bj<;- : rnn u pnfnt >. in nrdrr Lu find this iSLhLftltCd if', 
t*o joints V. atiul t) on si line nitli A and fron ■bii'ii U- visible on* selerreif, -=nd - 

55"1B' and Ir'fJ 1nr n. jnun-d, I| ,4f) 133,3 it end df ^ L' 1 - ft H. Lind d£i. 

dm. 52!). J ft 






CHAPTER 15 


Vrra*. of Lnst-riEit'il mid (jrcuniKcrihi'd Orrte& 


IIIK AREA K OF ANT TRIANGLE nrum Is JjhJ f the iirndCfit of Eta iNSSC and altitude. Fnr- 
niu in* anplicnb lc to i he Lour cases of obi Ique triangles ore lislpd be lew. 

CASK lit. Given r.wu sides and the jnrJqdert angle, 

X lia sin .4 jlm sin E sin C 

For el derivation oi these fut-mulas, sen Frob, 1. See also Prob. 4- 

CASE !, Given tun angles and a side. 

A a ! a ifl ft a in C b ? s i n C s in A o 3 s i n A s 1 n b 

2 sin A 2 sin £ 2 sin c 

For a derivation of these Formulas, see Froh, 2.. See aLso Frol,' h. 

Cask il. Given two Hides and the aiiftle opposite one oi them, 

A second anyte is ufcLuihed by using Lbe law of sines and! the urjjru- 
priatfi formula under Case I in nsedr $rs Prob, ft. 

Case IV. Given tile three -sides. 

A -A)(* -<:) , whfire *■ ^ (.t r h + c ), 

For a cterivai son, see Problem |J. Sea also FrobLnn 7, 


FOR ANY TRIANGLE ABC , 

«> the radius ff of the cjmmscribed circle is 

q _ _ b _ iZ 

ff — -— - -- — - - - J 

2 sin a 2 sin a 2 sin c 

h) the radius r of the inscribed Circle is 

r = h* -*Hs - b)ls-ci t whftrf . ^ 
* s 


F'nr a proof of these statements, sr*- Trollies R. 


See a. J so F roh L i- rs y -) 0. 












Ui\ 


\KK-\H. HA I >11 OK [■sSrHIHFH \\\> UHkt MSCIttliED OJBOLKS 


SOI.YI-IH 3 > koiim:>is 


1- Deriv h lbs L'urrr.'jl-S A t lie sin A. 

b Ji 




ScrAiT'C ttw latitude dru»n ta side !r *1' the trIan*Jej*flT fry h r *t have fr«n either Maufr 
ft - r Sin 4. T'!i js r ft jftft = J, be t. tn A, 


2, Derive tin? tonriiLfi ft' - 


t s,in 'I Kin E 

2 &in € 


Phm f'l iiL'I'Tr Lft - y-hc Kin ,-1 . u.r.,'1 hj I hr Ijit i»f amos ft 

« h „„ t H . c sin if , f. ? sin A Eini 

I Insn ft - £ftir Sir ^ = s —-- n alb yi 


L 3 j b if 

5i-in C 


S i:i f 


1 sin fr 


3 , l>'r.i vt c lie £b I'ttuJ a ft - Ji t s - u h> - b) ( % - c) . 

Pros the deiivatlMia in Pt::Jilun, 1<I, ClMi]iLi'r 14 , 

si b a H . m 


4 k- 


■jftiS 


bt 


and n« 5 iA - Wv&Ai = J*+c ♦«]* **-«> . *r'|»>-4 . *(#-■) 


■3 !■« 


4^ 


hr. 


Sm"i' „-l t 30^ Km - . ■.4j- ft i (» -■ '/ coa = 

V' >JC 


ft £ft,: aln -l| ft, sin 


/«’- - Thr?n 

H m»4 = J ‘ <a - 6 1 = -■)(!-!)(*™«| 


■i. Find thu ai l-4 rif i.Jii' triiiKsln gj^pn m - 16,344, fr - .72(J- and C SI^JS.S'h 

Til 1 & Ifl 4 Case III Iriabulii apis ft • inn C. 


lfl* (J I - 2114"2 
kin ft ■ 1,74606 
Jnp sin J..‘ - r J, 60082:-i0 
coJop 2 ■ 9, I&I89T-10 

Its A ■ 5-32CJ2T 


ft: 209,06 



21 P ia.3 J 


h - 55.7116 


Thi- in ji<|unr».- *jniLs. 





























AKkAS. ItADII nt INSCRIBE!:! l\D aKClMi&KIIJEl) CIRCLES 


Mi 


5. PUid tlie area of Lhs* triangle .IftC, plvon A - 3^14,3' , C ■ 613"29,“'.. inil I, 34,(P6- 
ft = iaf - <A + TJ ‘ 6<flG.a r , 


This 15- a Caae 1 


2 top l - 
iw; sin C ~ 
Lop *ln 1 ^ - 

cjulifii £ = 

rolos -T-ir ft ~ 

Ina ft - 
ft 


trianplp md K 

3.0SSDQ 
IL94 731-10 
h. 'rfitflS- k(J 

&,69EV?-tO 

9.D063Q 

2.52B09 

331, Hi Square units 


:.in r " Silt .4 

£ sin ft B 



Ik rind tit? aren m thu hrninglf ftftf:, gtvm 2S, 642, ■ 44. C 7 Hi;i r and ft :::r 

this fcs il piM' i! I.rjiuifljr in All irli I tn;ri- nuy br I aij 3 ul lit SOU 3, 


titl r: 


. fti 11 ft 

l" 


La* c - i.friesi 
I<aS sin ft - &,59737-t€ 
colo* h - &.54MO-I0 

La* a in C ft. TftS-VH-SiJ 



C * and C' L42f n L7.l| J 

4 - lad 3 -iB if) - lttt s 5e.4' Bad 4' ISO? itin'i ^ 14 <1 24.4 - 


Araa at AftT is ft. 


f j «lo A sift ft _ 

£ skn C 


ftri-a ci I dftf." i,s A 


r 7 sin A ' sin ft 

2 Sin C r 


i i'JII c : 3 , £8242 

log bio A - 5, (HJ93-1Q 
ioft sin ft g. 3‘fl3T-lo 

L-15'Jni; 2 9,59857-10 

COlOft SIB <• - 9, 21942 

10? A - 2,74411 
A ■ 554,78 

T*ii Iriansles are <ii*t rrtiimid, their arena 


2 loft e - 3,2&2-I2 

Ui,. Sin A’ - 4L3DSB6-10 
1 Oft sin ft 9.55737-IQ 
coleig 2 ■ 9.e!>ftii7-iQ 
iijJni; sin(" = 0, 21242 

leift, A - 2. lQlSfrt 

A 1S7.TS 

554. 7-E iLrni 1&T,7B Sftutrn units reacts rel?. 


7- Find the area ot the trin-nele A#C „ glvp-n if ■ 255, 18. t> 29O-07. anil c 4lfl. 23. 


This kS a £:asr IV lT]Linitr- =rd fi /f <s - a J (s - Ki <1 - 1 !) . 


i+= i(a 

tb t:| 

A - lCA,4 - rj i f.V -lllj.f-l 

- 355. 13 

i -cJ - 227,4 .' 

]0|i 2. 35£9£ 

= 290-H7 

i-fa - 19], 7B 

]Oft - 2.25230 

• 419,25 

€3,49 

Juft i-t-J 1.IW20S 


“ 

]uft ;; - 2, U036H 

965,39 

i 402,65 


- 4ft2.G5 


2 JOft ft ~ 9, 12545 



Juft ft - 4,05272 


ft 38.536 



Tiie arcn lb 3 G, S;! C K-nnurc units 

















\h\ kmh i 'ii iw.Kim n t\j> vt.H<:ttiisKt) i m«:r p:s 


M2 


C;, I hiLt , 1:1 jmij C r j :ii; I : ] l- 3BCt 

,. ! I- radclia ft rjf C 3 ie .-irtUirftf nUfl ciTrlc is L'J 

! i ! tj-lius • t t]ie WSiTltaul Circle Is Riwii bji r 


ft ■ — _ - - 

2 sir; ,-i 3 .sin ft 

- G J ( k ~ ft H * -f)-i 


-7-und 

2 sin (7 


•i l/-; 11 hi i • ■ iT»r i • r i ■ li> ■-■ I rCianSKt LbelL ClFu t 1 ’ . Join I' 

i.v ft and .,;-i I- ia • fcrotu-'ji .. t*ii' purpura! fciilat to BC «et- 

I . II .11 }-, Stun • I limit IJ|[{| Li isowhIss, fJO fa i.wet ft AC. 

Sinn I _ J.-ii and ZhfV IJItetWDt Llw: turn- art,. A - 
■.!Mr _J •"’Ik th: ii. m riielii triangle (JfJM , 


r 


m 


Bn 


Flj l.ft- 3 aft ui s-jiwa, 
t|m1 

ft 


■511- / Bftf, 1 


■ii 
k i n it 

ft 


n 


j= i n >1 gin h a in t; 


2 sin -1 

j L iaS 1 o*B 


(i 


2 SLR .-1 


2 s i n ii 


2 a L ii C 



> •• 1 I • ••! r r nr i|tir- LiifstrlltBil Oircifc | llltflr- 
- ! ::::i it- bisectors at tin* intiTinr anulcS- cuf 
I ■■ i: li. i- Is ■ S 1 anil i Lm JiuillLt .r rsTif.i-ntv iif tlir 

i irilf ..Ml ta tunpie h> f: , f.F. sinni- ( is unuidistant 
frm ilur aides ,1 tin* CrUmle, 

if (£ IF = r P 

S- — i., - ni'Pii nJ li' ahr-a ’ arfia £( ' ■*■ nrw CjA 

ftr - Tiir + Jir 
l-ri;n ■ ft i r] = £r(.2i) - 


Hill, i '■ Pr . ft (i - u i |i - i i (s ■ ri. Mnnrir, 
;* is -a I (a - ft} | j -ri _ '!* -n)(S -ftH* -‘‘l 

V ” ~ ' V l 



*■}. Finn I r.il .1 nl I in- i n iia.-'-rittid ftIbl inscribed circles 
t ■ Hit '-,2. l r r .Ul'J h - .JST-lfl. 

il - tKI.s 0 fr - I i -SS^S], s' 

Inn ft I S.5M-2S. 
toLsp S 9. 

Til linn fi , a —-- rDJc'i; Sill ft (KD3Q2S 

2 Sin B ■-— 

Lop ft fcMW? 

ft HIT,71 


of triaiii:]? [Iwn A 11° IS.B*. 



To lind r 

!• sin J , 

u- 

aLn H 


Pf a 1 n C 
sin fl 


Lun *< - 2,Stdj25 
I*ill -in .1 9 hBI£I23:-10 

uing mi fi U,Ma25 


lui: t: 2.5U03S 

i,iK sin C 9- LIT JP4-3II 

iolCB sir fl Q.Q302S 


iiw .4 i.tima 
■:i - trt% *1 


I OK r 3.593 Lt 
<■ - 390-07 































WibWr- K VhU in INHuKJliJ'U -lMJ CLUO VtSCiiJMLll CJHCll.- 


V " ■* 


- 373.99 

ii 307.40 

r: - arm,07 

2* - 1Q51.54 
a iJ^Tf 


s-A - m. 75 
j-t i :m. :v:t 
- 135, 7U 

s &£5-77 


IqB U-dj - 3.4WLH2 

] L'|: (a-ii.i 2 hH (119 

]nc *w) 3,i3256 

■" I Off f - 7.3TH-2U-JM 


I 3Oft t - 3.95359 
]y(t r - 1- St7fiS0 
r - 94.793 


10- PjiiH til 1 ' raili j «f Lhr : ii:;rrj iir-ii and clrrunK-iTihei! nrR]iv; i>l Ih* Irianp]^ 4ihC rflLGSe tides Are 
t - 975. I' ‘ $12.37. and r ^ 743.US. 


7o Jin4 r 


A f - v j i y - < i.. ■■ -•-■> 


TO t ] Itrt if ; 


<i ■ :J7i . 6H 

t> 512.37 

r = 742,05 

2* - l&lg.SCJ 

* &15-li5 


J -v : 429. :1 7 

S -4i 302,511 

a -f ■ 73. (.10 

* - S15.0S 


iUS i>-'. j 2.&B2S3 
Lou (a-t> i 2-4H09E 
tog (w) !. 36332 

C0l<V; s ‘ 7.U-8303-JU 

2 lof rr +i07SM 
Los r 2-03798 
r - 109.1-1 


t.iLn ? 4 



LtS r - 3.i]279fl 
f-l I s -□ I 3-642l?3 


Lw lan - 9.39515-ID 
M 13' J 57,(1' 

J, 21*54. O' 1 


it 

2 alb A 

l ug 4 - 2. 57-162 

00 Lot 2 (i- &JS07- ID 

DOiijfc tin 4 ■ 0,32982 

lot ii - 2 --50361 

if = MU- i‘i 



11. [ji t :ria>:rai 4 M.Ju l p livid ^UCJJ, 4fl runt N02 ?J.q'E 11,4 ttl. 
fit; ri;ns * 22^20' » Lfl.S rfi, Anil- (;n rials S 4<l & 40' W 15.3 r.:l. 
(U j'Liiifc s :i 2 ° l Tj ‘ F-; biit CAiiJiui 1st- tiea&ured. PI ml : 
a ) th'- Ljmik'I K ciT fl,1 . 
b) Ed? area of (lie fEeli, 

In the ! ■|.:i!Ti’ SX is thru north-souLk ] irn t.hr::.Iii.h- A, I :a- 
jxUnte i.ji'.ff are tn fec-t ul the riPi'pt , nait-tilar& to (bis 
linn through A.ft.f r«s|H»ct1i-i*Iy, mid tin I imMs -Of and J 
are lierpendICMJJ&r Lofiy. 

id Ffi - FI - jit nc t in 

- 15.3 sin •!&'■'-10' - 19.5 Ain 22*20' 

- 9,91 «- 7.52 " 17.49. 

FB FB - JIM - fi.4 . tih ] henL-M 
EA FB - llB 

- I7-4U - 11,-4 alb fiaPlU 1 It.-ffil - IOjJOS • T.4L. 

Slinne £.1 - i'M slH 3^ Lfl' , fM 2 lll 2 - - 13.9 nl, 

sin ?3^iD 


X 

JL 






















ikkas. h um of n cim i mm rihkd circle* 


I 14 


Pm Arm AiftJff irpa ijUtf i stma fftf.Xi - arc*. HAP - area «fj> 

- hex . #b?4ii ' *<fu ‘ ecu"; - ±ea+h) - j <;ot& ■ 

New }. I 7.IL, i'fi 57.49. Iff 11,4 rim filin' 5,32, UC - 3-97, 

f jr 10, B L-Kft ifuo' L 9 . ii-2.. tp - 13. 9 era 22 s ID' 11.77. 

GiJ ' 15,,1 ros 4if40' ' li.Sl. TJlet) ; 

4: “Ji tf.i p .7,4 i • 17.49)1:.. 32) t : ..17.4*1. 9, 9'■ i. L,A. 32l - M7,-i 1 . i LI. 77 i - ) (9.97'H 11,01) 

- fa'i. 23 ■ - 43..til. - 57.35 - 216-27 nr 218 sif, rd. 


12. Prem- ilui 1 1.- area :■£ a cmaxln lateral L* equal (« bn J e the ltmrtwt <.£ ns- diuRonals ana t.he 

sin* ©t - ii'- tjmliidpi) nn^le. See fi k. < a ; n.-h™, 

|,--r ’ll- .1L- on.:.=: u r i Jn i| niLirr j 3 u.K -■ ru. I 4 £!I.’i!j i iittfrSeul ib U r Li'[ 0 In- aji fljfttile Of aJite-t^sec- 

i Lug «c the ■ |l1 ' 1 let i) igejArnte the dinf.onnk, into sraiwnts ot length p r if; r, a if 

in (Jio 1 J |giiro r 

Area arisi AOB • -irta 4fS) ► *rna HOC area 7'fJC 

. rp a ill ft i s ii|r s-jil ( IBCf' 1 - S i i j pi a ill ll&Cf- 8 i i ^ y's Slli 8 

j (pi- i ijr t ps ’ jij am 8 ■ i(p + yHr * a > sin 0. 



Flfi, r-fl) Prcfli, 12- 



Fig. (b Proft. 13 


1J. Provo r t,.i | Mi.- lire’ll B nl l.[i< -cdbiI li-f at’nr.-nL fStiailfid! 01 % rlrcJn "1 raitius t npl center f? 
cut 3J che eiiorcAJi ot th#- Fi it. (h i above is nii-cr :: ■- k 4r*{fi - fcm 6 'i. vim re 8 radians 

Jh l 1 1 '.- centra,] aii^iu Ltic.-.' crept eii 3>\ r lue rliord. 

Tin- requLred area k Liie ill/ference between the ares ot sector Inland triaiiRl* 4<)Br 

Tim urea S ..I I hr sl-i-i-h ha 8 ii* tu the area ut the circle « 'lie arc -1 if is to the cirri®. 

ter^nce *c line circle rhal Ls, — end S - i r^ fi> . 

nr* 2 It r 

Tin? emit ijf Eriiutplr 4<^B - ir< r siq ft = ;r ! 3dn fl 4 


Thus. 


k ■ ^r 3 fl - jr f sin 8 . Kir. fli . 


t'i, '111 re ■ rir . r:-i till .-ti :. rr= i.Ji.f huVe reipetk 
r jvc rail l | so, an, 3J in. anas are Lip^cnt in 
eseb *>tticr externally. Find the area of fin- 
, ur i i J E/u a r (.riatvpje fnrnefi 1^' llic tikTee c j r- 

cles. 

li*’t the n-m: - ot tuDBcnej «n i h. circJcsj 
Mm fl.S r T ar, in tire riaure, Tul; reqkUred urea 
i:-. 1 |t*. ■; 1 1 f ■■ r.-n Ln-1 a< ■ n 1 1 :■ uriM uT E riai:in:e 
..-Li* / anrt Mir s uiF (if t M 1 '' a rests - I I hr l.lyi'f S<sn« 
tors -I HiT . nnd v.j. 





Alt F AS RAflfl OF |\Sl'ltl[il-.l) IMJ UM:i YlSUnuKi) Iii( I KS 


1 1 > 


Sin™- l.hi 1 join of r.hi» center* «f iui.v 3*r i irrte.-; passirs tBrmni.li i.buir no im ot ranssnev. 
<1 - /tf : - So, b - t'A - K.\ t fluid [ ^U-ID lL TJuti 


a = 

ff« 

‘ !i r r| - 

Ifttl, ¥ -4J 

■ Jb, 5- 

U 

1 

VI 

£ 

li 

- 3ft. 

lint 



Jt - 

area A&C ~ 

VS l i - ilj ■ I - 


= v ilHK50K3fl) 

420> 

- limu -/a 

1 7B2r 

r ” 

K/s 

- 17,32, 








run 


r 

17.32 

ft. 3*91, 

j -1 = . 

A = 

J^1E2 J - i'- 

lift 7 

rad. 



J - Cl 

541 







tan 


p 

17.22 

O-D-773, 

id? - 3KPa'. 

ifi “ 

eftV 1 - 

□17 

rid; 



s — b 

30 







tan 

it 

p 

r 

_ J1-32 . 

0 . iiSfiL'i. 

H"- 4Q°M r . 

c - 

sr-iii' - i. 

42A 

rail. 



« - C 

2fn 







Aron \ut - i^e Jr<S0>* (0.6S?J ■ apjB.Wu area BUS - i iSOi’ MM7i m^is. arra CST 

= i<20>* iIn-flSBi 2B5. 6(1. awl Lh:-ir jiut s.-c JMQ.Sfl, 

TJw required urea in 1732 - la90-50 Ml, Sit or 1-12 .iqyurc inoho*. 


IF- a? Derive n tormuln lor tJie Jenscli L of an upon Li-ivtm: tell. 

(it Find. Id tits tissresil tenth nl an inrh. i.hr ] math i j sir living In-11 miming nr«- mH 1 no 
ptillitysi nl: radii IS In, and 5 in, rp&i«c a . Lveiv 11 tbi- dlEfcante net-wen the centers ilm 
ehe-els t-a Ml in. 



al Li'i Liie tin wheels ol tihHi * anu P be centered ur ,-i and & ras-weri leoi> r ami let .1 deflate 
tlw distance bftteeeji Hie rmsl t-r:s r The reguin -d losiKth ui hr 11 ir; is- 

L = arr iJJ£ - CE J ire CHF *■ FC - 2-1 arc .if. r arr CH r (>; u 

SlnSe CE its tangent to the t *0 circles 4C and Kfi nr'' pH.tu.Lle]. Lr-t tS"- line trinwgl .-1 D8T- 
allol Lo CL WNt at A. Deduce ate ainjle /MA. rn.-fli.uj e l m tailiura5 h Uj 0. Then 

Elm 0 - MMB = (ff-r '; d and 0 Arc a in jfi - r i 

£JBE - ili-lf,' - i;jri . 0j rnd f amt arc .IF, . fti length mum. 

£HA (7 1 1 - / HAC fan. - 0J rail, drill arr CM • r ij% - *| LiinjjLh icnit.-i, 

CE - ^A AH oo? 0 - -j ooo (?. 

L - 2LAn 61 ■ n.jn - fll i J eos ft] - -.ft . rwi i ift i 2 d tint f> , 

dhcri' 0 - Arc S]Q (df-r ) ii. 

i) lie re ft IS I- j- 5 h and f t - 3i>^ t-Jvr-Ti e = Arc sin (ft . i )(d = f, rc mu 1/3 - O.nnQ md uid 

i. - (1SI-5)(S-1*2> • 2(15-5;?HQ,MD1 i 2|.3(1 J ( 2 /!_■ H ■ 

- 62,(34 - S.flp + S6.se 13ft, 2 Jfl, 










vi li vlv inn.. >vnd i.iuc.i mm min i] < im:u-> 


116 


lfj. i7 ■ |r-nv( a rarniiiu far i.nr Inrjjlh } uf a crossed dr iVLiiK L-.'2?. 

'm Find. to rhi" iiH-n.rn'f.1 temrti ui m lreph, * h--* l^nct h ul u. driving tn-n r its-crnii^cri about 
'.*« |ju] ic: j£- of radik ]ij in, md 5 In. re cj » cr ivcly ti 1 Iw ■:-vi ar.ct i---i Ulc- centers of 

L ih .:,i> In, 



■j • l.iii I. ■ I hi- uliivOw !>( radii r :uid If Jin ei*:ii im-b <3 aL 1 and 11 rer-pect BV*-]y. ami li-t u demote 
Un- d 1st m nr 1 " i»tn‘*n tlie -senter*. Tbt reiuiJTd length ®r IwHIuk Is 

L - 2<orc Jh >- *r<i (,iJ t‘,K j, 

U‘- !;■ i he iiii' HinauEh A unm JI L lof'r r»r-t. HF esc tended at K. tn-noie the anyli* fcu - , iw'-a- 

SUTtd in l ad La Jib, L-J 1 fl, Then 

siti A JiH/AB - i| l K*r)/d and 6 - Arc sSn {ft* n/J. 

jc.JlBE - re - lM ■ n£a - Hi tad, and utr Jf. . 00 Lendls urnts. 

t.MAC - £JBE - l*n - 0> rurl, itm) urn CM - rtf* *• Gi ienntli iiqiLfr, 

CE - U = J cne G\ 

l. 2[fli,jit hi nji! t 8) ni =« 0) - <1? j r i tit f 20> - '2A ccjm &- 

■AfliTf 9 - Arc sir, (If * r , -J. 

ill Man- ft id. ■ - 5, nnd rf - M: than 0 Ana Ktn iil i n.-J * Arc mn j 0,»S4 fad ami 
L (lfl-53(H+ l.Q-Jfi 3(30) (i/3> - S2.115 ■ 51.96 - JH-S liu 





a um ul- I.V<RHmi \M> L'lKO MH KIliKO ' IH' I I ~ 


I I. 


SUPPLE MEM Ain PHOIH l>i> 

rjqil i In; .LT-jm mJ Lh# Iriaiusle iffC, njv&n: 


17. 

f> 23.U4. 

■ :*5-25. A 

= 


In*, 

324.5 :.nn n map . 

IE. 

ir 45G.32, 

1 5H6-I14. 

C 

i’B'kfi.g'- 

■Iras . 

fi3.mci square unite 

19. 

Ii 513.33. 

if 52° 14-6 . 


f ' - 03*45. 

■to? . 

lf3j5S<i> square (inii--4 

3a 

t> 444 - 3S. 

A LID 'l5.8 

1 

i 

ir ■ 3d"H>-4'. 

4ns, 

117^^21) fiLUttrc ii il : 

21. 

ir 384-22. 

!■ = 45)2. m. 

£■ 

= (DT-OT, 

4n-v. 

Fdn.HU srjuaTp iii-rM 

22- 

■J 25-16n. 

b HI. 153, 

c 

- 51. ITT. 

Aria. 

■JJfl. H5 sr|UKTi .iriti 


23. f'l&il Uw radius dJ t.be CifCiUAerlbed L-Ln.-a« u.l Lti? t r I li.ur: 1 1 - 4fh . Mivn 1 1! i r I : i 

B Ins. 23. !■■ l-l 

34.. Find 1|ir riulius af thr in*i:rjbi!<l ( 2 trc:[r uf Lhit i.mujiieEi? Aft' . fclVi?D r.ilu? >i I'iH, 

a:n! c (5.013* -In*. I -932 

25- Tfte 5]df*i dl a triangular pJoi :irr ia.sii r kt.™ sr.ii S6,?)0 i". rosin: Livi-ljr. i ie i ir.- 

inm raili-.IK uf au'l.ktti til iin BdUMttUC I««n sfifin*i“r nt.ieh Will msii-T =' 1 i i .lvt.p • : 1 . Ml 

anil i r J|r- ra4ill5 nj 1 hu r jrcqlar / Inm-r hi 1 ,1 irk u:h car ln‘ rotiM-fuMi'd 

4ns j ii45,46 lli Vl J 5-17 ft 

’3fi. II k Is tUf iirftit, tt L» till' rod]UK m Ike rircnn.-t<-nix'd i: irr If, Mill r it tlit r i ■ ' • 

klt ilit'd -ir:-]i.- M Hit (Mantle ABC, jjrove: 

u) k irlj 1 t-ib -1 aidiJjB aSe I- 1 . 

Ii .i k aijcAfft. 

r i k = rJifuin \ t- 9 id if i eln C). 


CHAPTER JG 


InwrHt- TrijffomjmiHri^ Kumtfioiis 


INVERSE TRISDHOfiETRiC FUNCTIONS. The equation 
|) X = sin y 

defines a unique value of x for each given angle y. Rut when * is given, the 
equation ma.\ have no solution or musy solutions. For example; il \ r =2. there 
i,S no Solution, Sinee the sirn- nf an angle never ejceeda I; if * = i. there 
are many solutions y = 30f\ 150°, 590*. blO*, -210 D , -330°. 

Tu express y us a function of x, wc mil writu 

21 y = arc sin ■*. 

In spi'ft of the use of the word --arc fc Z't is to be interpreted as stating that 
'y ie an angle whose sine is Similarly ns aha LI write y arc cdsa if x = 

Cus y, y = ure tun x if x = tan y, etc. 

The notation y = sltT' 1 *, y exfe^'x, etc., (to bar cod 'inverse sine of x, 
mvi'Tse cosine of x r , etc, > are less frequently used since sm -1 x may he con* 

fu^cd with —-— = (sin jo ' 1 , 

Sl 3k X 


GRAPHS Of*' THE INVOtSK TRIGONOMETRIC FUNCTIONS. The graph of y = are sin x IS the 
graph Of x = sin y and differs i'ror. the graph of y ti ill x of CtiapLer 0 in 
that t hr- lilies of x and y are interchanged. Thus, the graph of y = arc gm * 
i?, a sine curve drawn on r.ho y-uxis instead of the x-axis. 

Similarly the graphs of the remaining Inverse trtgonofnetric functions are 
these oJ' the correspond in jf trigonumetrie functions except that th^ rules of 
x ami y me interchanged. 


PRINCIPAL VALUES. It is at tines necessary to consider the inverse triguticeotric 
iuhettona as single valued (i.e., One value of y corresponding trr each admis* 
r>ib,*■- value of *), To do this, we agree to select one out of tin? many angles 
Corresponding to the given value tif .v, For r sample, when * j, wn shal f agree 
to sfiJ■ ■■' I thf value y 30 r ' and when * = - i. , we shall-aerae to seiwt the val¬ 
ue y -:.lf . This selected value is culled the principal miu& of arc sin *, 
Rlteri only the principal value is called for, *u> shall write Are sin *. Arc 
COS x. etc. The portions aF Lhe graphs on which the principal values of each 
of the inverse trigonometric functions lie are shown m r.he figures below hy 
a heavier JInc, 

when x Ls 5r |v<? er jsvro and l lie Inverse [unction exists, the principal 
value IS del 1 tied; as that Value of y which lies between D and j a i no 1 usieq K 
Fur example 


Arc -Sin 

v'5/2 = vie 

s i nc n 

s in 

fl/a = /s/a 

and 

0 i 

u/a 

■s. */2 < 

At* cqk 

V Tj •' 2 T./ti 

since 

cos 

n/ti = /3/2 

and 

0 < 

i 1 & 

f n /2 i 

Arc tan 

I = H/4 

ainc-f 

tun 

tt/4 = 1 

and 

0 < 

V* 

c y/2. 


I IS 
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tflteh X is negative ami the inverse function exists, 
defined as- follows: 


the principal value is 


-|a 1 Are sin x < 0 
* Arc cos x i n 
- £ Arc tan .* c fl 

For o-xample: 

Arc sin (— l/3/2} -a/3 
Arc cos {-1/2) 2 k/ 3 

Arc tan (-I //3 3 -Tt/fi 


k* 

< 

Arc 

COt 

X 

< K 

- a 

< 

Arc 

sec 

X 

< " i™ 

- *1 

< 

Arc 

CSC 

X 

< - in 


Arc cot. {-l i = 3n/4 
Arc sec 2./V3 ) = - 5a/e 
Arc esc {- y/2 ) = - 3II/-4 


Mute, Authors vary in defining the principal values or the inverse ['unc¬ 
tions when x is negative, The definitions given above are the most convenient 
for the calculus. 




y uxr Lun n 




X 






















m 


IM-Kltrit: rEdliDNuiUKTEUF I -1 MTHjN* 


GETE1AL VALLES OF TFQi INVERSE TEUBONCftETRlC FACTIONS- Let I bo an inverse r T t_- 
fino^trir: function of *, Since the value of a trigonmrjel.rtc timet ion of y is 
kllu-flji, there are determined in etiftBral taO ixisllions for thy Ltrmina! £ Ida 

ul the liu^Ip y [See Chapter 2), LeL y- t anti r, reapscliveij be unities deter- 

ci.nett by the two posit knis of the tereinal side. Then the totality of mints 

of y uollKis-L of Lhe angles y. arid jr Jt Lustther with all imElsss coterai ina 1 

sith them, that, is, 

>"i a 2r*n and! y 2 + £rr- 

whyrp n is wty positive or negative integer, or is aero. 

One of the values y 1 or y r iim.v always be taken as r.ht- print- aikiI vaiwtf of 
tilt inverse Lr iKanumeLrit: function. 

EXAMPLE, *rite esEmfls&ions cor the gs-rwrai vaSiir nf in *re «Jis I 3, 'O- jit eor, f-i,, 

c) are ta il t-lj, 

nj riii- printLjrtI vaJLr! uf art sii 1/2 la dinl a seeaiKl ,«.lue- (non at. 

Li-mMiL .1 ft j Lh Lbe (jriiw ipil value-;- :.■> fjn. 6 r fli** ICCHTbI vaim, 1 nf iin: 
sin 1/2 is gjvun Ijy 

fl/G ■ Sfi'l, 571/0 + 2n K 

ft.in.-ri' it L.-i apy jKWttlvt nf rii-iiul tv-.‘ jnteiter, nr in 31 :to, 

it The* principal value It n :iml Mi*n> i* jhi btiitr value not cot* mlau* ! with 
it. Thus, lhe BL-ieM-nl value is- tirea by ~ 1 2n-t, ji ta a positive 

nr I’l'ual Sve Milliner. or is wro. 

rs tTip principal vn|i|o m -r 4, nn'l ii soivbTirj value i.nvl rotoml nn l with tM 
principal valuei la 3a 4. rims, the uobfrcai value is .:jv«u bj 

-VI ■ 3"^ f 3ii/4 ' 2aa 

Hiiere: n is -fl ptrilti Vr nr Dreallvu inl^^er. nr in Jitro. 


NOLYFI> PROBLFM-i 


1 . Fjpii 1 be principal value of eacb of clifr Mislay 


■a! An- ain 0 - 0 
fts Arc coh (-i> *1 

, J Arc Lap /ii - a'3 
df- Al *- Cfj( /!7 - n.-f> 


rS Arc ru'c 2 ■ A/3 

Arr <jKr f-i^j - 3-:. '4 
gS Arc coe 0 ■ a /2 
ft) Arc sun (-n - - avz 


1) Arc 11141 r-1 ) - Ji- 4 

} 1 Are cot 0 - t./2 

Jij Ar v Mr 1 - r'2 J * - :>H 4 
Ci Arc rj;< (-2} - Sb. S 


2 - kitircas the j>r i ncipo| value ot each or iiw luiin'+iac to tin- aeai'Aat nltiute. 


0 ; Are 

Kin 

e.snya ■ 

IS°S 8 ' 


Arc 

ein 

1 - 0-6439 s - - 40 "' 5 , ‘ 

ft i Arr 

cos 

0 , ‘ 5 iir.il] = 

(nf ’ 1 S 3 ‘ 

hi 

Arc 

CoL 

1 - 0 - 45 IS| 

0 Arc 

tali 

1 * 5000 



Arc 

Cup 

1 - 1 . 440 l>!- - SS'^IS 1 

J; Art 

Cal 

1 , IfJTfj ■ 

4 fl° S' 

n 

Arc 

"Ot- 

1 - 0 . 134*1 ' L^L?' 

r | An: 

SPsQ 

l.(i 3 £fl t 

\A°U‘ 

hi 

Arc 

sea 

1 - 1 - 3067 > - i « r ' 55 ' 

f, Arr 

CEbC 


4 l° 32 r 

h 

Arr 

(;nr. 

H. 1923 1 - i S 6 °.LZ' 


‘jr Verify aacli oi vlw: fol,Icraln*. 

uj alBIArc Jiln 1/2 j ■ IS Ml a.-'fi - 1/2 
ft -1 L-na Arc res i-]/ 2 )( “ rrjfi 271 j '3 = - 1/3 
1-1 ros An sln^/2/2)] r:tii < - ti/A > /ij/2 

ctl Arc atn rslD n/ 3 ) * Arc sin ea /2 a / 3 


fi Arc cos r oca i-a/ 4 h] ; Are c« / 3'/2 - a/ 4 
ft Arc alp 1 1 an 3T r /4j Alft Sill l-l ) = * */2 
111 Arc rnn j tun 1—Sa.-'lj] AS'i' OQS i'-| 1 a 


jnyivKsf: ruicihMiiMi imt: i-i m rio.ss 
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4. Verify irhi-:|i or cfit- lollop iilj:. 
a; lire sin/2,-‘3 - Arc slit 1/2 
frr Arc cop o ■» ■'it'- tan i.-ij 


- rt /4 - -/6 - */ 12 
a/ 2 i i-A/4i a, a i An: tan l 


Evaluate I'j.ch (*f Irir foil 

jji rna i Arc i : ■ n 3 ft-. 1 i P-lji Arc ces i-2/J)] ( r: tan 'Arc bin !-3/4)1* 





u) Let ft Arc siii 3 / 5 . then s-sn 0 ■ 3.- 5 . 5 bet ns a It rat tjuarirajLl ;uip*- f Fr«n Pjfi, jit), 

eta 1 Art sin 3/5) s nra *H 4/5„ 

'•> Lwt t 1 - An- cut; 1-2/3). I hi-n con. 0 -5/3, ft being a seemid rflirutrant ang k. Frnn Fig. ->l. 

3 ? id i.Aro cos (-2/3)1 = sib 0 =■ v"5 :J L 

<•) t.rr 0 - Arc Ain o3/4J- tlieh ala S _n 4. 6 betiiu a fourth lull drain anule. Fruit Fie.(i|, 
lan f .trL- .tin r—3/4] ] tap ft — 3/V'T -3/T 7. 


6 - EvhJiaLp air- j Arr sin 12 13 ■ An- r in 4/51 , 

Let ft Arc Pin 12/ 13 anil 
/ : Arc sia 4/5, 

Then Sin fi LH J3 anil r, :u >, In. 0 nn(J 
gi-tirtni? first quadrant napJes. Kron cue ad- 
joininA figured, 

Pin (Arc alb (;:.• 13 t Ar- a in 4/5’) situ ft - :/• - 
x din ft pus p - eta !i sin 4> 

- 1 3 t i 4 ■ S 

13 n 13 F 65 




7* Bi'AHnnt* coy ■ Ar^ t-m L r i :-■ Ar- sin 7-2F;. , 

Let ft = At' ■ tail 15 /b a till 
P - Arc -s in 7/55. 

Then Can ft - 15. £ and a in P 7 35. ft Stfid 
tuI-Lns fir:;i q^idrujil nri^Sry, I’mri Ltjr: aii- 
ioipm^ figures, 

Ccttt . Arc r un L ". b - Arr : : 1 n 7 25) - cost ft - / 1 
- ft 1 :i.t; f> *- ain ft siji <f 

_ ± _ sd . 10 l j_ s 2&7 _ 

17 " » tt’a ' 435' 























].Nvr;i{.-ijr; r- lce•:;> imjmouk: t i 


\zz 


ft 


SJvil I iiu.fi-:- .-sir, , H Arr t aji 3i . 


Let tl Art full 3: then tan. fi - S. * being -a l Lrs-t quoUniiit tanl'! 1 
Froi thn nil j 04 nine flpur^, sin (2 Arc i.uu 3 . sL:i 2 f ^ 

2 SlB 8 COB 8 


■ £i:.5 /ion. L v-if:: 
- V5 



9 . Stow that *r« ) i-a ' Art siin LI 5- 3 2-. 

Let 9 = Art- sin! ]/Y5 and li 1 - Arc sin 2, v b: 

1 ton &Vn -j - l ! 5 unr2 sin - 2'i ti.ruMi ahi:]- 
terminating in the 1 1 rst uuadrsnt. jrr to 
iihm llmi fi . <?• ■ J./2 nr, la*mu llw f-- i luesi- tif 
noth irrtoeTE, thai stn r fl ♦ i'i - sin n/2, 

Fran the adjoining figures, 
a In 1 $ i ■ Bin 8 coa •$ 1 cos 8 sin & 

- Li . I.! - 1 - sii 1 n/2. 

■■ 1 if' 5 <■ S v '5 



10- iS^io* ttoi 2 Arc urn yi Art L£ui 4 . :s. 

Lut t Art tan i 2 Mid * • An- tun 4 1: tton tan 0 1 2 t*Ul tan ■■!■■ - 1 1 

Hi' nrc to slips 1 hat ■ i' or 1 tafcing s.h* 1 nuRinitif nf bnLfa mntors, ttont tun 20 tan •' > 

Ik* tan 28 - ~ 1BJ ' H , +/S 1M.J . 

s - twrG 1 - ( 1 / 21 1 


11 . Sliuw that Arc si in 77 && - Arc alii 3/5 ■ Arc COS IV17, 





,b. j 1 ti ■ An- tin 77/flSi ! Arc s in 3'5, unit . Arc rns 35-17: i.ii'-n ;.iii ' - 7“- -MS , Pin / 
3 / 5 , and tilts - - 15/17. iMich u'nile ter-ninating in the siMi .nanruiii , raking 1 1 be ulna of both 
mentors: cil Lli, g ivi'ii re]atitm, nr un- In ski ■ LTiftt Sill (li <£ i SID 'i . FTQ* Hit* f i.*prt'B, 

nn j ift li u 

sin rii _ Jo - Bin 11 ere / - cos 6 a ill J - ---• - si« . 

■H 5 5 65- S 17 


12 . Show thin Arc tot 43/33 _ Arc tar- 1/4 - Arc cim 13/12. 

Let <) ■ Arc .-.jt 4,s LU, : At''.' tiill 3 4. Mini V Arv con 32,13; 
1 ton end 8 43 12, Ian -. 1 1/4, ami r:(B 4 12,-' l3 ■ C'A'-'li srig 1 >V 

lerainailnrt in the riral <juu4trn-n.U Tat.ir.,: the 3 iwiruri "2 hath n. ir,- 
bers «J' I to .;:vH'n mluLinii, «i- an- L«- '•li,'i» that tflilfS - I -’1 Lon J . 

tan ft - Un Ji 32/42 - 1/4 5 , ... 

I ' I an S Lan c 1 - f 32 ' 4 3 if 1 4 1 l£ 


i 



& 


-A 


lan . ,T -4 


12 
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ig. site* that Arc t-n.ii 1-2 i Are fim i .’5 • Arc t-nrv i & V4, 

We tlmu srhc* mat Arc inn ifZ * Are tssn J.‘S a 4 - An- i-an i s. 


biid 


Lin i' Arc 

inn (IV4 


I uji I,' 5 i 

- Arc tau 


lire t ion 

t/B> = 


l/Sn 

1 - 1/ft 
1 - 1 -‘tf 


If 3- r ].-‘S 
1 - fi 2i(l 
7 ^ 

i ‘ 


T 


Mi iHimft I hiii ;; Arc tin J.-3 - Arc ran i/7 >lrr see yIS-j. A 1 Art cfcc v'Tt., 



Jr-1 ii Art tan. L /'£. p Art Lab 1. 7. '. An att v'S4/S, anri 7* Arc tan- y'Xll then Ian 6 

1/3, tan 4- - 17, see A - l/5i/! ji wad use P </VJ t each oni*.ie terauiattng in the ur&i qiiwlranr„ 

Taklrir the canp.Mit ul both rwnbera ol rhe tiffin re 3 mien, ne are is slw* that 

Lau ij 2fl i 4> i - tav \ k i ip}. 


Hi:* 


tsui 1 H 


Z t-MMi fl . Zil/3> 
i i.Eui f S i - ri/i i s 


tun I 2H * & h 


tan 28 * i run P 
I - tan 28 luai t> 


= V4 , 

3/-L - 1/7 
1 - [3/4 l ■. 1/71 


and, usiratf thb c 11: ii re:- sbo™, tau i;.\ • p i 


3/5 4 1/A 

] - 11; 3 ■' 4 1 


In- Flod tue genet u ¥fl]uc o I "acli trf tlie I'sllowing. 

u| tH Sib ^2/ii - II. -5 1 - 2tif. , da. -3 2rm c/l arc a-tn [-1) ■ -7/1 r Zall 

iij arc row 1/2 - H/3 L Sin, 5TI/3 - .Viij e) arc ens D IV2 4 2n1, 41 "3 1 3ri“ 

■ i are tan o = In, (3n--]jr f) are tun f- h 4 f - -k/ 3 4 2a",, ari/s - 3m 

where n ia a positive or negative integer. ->r is aero. 

Hi. filuiw that ten jgiiimrul rail* of a;, arc sib i is* i E-l i Arc Sin a „ 

fr arr cm; r - Sad ■ Arc coa a , 

} are taa * - mi". ■* Arc I an Jt . 
fllerfi n ii aiy pnaitietj rir ce|:aL 1 ru Integer, ur JS dero. 

a.) Let fl - Arc -,ni jt , Thim shier asju ( n ~ p ■ = sin all values of am am j are b.v 

1) B + 2 "ii and 2? *—G Si 1 ! - (2n H>* - 

Niw, wh.-ri is 2a, tJiai is n is aai i‘t"n Laitcuer. ]; liojr ue ■rltten as o* ^ •' a'l - ■ - J: "8; 

li-n-i wtiflQ n = In+J, that L* .'I IS MU eiHil .nlr^rr, 2) PMJ 1 !>■ wrlLLn-a a.-- nl - r' 1 n~ I l-l | fl. 

Thus, are sin a m . • —1/‘ Arc sin x, 'here n Is ar.y poettlvr o-r reRnt inn Inl^er, nr u iiL-ns 

t,i Let 8 - An- co* x. fKim n-Lan-e ccra (-Hj - tmi G. all values o! ire r*s v are n Ivea yJP 

9 -i 3nH. aar! - 8 . 2nt nf 3a t ! ii i irr no-'! * H "hr nr n a a ,an> posit |tn( iar ItejjaiiVf 

lntefcer. nr i a ise-nv 

c.l. Lei 8 Arc luii a. Thru Biiu.-L- ian(ti < $j = tan 0j nil vaju^s ol are tan # arc riven py 

H . SaH and iU^fr> + ;in i! - hi - Ljl or, a* lai al, by n a r An. caa -i , 'her- n Ss am 
poidt-Lve or tiejiailve inteaer, or is wro. 
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INYKltSK THWOMI MYTHIC. fl XTlItHNS 


17' Express t-Kn: mnitra] Miltfb ul Elth Hie riHlJCtiOnS Of PTDPlei 15, tlMAi! l H-‘ IOTP >t Prohlrfl lg, 

n> urr : n-F. J- f-.|) rt/q J) BTC Sin f-i) - nJ! » {-I ]T (-K/SJ) 

hi ire Cn£ 1 /E 1 rt/s o Jirc COS 0 in 1 ". ± n/i 

cl ariT tun 0 pn f) B-ct; tan 4 -/ 3 ) ■ ftfi - n/S 

uIl’j rr- n is any cjuALLIiYc uc 1 nbflativf' Integer, itr IS zero. 


SL hTLKMFVr \RV PROM ,EMS 


1U. ftt-lttr the lal Lowing ji> inverse function nnriKtim. 

:i I Kirt Fl ■ y'i . Is i L-uS ! -U tj inn x - -i. -tf i net P - 1 / 2 . 

Aiis. ml 3 nrr sin J/ 4 , lij a • itc n»K.(-i). c) x = arc tan (-Ei, J) P - ®-ro cot t/a 


HJ. Find I lie principal vain.- Ilf bfl£ 3 i nf Ihe tulJuning. 

nt Arc Ain -f %‘2 J| Art 1 cot 1 |) Air tun. jt Arc esc <-n 

i , Arc cud (— v" 2 / 31 H Arc Bin M/ 2 ) Arc rot 0 

i: | Arc Lan l-'/J f) A/C 006 C — I. i\ :) Arc ( -/ 2 ) 

An*. -Ji n/a. hi an I, ti -. □, d, - 4 . ri -- 5 . /H 2 n a, e: -- H. 111 n/ 2 , n - 3 ft 4 , /> -n ,3 


30. ErnlusUfl caeJi ni l[w falLmi&H 
ii t sin [.Art sin f-l/ 3 ) j 
i i- c.c.r -1 Are coif v3.-‘ 2 i 
i' 1 ton[Arc tan i-!|] 
n!) a i Is [Art* Cui < - /§ 2 ) 1 
c\ tarn lire sin <)i 


n> Arc tan (cct 22 \f ) 
1 1 Arc l i .4 ([ an 10 B 0 i 
f.i Al-r S]P 2 / 3 ) 

< 1.1 co &(2 Arc slrv 3 / 5 ) 

c.i situ? Arc cot 4 ,'" 5 } 

/Imp «> - 1 / 3 * *>> / 3 /jU 0 - 1 . lii 1 iZ, r> I). /) S/ 5 , gl . 5 / 11 , *0 2 /V 5 
• | liMl 0 , J) -L 5 *. ft!' +»'% t‘y 170 n r ■) 4 i-V#i nl 7 / 26 , u) 1 =Tq 


r ir i'ir cp$ | j | 

C i i"OS ! Arc sj|i (_(i ,11,1 
in sin(Arc tnn 

I I As"' L-rjfc. i K -131 220 '‘ i 

i i Ar:- 3ii ri.ss (-.IflS 15 )] 


t. 3l::i* tliat 

F. 4 fil 

irt Hin i Arc sin — Arc sin _t r __ 
J3 b 05 


l"' M 

c*i ces i Arc tan — i Art sin — 

a is 65 


IP KjP 

bh cus ( An: cua — - An: coft --i — '■ 


17 


25 


I 3 S 


rt :;|n i An- .tjn - - Are cOB -) -- 


__*l C £J r J 

jh tun »: An: 8 In -- Arc roe ^ = -- 

5 13 16 

4 1"^ 263 

i! i fun i Arc a In - . Arc r:uu - - t t 

f la 204 


tf) tflll (-Arc l-an - < Arr cot i'-j _ 
4 Ii- 26 


„ , .. 4 , 12. 323 

h . sin i, 2 Arr .-nr - - Are c«s —) —• ■ 

5 13 325 


22- au» that 

a) Arc tfui 


i a 

+ Arc fan - - 


e Ai'c cub — ■ Arc tB-n - - Aril rut — 

13 4 SK 


4 g T] 

■hi Ar' - - h- t ii 2 - Arc tan - - - 


c) .Arc ■_j!i 


An: Lull 


h 

4 


f :■ ATI' sin - I Arc sin — 
5 17 


Arc eOS 


-13 

ii 


Arc tan t i Arc tun ^ [4 


0) 


ifi 2 Arr tun - Arc faun i • - 
3 7-6 


23 . Ptn-ri-. Tlk; area ui l.bu fiBAmflit rut tj'nsi d. circle ol ruHjijs .■ hv u charsl At j dt&Lfclttfc d fn» 
thP nHinl er is cjnil bj ^ . r 2 Arc CuA - — d / r " - J J , 



CHAPTER i? 


Irk H Hjjuiilions 


TRIGONOMETRIC Ryl^TUXMK, l.i?., ■-quiil ions involving trigonometric- t'unctinns .i£ un¬ 
known miales, am called. 

,-i) idem. i na I nquur i nnr. or tftrnu f re*, if they are sat isfieci by nil viiIuhs of 
the unknown angles For which Lhe Flint: lions art 1 del'lined., 
h) nondit iocial equations, or e qua! i CHIB, Lf they an■ saI is i it■: I oliL.V - U.v |:- lJ* i uv¬ 
ular values of the nnkiiowji angles. 

Por example: sin * safe k= j i& fin identity* being satisfied b.y every 

value 1 if x for which c$c x i h defined! 
h) rein * n Is ii conditional equation since ft is not sat¬ 
is f Lffd by x - $71 or 5 r . 

Hereafter in this chapter we shall use the term 'equal [on 1 instead of 
' cube! It 1 iMiaJ otiiifi Lion 


A SOLGTIOM OP ft TRfGCClOiSTTOEO EQLATH'Jtv, as ‘.in at n, is a value of the ar.ete x 
wliitdi satisfies the equal t oh. Turn so lilt Iona ui sin x j fi are * = 0 and x = *r. 

If a given equation has une solution, it has in general an uni urn led num¬ 
ber of solut ions a Thus, I he 1 Complete eolation of sin x Q is given h.y 

* = [> * * = n f-Jim 

where n ir- any positive or negative integer nr as Kern. 

In (.his chapter we aha! i li*t only the particular soJut inns fnr which 
fi £ x * 2ir, 


PROCEDURES PC* SDLYLNO TRIGONOMETRIC EQUATIONS. There is no -funeral methud for 
solving trieulKMietriu uctuiiLions. Three standard pewdnys arc illustrator! 
he lew and other procedures aru in? reduced in Hie solved limbless. 


A i TIlh equal ion may tie factorable. 

ESAHTLK I. KflTve: :;ir> Jt - :) n an i ens x 

rat:l urin|i. r; 1 1 l - 2 :: Lei .t riiK r ksIl v 
f-quul Id JiRTH, *’<■■ haw 

alri x = o mid 3 = 
1-2 cua x = a nr 

Check, FuL 1 = ala r - 2 &U t eoe 

fur x - .• j, .-;in i - J s Lai .1 Otm 

fr>r i - h, sin r -'i sin * cos 

fur x = S:H/3i sin n - t e- i ii r cos 

Tibu&, the mquiied kdJnIuhis id x 2< 


0 . 

( 1 - 3 run i ■ . o, fljid setting each iietflr 
<K n; 

ces t I Mil i n/:l, riV3. 
jt - h - CfUHli ; 0 . 

x = svS - (4) u; 

X Q - ClCe-Ll CJj 

x • - iV3 - 21 - 1 V3 ') liJ U, 

an- c - Q, r, J, , |in a, 


B> Hie varioun functions recurring In the equation tq.v be etJjre-GSCd li- tern® 
oe a single functKm, 

•y *" * j 

E &Anvi .fc 2. Salve 2 i aie > -t -h*l x j, HeplaciikK i - tan i, ^ nave 


'L'HI&WOMhTHK EQl A I'lONS 


I ft 


a y j _ 

2 tWI # » il t Eui i) - E, 3 tnjl X 1 , ani 3 Urn i - 1 I/WjL 

Proa tsri x - i * rr/ifl and Tn/6; iron inn * - 1 /a, * = jja/fi and un a. Uttr 

i he ilk i iu tarh al till!s« vu.lin.-s in Lin- :-r = i: jrj;i J equul Limi, 1 'ind lint I I li»• rnuuirrii i> 1 11 - 

uw so i * * 2n) are x - *■■■'$, an/(, ?*/$, t ln/s, 

rin' iHCl-bs 1 1 j c/F L3n- cliL-uk in. J11 nalrattMl in 

Example 3- solve sec * * tun * q, 

Wii ] 1 ii:-3j i :i|,- iJie u^uuLian sue 3 ■*■ tan i - —-— + —- D il>' ecj:? *. at nave 

COB- X COS r 

J ■ Sin t ■ 11 "F SLIi .? ■ -l. then x - 3rc/2. Hu+T-vet, neither sl-l- jc nur Ian i is itu- 

. ii!!- I prlir n i J I 1 2 ami I he rqial-. ion hu.s nij solution. 

Ci Keit ji n- mhers ul l lie eqUsiL itiia u Cc Squared, 

EiJiliPLFi 4. Sulve aiu * + tot- x ■■ i, 

I! the proteiliin' of if) Mira! Used, « Tumid replace sin a my ± cas. 3 * or a hr 

i /l - a.:ii 2 i ami xI.i*rc-lIn* rodwcE radim]*, 7c avoid ihi:i, *n write Mu' cqqnljon In rhe 
forti sin j - t - cos i anil square td-tli itenlier*. ue have 

li itiii 1 * - 1-2 cos * ► co* 3 * , 

1 - cos** - 1 2 ftps * + oor, s * , 

2 

2 rcis jc - Z ros j • 2 cos » ffflS ji - L< - 0. 

Frcre -clts j • i>. a a/2, 3rc/2; frun i-lo-s x - |, i o, 

Cln:-*., Kir j 0. a fcn .t + rn» ± ■ 0 i 3 ■ 1; 

leir t 11/3, Sin * i ooj: x 1 i D - 1; 

Idt a - 3JI/2 , Beil x + Ons i ■ -1 - l> / 1* 

Thus, the required *dJuiiaie are x - a, n/2. 

ri ( vriJui: * Hr 2. called an ojrlroneou.i solur lor, wa!> till riKlm-nl luj '%quarjiu; l hi! lap 
neabiTH, Piute I lual L) Is also nhtained nh<in hotb rw-nht’TS c[ mn j; - COS x - I arc 
squared nnd that a - 3?i/2 satiaflea tills latiar i-elai Inn. 


SOLVED rUOnf-FiMS 

S»1 vc -arli at the trl non uine trie equal lima 1-22 for ali x such Lli&l ll '• a * EH, ill all aolutinaa 
are required, adjoin i3-ar L| *herr- „ i& aero tr a«x paaitlve nr fieeeaLlw lnteceT, to each result 
f-ivea. i in a nimbi'r nt tbn solutions, the details ul line clieoli liftve been ucilUed, 

!► Z sin m - ] - o, 

Hi^re sill X t/E anrl i = tt/B, 5R/ft, 

2 - SLU, 1 COS J - B. 

PrrjT- sin v ■ i>, x - o. (i; Iron eem i = o r * 1/2, 3 X 1 / E, 

Tbu J i-ualred :;oJui|Ofi& are x - U, lt/2, a, Jn J. 

3, i tan t - l)(i aio r i - 3j d, 

Fran. tmi.T - [ 0. lui jc i anil x K/4, Sn/J; r>™ 4 kjh j '« - 3 q. 

end x It/3, /n. 3, *a/3. 5ft/ 3. 

1>- n'dHired Rolullcnts are ,1 - 7, 4, k/3, 2ft. 3 . ^n/4, 4it/3-- St/a, 


SIJI X i /z /2 







TStlGON< ) Bl ETHfC E$LJATI01NS 


W 


4. sin** +• sin i “3 - i>. 

Factoring, fsln * ^ 2) i>fn * - li Q- 

Fron sin i ■ 0, a in i -2 anil l.kii' r-.- m rm so! iiL loi:; j r<)r alb x - : - rj. hjji i ■ I 
Mi 1 ! jf = n/2. riw rvfluired s-o-J ur Ion is. x - rt/2. 

a L'h ' j - 

2 ? 2 j 2 

First EoJ utlcui.. Replacing sin ; bj L-cosa, w Is uvr- 3 cues * ms ± ur 4 <•«> * l. 

Ttii-n COS i = 1 1/2 and I hr rr-qain'd solutions urn s "J. 2ii '3, 411/3. :1a.- :L. 

■Stirpnd -^n]ut |iin r ihl v | d 1 rui tha* Liquation by •*(; IIsjtl- 3 - t ait' 1 . TTnon IttJi 1 i i-'3 

ssrfl til? solut ions above err ghrninns. 

6 . ^ win x - cit 1 - L. 

MultijiCyldt; the equation Jj> Bin i, 2, - | - sin *, ami rwirnwaiEig, *■■ lien 

3 E-in K t - s-in x - 1 - (Z &in x - lH K iri * - n - 1 ). 

Fitjo 2 a In jr t L = 0. a In i - -1/2 afid j Uu/6 ; frnm a in x 1, 1 - ~ 2. 

Checfc, F«r 1 ■ n/2j 2 a In x - cat x . 2f] > - 1 - 1, 

for j - T^/S and i|n/e, 2 sin * - cs« * • 2i-i.-’2'i — 1 —2 ;> I- 

Tfle- solutions are * vJU fit- 1 |, Hsi/G- 


2 see !£ = L331 X 1 COt 

Triune fnrTiing. t (l sines ur.d pnnlnmi, 

2 sin 1 00a ,i 

__ T __ 4 _ _ 

00s 1 l■■o.s 1 stn 1 

Then sin x - 1/2 and 1 - u/S. 


and cltiriiiii ui fractions, 
ur 2 aiti 1 - aib ? ji 1 


*u liS'n. 1 
T 

tTJf- s - 1_ 


A, tUfj X 1 3 Lljt X = -Jr 

a 

Mu] tijil>L.iii hj t .in 1 And Eearr&nitafc. can x i tun t < 'i - (tnn * - t' i.an * - ilj * 0- 

Fron tan * - 1 = (i. tan x - 1 antt x = n/4, in/1 . r™n tnn * - a - u, nan j - ;? and s : 

71^3-i' , 251°34'. 

ChPRkr For ¥ - iv/4 awl an/ 4 , tnn * 1 3 not * I n4 1 .1 4 ; 

for 1 - Tl'-':54' af/J 25L n 34 J . fan x - a eai r = 3 ^ 2(1/3) - «. 

The SOlilt ioaS j.re 45°. Tl°34 '. 2^1^34'^ 


cat t r a . /a, 

fu-st "rlttn* iln- ripjullm In t lu- f m-n t-sti - /J - am am.l siLuarlJi^, «v have 

taC^jt 2 , 2 l/ 3 cut X - 00t 7 r, 

'IteplaiCibK c»r S * l:-.v | • cat 1 * and 4:{mb in Jan. tills becanee 2/3 cot s - 2 * l>. Thmn Cfil ; 
I.VS anrt t . n/a, |H/3 t 

CtHfcS^ Far it ■ n/j. n.ic jc ► i'dL 1 2..VS - l/'- 3 - /)' I 

for i ■ +a/3. CSC .¥ - cot X - -2.-V3 - I//S ^ /3 r TJn* r«guirpil But lit lan Is 1 n 3. 

irc'jnd fyaiucten. upna ibKiiia the !irJ lcn 1 i-ul replatniKiii. the equation fjeemtes 

_ 1 _ l U'_’. ^ vS and. clfariria of frnctiow, t * r.ns i ■ /i sib 1 , 
sin 4 sm * 

Squirm* both nenbers, *e Iibvi* l • 3 coa x 1 rns 1 *. • 3 sin 7 * - 3(i — tx& l x \ ur 
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TKHrONOM ETHIC 3-QI \Tlf>WS 


* C.q£ Z ;t ► 2 er«3 i - 2 ' 2(E ei*s * - l) (CPS x * 1] 0. 

Free 2 cos- x - t a, cos x - 1/3 and * " 3. IT Hr cos * * 1 (|, rosx - -i and * 1, 

Now * ■ n/3 is: I !n- snlut iurt. The vallWB x ■ n luid SHl/3 Iff l-n top exrLuileil mte esc: - its 
isuL drained wliLis cst' 5a. a anil ecu st. S ant built negative. 


10 . rnK i e '3 aiu jf ], 

FLr.it .SijJu.ii™, F'jtnnn the equation in this ftim rns x - t ‘ 3 sin *■ and spring, we 

hlW ■? • i 2 

6Sffl a - 2 * j 1 J aiu r : JH - coe x) ■ 

then, cetrlilnlnq and fJurtoTUiE, 

•J 

4 COS t - 2 CM 1-2 - 2(2 i!(is X I I - LI ’ 19. 

Frail' 2 cos » >1 u, con x - -1/2 and * = 2 K/a r -th/3. free, can* - ! - fl, co»* -1 and x • 6, 

Check. Fa: 1 jc - (1, COS x - v'3 5-ln * - 1 — l‘ 3 (Oi • L ! 

for 4 2IE/3. rem a sin r - -1/2 - >/% </3/2) f l ; 

1«r i in/j, cos i - v5 4 -1/2 - Ji r-/5/2> ■ I, 

The reinJre 1 solutions are i (1, 4JI/3. 


5(Hiuuif i'tiJiii-BOJL, Thr |rft raenher Of llu? tiven eqijnr.ion, ,m> hr- pill Ln the ferns 
ain rt cae x i cob- 3 ulit x - sitir£ t- ii, 

1 - 1'3 

in wii.uli 3 ls u kni pwi; ;un:]e. by dividing: ttrn giimi cciuuLinh bs r |- cos .* + sin *■ 

- - . tunl BellL ii, . Slti f.j 1 aJ'ii! COS II - ■ Since aill^S ■ COSTS'= 1 , j- i-12? * 1 


ana r - 2. [ton sir 9 i/2, pok H - ■/% 2 k« i.lml the elven equation nj is« written us 
ein-fS ■ x) - i/2 w 1 1 h fl 5 "/fl, Then 9 • t - .Jn- fi * * - arc sin 1/2 it/6, 51/6. IJit/B. 
iT.-Sr ■■■ and x - - Si :), o, 4n-3, 2 n, ... . ak. before. Lhu re uni red solutions are «c(|, 
4s/ 2. 

Unto r si.lI t iu kbit pan 1 1 j vr aquarr rcml c:-L the b-uit: of llie SQUurvc Ot the Rorfflri«nL» ill 
cm jc ami an x Alien the equal iun is written Ln the form a em i + b ein x • c. tlwt is. 

j - s?~n?. 

Tlie equatlalL »:L.l have tiu atkiuLiolL Jt —I— Li greater than I Icaft Ihafi -1. 

- b 2 


11, 2 <?os x - L - ein x. 

Fi,r ¥ ( SnlutLcm. 4s in Pmtjlen LO, *r ntilnin 

4 cus f. = I - 2 sin i I sin x. 

Hi - sln%) = 1 - 2 'lira .i i sin* x. 

5 aln 2 t - 2 sic x - 3 (5 flln k f 31 (tin % — l) 0- 

Froa 5, sin r * :l - o, aim x • 2 . n - - O.eGW *m n ^ - 21^52', from sinx - 1 - 0 , 

nSii x ] llikI 1 ~ 1/2, 

Chech- For x - FS/a, 2(01 - L - 1; 

for .1 T 5 )S s -L 2 r , St-d/S > i I - t-a/S>; 
for X - 323"b' - aet/si = 1 - <-3/S>. 

Tlie required solutions are 1 - s^> D i 323 ' , b'. 







THIOJMiJMKiUllJ |;ijt vriuf'o 


I ,?' : i 


A. 


Second So Jn,! ion. ttritlnp tbi- squat, ion 1 it 2 truss * r &>n x l au;! dLvjdiiij; by 
have 

3 1 [ 

1 ) ' cos < < — sin * ■ — ■ 

A A A 

Let sin (i - 2-v5, i'us 3 = ]. ,: then i becomes 


r 



Sin fl CCS £ *- COS tl Sill y : 5111(0 It - -- 

r'5 

IT tell 0 T S3" Lie.'. »1* pspae' • * arc- r-iq (I V»> arr a in .fl. 4472.1 26"34'. t =i3' 2*' , 

LiftrS-l', -■■ mrs J - 90p a 32 tfV a* before. 


Equations InvelTLm BllltyilK- Ai;+: ] . 

12- gin Is - - ief. 

Since w require ? sjcIi that fl t x :*t trust be sucJi that Q t :)t ., gn, 

P 

men 3* - fi- - 4 , TU'ii 13R/4* 15H/4. 2lr 4, £3H/4 am! 

r 5■ 12. n.’ia, in- 12, 5r l. tt ' l, 22r. 12. Each at these values 1*1 a Solution, 

lj, COS Jr* - Jt. 

Since *e require * sunn t-twb ti • a * 2 r , i>. mist be such chat 0 • < it. 

tiifn £±- Tf/a unt X - LfH/3, 

1|. sib 2i 4 cob r = it. 

Substituting tOC Sib Jt, we have J Sill t cos j * cos i cos i (Z sip i k 1) - 0, 

Froc L-os x 0. y - n-2, Jr 2; l run sin y - -i/2, y - 7b S, llir/G. 

TJie required aulutinn= arc a - n/2. 7b - £i . 3JI/2, i m/6, 

1> 2 Cfflg 7 4x = cos 7 1 . 

Subs tit lit log t t coin l'Dt 2 cot 2 ix . the eauatlon becuUr" Ci» r a - ens x - | ; fl: Hum 

1 * A 

COS t. = —-— ■ J + 61BO . —41-61130- K|nn« reus » cunnflt 1 'icm'iL ], we conr-i I 1 r car- i - —Cl, CL4(Ll 

anti obtain t tie so I lit ions x intPnj'i 23l"5Ci' . 

Note, Tu solve /£ CuS $x = COt x and , 2 rut 4* - cus r, He SflUEU-i; Smi nblfliJt til* iMtuu- 
t iU) of Ibis problcn 1 . Tin- ;icilul.inr. :l tin- first of 1 hrae i:i]ii£t I una is aSj^Stl' jind chi' solcj^ 
I ipn Of the sneonri is iOfiPlO' - 


If), cos 2a 4 cos x ■ L - 0. 

Substituting 2 cun 4 *- _ L fur lus •*,. me have 2 cos'* • cob i cm* [5 l-ds i , I: r p. 
Fruis cos jr : a, * t 7/2. 3tt/2: Iron tot * = -3- 2, < = 2«/3, 4n/Lt. 

The reiiuiretl uululknii are c 71 ' 3 , 2u.-3. Jrc/3, 


I?, iiui 2a <- 2 gin c 
UcLnri Lan 2a 


Sill 2x 
cm 2 a 


2 K L11 i CCS i 
toa L-i 




2 b i II X c<*. 1 


4 2 gin x ■ 2 sin x , 


,-5511. - li = 2 sinx 

OO-K COS Ji 


- 0 . 


CCS is 
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h'Tivn sm j, 0. j- t u« fi; tr«w <;<im x t cos j* cut .1 - Z<nit?x — 6 = i'Z co* .i — | .i(lmb jc - J j = &. 
r - -n.-a, 5-7/3, urns i. Ihr require it snlm ions si hr- t = n, a, sn/3. 


IS. thi 2 t - GtiS 2*. 

Fi-vl Let 2* ■ (flea *e ure to solvr- sjn ft rn* 0 fw D - ft t fit. Then 

‘I - - ■!, Sr 4- ST 4, 13T.4 un«l i U/2 - *l'|j. r 5* 8. 97/B. lSt/B at (= LIn; £uJ ill LhiB, 

Se jnnd .S'rJ(uf t-on■ lUvhimK by rt.»s J* r :Jn iiquiiL j nn Jir-i:«hivk- L&ii 2* ■ (hi *!iscii gi 

jrr 4 . gr 4 , i:in 4 45 . In ! .tip Mrst solution- 


19- Ain 3* - C(i» 4i. 

Strict; rus- 'It com Z(’£t- = 1-2 «ln 2 '£*. the equation becoraa 

a 6ni‘'ga ► t>ui 2* - i ■ u *ln Jr l)(«ln Ji t- i) - i>. 

itimi 2 ami St - 1 0 or eiu Z.t ■ J '!>, 2* = n.-fi,. Sn/S, ISji/S. m/e und x - Kj'12, Sk/ 12. 
13/.. 12, 17': ill: rip in ?.i ■ L 0 at Sin 2i -L r 2w 37/i. 77/2 Uld ir = 311/1. ?ll/4. 
Ail of values /ire- solutions. 


2U- sin 3 = ■= cur- 2i- 

To avQjii tbe suOatitut ion fur sin 3*. *• use one of Uie pnweaure? helo*. 

Ftrtt .So£ui L4fn, Since cos 2 * - isleii in — %k> -Hid aJao pm 2a ■ aln.±n 2i.i , »e MKiiiidrr • 

a, a in Hx - siin'in-2if, pOtsinine 3i - n/2 - 2 ji 5H/2 - lii. 0rt/2 - it, " m , n*id 

aln H e-in(iK-2ti. obtaining 3* - n. J ■*■ 2 k, 5i-'2 2x» an/2 <■ 2x, 

Frofl 11 .'Jt - n 2, Sn/2 ( 9<V2, l:m. ^ S 1 2 i*ii»r« Si <• IQn'i; in:! friwi fci. 1 - fl/2, 
rtijii irriL wnlul i«is an- z - n/tQ, V2. flu/IO. LSa/ld, lTft/1.0. 

.Sijcuncf .‘■ioiai Jt*n. SLsice mti 3 r = Cnft(in— 3ar> au;l C<tt- £x - C&£|-J^>. K 1 COn^irlt'T 

<> cos 2* roK(in.3rU olftninlng Si U/2, 5n/2, 9T/2, 137/2. 17n/2* and 

di 00^4-£i 1 - cos-(i r - 3* > , ubtalhUij' x - 1./^. LseCoie. 


St. taai 4 ji = cot 

Saiece col ; t£Lu(in - fl*), *e cojiaiiter the tan 4* = - &.i). 

Then 4 jf - 1 i - gr. :in.'2 - t*. Jti/ 2 - 8. Ir ..., the tunction tmi A h«Ji»R of period s. 
rniia, 10z - -,/e. 37 2. S*J2. Tn/S. Bti/2. tejt/i and tAe requlced hilutluiu nre 

I V30. 3T.. 20, IT.'.I, 7li. 2fl. .... 397/2.0. 
elti aj - Ajn Si - sin * 0, 

ftcplacine ?sin S« - ai n Ila. lij 2 4 jt stn 1 (Chapter i2>, U 10 cicen equation beccrties 

2 ocis 4 * aln t - aln t = aim * c2 4 j -. ij - 0. 

Frw aip r - u,- jr • 0 , ii farten 2 one 4 * - 1 - ft or ces -u - 1 / 2 , *j± - a/a, s.n/3, 7 t/3, 
ltV:i, itoi i. 17B 1311/3, J37/3 anil. J V 12 , 5-VlZ. 711/12. 117/ IS. 137/[a, [7 n 1 :J , ljrt/lS, 

237/12. Mirli ni t.ftr vil] 1115 s isht.ninerf is n solution. 


23 . So.t!« i hi' syvsi.Mi 1,1 ' “ Irj T ^ for r > O boI a f fl < St. 

f 2) r Ccik & 3 

Squarlnu the t«o euuntlona And aiLdinc. r 5 aln (H - r 2 eon 0 = ? ? = tn and r : /fa - 3.606. 
Mon r > 0, sin f> nnd cdb ft are butb e 0 ami U ia acute, 
ftividlB* cl! nr f2> , tnn U - Z/"i - i>,^ii67 ami 0 • 33 1> 4l' ■ 



irigomiwtkk: i-\h vrjn>s 


131 


£4- Sffl're Lhr ^y.HLen ' Ll ' '' 3 ^ for r > V ami 0 f! < Z^, 

C Z\ r - ‘ 111 + stil V I 

Dividing | 2 ? tty ll), —-— - 4 ' [ - SL- q & 1 T 1 3 -' 4- 4 Sin e - a a iui'J 

a Id S :| 

£2 bin 6) *■ 3|(2 il4 fl- lj 0. 

Pi’dn 2 5-1.1 0 - I - v „ 5U1 rl - Sj 6 H-/S Mill 51 C; qstll/i (1). r 1 '2 ■ l£ luid ■ - £. 

h()ti Lhu.E 2 sip, 8 * 3 0 is excluded ait)L‘« »hLMi r • Li, f-JJL f 1 0 by (Ij, 

The n a qui rod snlul. inns an- ••■ n&, r -0 uTid !■ Sn. I), r fi. 


^•4. £jij! ‘i ■■ the g.j'Stf -ii 


[ i I M n I 
LJ) cos 1 


Ui > 
mis y 


1 . 2 ; 

1.5 


Lor 


0 ■; *■.* * 2T, 


Jvinci! MiLcjl Sill cir. Lbi: ]r;f! is ^reiter Limn. 1, each Of the four functions IS pOSltlTO Brut 
both * :mi1 v nrp acute. 

LteiniT tftii tipproprlutt rorml.u-'i of Chapter 12, *■• olnam 

il P ) 2 p-in i(* +jri ere a (a -y> - 1.2 

r2>) 2 nos J(a + y> liiik - 1.5. 

pivSdlnii <] e i bj {2 'i f : ---' ' ' ‘ - T ' tar. iii.ji = - u.ftfign ams ?<z ■ yi ■= JSpid 1 

cos Ji v y 3 ]. S 

fi-ibLM : n * t) is also acute. 

5iUiK.tJ.tui inn for sin 1 ri . 0 . 524b ir> .]' , -*e hare- cm ait - *:• - -"' h : 0-9003 iuin 

<lr62« 

Jr<*-y = 1^12*. 

Then a -jr> r = a4 fl S2' aifl y - ji.s - n - ii* • y) - 22?2S'. 


Sfr, Sol re An; tea 2s - Arc sin j. 

If 1 la positive, a ■ Arc cos 2* and r Arc sin ■ tarainnte in qumirant. £; if * is nK«a^ 
five. 1 lenunatesi Lji niiddranL [1 w-d p temioateis In quadrant IV. TllilS., j Hb6t t* 1 positive. 

Pur jt positive, sin l ; - * uad cuk P - i i-.i 2 . TakJuns Hi# oobisiH uf Iioe h P'-fibers ot the 
r 1 vrn runation, liavt 

cosfArc 00s 2*) = «fl£(Ari: sfn ±) ■ ddi- P *yr 2x - 

Squurlriu. 4.T* ■ ] - ? 3 , fa* = 1. and t - /s/S - 0.4432. 

Check. Arc: uus Are coa u.8944 = 16^30' - Art 1 sin 0.44”2, approx in jit lug Lhr ninct« to 
LJir nonnwl in', 


£7. Ss-IVC Arc 2 Arc lds j. 

Lot a - Arc ] i bjicI p Arc cos i ; then co« .1 ■ ih 2 - l jori m; P - j. 

Taking tlw ccrtine of both aealiers of the girth inimu Inn. 

COS -1 - Ja* 1 • cos 28 - 2 - 1 - 2(?r - 1 - i. 

Then 2i a - i aiui ± - t i- 

Check. For 1 - i 1, Are coa I- ih - 2 Arc to« i or atSHl"). 


'28. J&lve Arc cm %x - Arc cor » - x*t. 

]! X Is poeltlWj 0 ■: Arc CCKS 2a S Aj-i: cos a; ii x la Mt'KflCivn, Arc '.Or 2 k » Arr "OS j£ j D, 








THIG0>i sME I'KEC BQ L ATIQNS 


m 


i WSt bn Tir^ul :V«, 

Likl t - Ah.- roe 2k. yjid ? - Arc ••OS- x, un»n. p.os J - 3*, Pin ■> r'L-fl* 1 , ««r P - * and 

t -a 

sin E .. y^i —*' since b ib ■ t anti E i k-j nlnnie jn qiiatlrau l 11. 

Tflk Illj! the cosine rjl Instil ttPlftierP Ol thn KiVfH PllMUt irm. 

coata-E? = ooa a cos S * s.tn n ;-in f - 2r a - /l - ti 7 /l -x 3 - eoa- n/3 * & 

or /l- /l-i 5 - i - ■&.*' 

Squaring, t - !jj' + <1 1 - | - 2i ■ *1 t: r - » a rnid t - - }• - 

4 -3 

Chech, Arc n«5 £■—1> - tie w» |-.j) it - 2fi/3 • rr/3. 

£9. Suite Arc sld It ■ -:n - Arc «in i. 

Lrt :i - Af sir 2i Jflrt P urn sift * ; ■ hen sir. a ■ 2i iciiS Sip. f' l IT x ifi nepatite, 
a ami f ! tfinijiau lit quadrant- iv; thus, .t mst- !■• positive .inn P rvcutu, 

TBiiBK the at ns of both renters of the given equation, 

sin -i ■* sin (sit - f5 ] = sin Ait ew fi - tor jit sin H 

rar 2j - i i/2 /l -<* ~ iVi i n.^1 4 L3i/2 + 1)* = /t - A 

Sillier Lsit:. >■ t A = 1 - A * 2 - 1/UB ■ Shdi x - G. 232?. 

Chech. Arc sin O.50H - 30^23',, Arc- sir tj. 2327 - 1 4°38' anl J,n - M 0 3a' ■• 30 c, 22 , 'a. 

3ft. Solve Arc t-nn .t - Arc ran (i-^i = Arc tan 4/3. 

Let a Ar? tan i and $ - Arc tah(J- »•>; then t-nn it * and m g - 1 -j, 

Tahlt'm the raiment cl train nerlisre of the itivwi enuaUcD, 

ranfa* 6) = J - U-*t . - 1 - . lK1( * r « lnrn V3> * fcfe* 

1 - un a ton (f i-ni-i) | „ * + ^ 

7ta:n t 4 - 4 j* + 4i Z , 4 .t ? - 4t ■ [ = [2.= -if - G, *U4J id = i, 

|]hcr:!t, hrc Lnn s t Arc '.an (| - $} 2 Are t-fin U.fiOtW = nnl 

Art t.nn n 4rr ran 1.3333 - 53'V, 

Si I’PLEMENTAKY PROBLEM^ 

Solve Hsch or the fuEUiwcui: eiiuai totm for- all x auch that 0 f x < 2rr. 

at- sin 1 ■ /3.'2. ,4hi. lt/3, Zh/g 

33* cos a « 1/2. 4ru. il/ 4. 3n/4 r 5H/4, 7V4 

33- sin i raa i 0. -4ru . C. n,'2 p e. p Jlt/S 

34> (t-nn i - i^(2 a in x i i) t). Aru. n 4, fn/d, Jn/4, Lih-'G 

55. 2 fsln 1 ! - fl-lri x — [ = e. Ans. n/2. Trt/Si Ut/fj 

5$. SlB 2 jt i Sin X = u- Arj-s. 0 t 2n '3. 4ft/5 

37- ros 1 ■ COS 2i T ft. Ana- n/J. n, [ifl/3 











ritEcnviMj ! me: i.'.-i. vi m\< 


(53 


33- 2 Lin i 2in i • tan i 4, 

3D- 2 nil. l - Hoc i 3, 

40- 'J Kkn .1 ■ r.t<: \ 3, 

-51- mr. l . ] pqs ii 

42- MPT i — ] lull i ( 

43. 2 cak if ■ 3 sin i 2* 

44' H Star * i LTLEd X ■ D_ 

45. 1 ■ sin jc 2 c:™ ; . *, 

46. 3 sin i ' -I nu: i 2, 

47. m St - Y'i 2, 

4EU t an 3s i 

4!-f- .i , 5 J , 

5D. cwt i/3 - i.Va, 

,51- a in x cos- x - 12. 

52- s In i - cos I i - 
53, sin %x " am n - Q. 

54' CCS ;Tjt ■ rids 0- 

55. SlD 2a Sin 4.T 2 Sin 3*. 

5fi. c«. 5* * COfi J 2 CCfl h- 

r>7- 3]D ; *• Sin 3a '.lOS- n 1 COR. 3t. 

Sol™ niwn ni l.hf following -isjretnm lor r :■ 

53. r - (I bill :.i 

r - a c:ns 20 

□Q, 1 <: n-L'i 1 1 

r = ti Sin 20 

50 , i ■ i(! * -’OS i’ ' 

r = 3 sec fl 

Solve '■iwJi ul the tollM'lme tnjiiat Ions. 

51, Arc • :m In i Arc tan a 3, +. 

62, Ar'’ sin > ■ An- tan x = 1/2, 

63. Arc riw t Arc tun i "2, 


■Ins - IX 1/6. 57 i]. It 
4 fit! , a. 4/3 r if-3 
1'iS- " G. - 2. r. r: ,j 
Am. a, 3 i-;: 

In*, ffl 

Am. fl'"’ i L 12 : 37 

in-*. iau : , JiL r ' 5 e' 

4n.f, M*52", 27-.I” 

Anx, IDS’ : ] S J , 33(f27' 

An- ■ St 3 . 5 ' S, 51 ;!„ LJ". 6 

Afix. r: 12 . r ,, in2l an |. un ]2. tin 12, Tn/4 

tru, ir -j 

ln.v. So a 1 .1 ul l in i :i uivcn ititerral 

Ins. 1 . 4 , 51,4 

4 ns, 0 h V 3 , 51-3 

An*, D, 2, 1, nr 

till, i -11 I, 7~.- *• i !>i R 

4 n», D.i ' 3 , 2 ». h t. 

,-in*. II, R 1, 21 3. tiK. 4, ill 4. 47.3. 71. A 

ids. Tty8, 1/2, 51 S. 51 i, 37 2, 131 '& 

0 ;ind 0 5 0 ■-. 27 , 

■ins., 0 - 7.-6, ' ■ n 2 

I? RIT/6, r ■ j "2 ; * - ait/^i r - -a 

in., ■ ft - lt v 2. r - 01 - - 81/2. f - 0 

0 - IV 6 1 r • ■. 3n./-2 
0 = Sl/Gi r - _ i ; 3ij,'2 

in?, ft " l.'S, r ii 
0 - 51/3, r - 6 

4 ns. i o.aai 

ki, x D.7&(i 

ins. x 0 


CHAPTER i8 


o in p lex IN ii in h v r s 


fm: iMAGJiUflY NUVflkRK. The ■stufcirc root of n ht’nal La- number u .c, . V M, /^3, 

th - :l 11 «tl a pwtf i*M£irvif y uumber* Since l)jr rtefi:*.i,t n>:. ^-fi /£,,/”] and v -"-5 = 
-1 3,-l t It La C UllVeCll□ tl It) introduce the symbol i = ^-3 and l.ra adopt 

v-5 r /fi and v"3rt 3 a as the standard form for these numbers. 


TIh 3 symbol i has the property j E = —1; and for IlluJeer integral powers we 


have i- i T .j f — J > i = -r„ j' 4 ^ <f a ‘i iZ =< — I) 3 i, r = i-j = f, etc. 


'll;!' o.t I. lie standard form simplifies lie uperjitinns on piir**' imagiiwies 
and yliminates the pass ih>i I ity of certain common errors. Thus, c'-9■ 1/4 = 

= 6/ since 3i(3> = 6i but yCg-/-4 ± VSe aiime v^-5‘V^l =F (3r){2i) ■ 

ef s = -6. 

NDWBatS, A number a ■* bl, whore * and h ure real tlumhers, is Called a com- 
pie* iiumfeiM-. Tho first ter .-I 1:5 called Mk rc-sJ part of the complex aumher 
and the second term hi La called L3ae pure ii&igin/try pjttt, 

COfr.jilex hUfffcet's fniiy‘ he thoughL of :lh including all real n tisii prs and all 
pure UasHi-Har.y numbers. Par example, 5 F. + rjj and 3 j - 0 + 3 r . 

Two complex numbers a + hi juarl t: ♦ th are said to In- rqnuil if and unly if 
h c and h = rf. 

The Conjrjt.-Jf-" 01 a CONiukw 11 umber 1 hi is the complex number .7 -fa a. Tints, 
LI f IS ? sicirJ J- ji, -3 + 4i anrl -3-4 j are j*i 1 rs of conjugate complex nusbers. 

ALGEBRAIC OH’JLATl WfS. 

It Adrhti*m. To uJd two complex numbers, add the real parts anil add the jjujV 
iDiajtinary parts, 

EJtAWLfi t2 * 30 + H - S J * - l!*"!) 1 <3- 51 i = 6 - 2 A 

2i Subtraction. To subtract lure complex numhors, subtract the j-cul parts and 
subtract the pure imaginary parts. 

EKAMFLU t~ 12 +3f|' - 14 -.Tj) = [2-4S t f3 . i-r,i!r -2* St. 

3.1 tfuV fipl tuition. To mil tip l.y two complex mintjur's, ■ Tiirv out Lhe muliipi iCu- 
tion uS if the number-. Were ordinary Ijillomials and replace i‘ by -l . 

Dyiupth d, f2 +3 / )H -ImI fi »- 2 j - 15 r* = 8 - 2i lot L) = 23*2i- 

4 1 flivtxynn. To divide two roiliblfS numbers, mul Llpiy both Hdmeratqr and de- 
OomiELal or 01 th. trad tub 111 "lie con agate of 1 he cjeciom i nator. 


Kunpis 4. loe 
A-5r 


(%* 3i Vf,4 + 5i> 
<4 - 5 J >(4 ■ S4 


i a- 15 ) i <ia * 1 2 11 


L0+I5 



11 41 



114 


(See ProbJp.rie; |-9 r | 
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GRAPHIC REfttE^OTATiOtlOF COM'!** .NUHtiHiS. Tk- complex number x*y, mity b>- r-\ rr- 
nented graphically by I.Iip point P (see Fig, tS-Ai r*CtiilcuLul* O >i al1na.l-feS 

are 

TJiU jji : ! -■ 1 0. lutvlcui coordinates iO,Oi represents tl]n cueploy number ft ► (ft 
= i>. Ail [.Hints ijti l he? .y-ax Ls Ikive guard incites il the iorni {*,0) and c&n'es- 
ptinJ if: rc;.i] rmnbors y, KuT th is reas rm, Ltic y-axis L.f MillJed Llit 

of reiis. Ailpuints mi L3 k y-itxit Itavfi cooriLiiiiilt."-: ftj the r i>rm id,>■) and cin‘- 
respomt to pure imaginary numbers!. fi+yr yr. The y-axi.s in ■ liLled tbe m vf* of 
jmn£ inttriox . The plume ml which lilt. 1 cumplel mu; tors are represented if* ra 11 «-;J 
the comple* fjl-.ioe. 




in add itii/n to represent ini; a complex nuntfier by a. point. P in me cowulex 
plane, the numhcr may bn represented (sou Pin. ] H - B j by tbt directed line seg¬ 
ment or vector OP, 



BWPHIC ROVBSECTATlUlV UK ADUITIWI AW) JSUHHWCtlttl. Let i x = *, * iy t and * s ■ 

be two c iimp]ex number*. The vector representation of Lhese numbers (Kip. is-C i 
sunKcstss tin? farri] isir pa nil tel up, ram la# Lur determining graphically the 5 n* 
2 ? +■ * T = f-*t * ‘ ) 4 f* 3 'iy T K 


Since if,.*, \x t * iy ± i-(x v *- jy s . ) (*! f ), the difference k l -*» 

of the two complex numbers may be ubt&ined graphically by applying tin* puraJ- 
ln 1 ugram law to .v. * jy L and -jf v --iy 4 ; (See Fig. IS"-D. ) 


in Fig. jB-E both tlio sum OJ! = ^ and the difference 05= are shown. 

Nnte that the segments Os and P^P^ [Lhe other diagonal cf OPr,k'!\ • are anal. 


(Sea Pn .-b ] era ] ]. . 


Fig. ib-c 


Fig. 18-D 


Fl£. Lfl-E 
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uwm i-a m mh. 


POLAR 'JR TRIGONOMETRIC FORM OF COMPLEX NLMKER5- Lo?L the complex nun tor x m-j be 
rcpivseiit^l {Pits. ]8-F"‘ I ;- tIS" wrror QP, This vector tend aifin-i- the cejDRpiea 
number i nmv bc» described in. terms ul till' lurirth r nr LIlk- Vector ;:j»d sny | is* 
Lii vp anali! ■■ a Inch the vector makes with the positive a-axis .axis tif posi- 

i LVr reals). The number r i4*i v 1 is cal led (he .-< jeJit J uir or -thsalufe v-t lut¬ 

ed the ctjmiilrjt Cjiillflji.-]*. Tin- aneic e. iviilted the vn-fij ;rmVi.- el the complex num¬ 
ber, Li' itsiial Lj chosen as the him lie* I posit, eve angle for which tan h - y x 
hut at tiroe-3 it will tw 1 »>unrl more rcnvi-n i enl fo ;fchtSSjSO S«e other itflfelc CO- 
(■:anain£t.j with it. 

Frr:-: Fig. 1S-F, * ' r cos 0 and v i sni ft; then i = k t yi = r cos Li *■ i'z sin 0 

= rre-os fc i i sin. ft), ife call i = r(cos •< i i sinyj the puS.tr or f r j fl eimum* d, 

r it: farm and x x f y p the rtwtwfiatar form Of the complex: iHHit>er 2 . 



FiP., 12 ■ F' 



Fui. ia-(i 


BXAwPt.f Hi Expl-uas 1 — I-/5 Ljl tolar u>m. 


i St:* ■ ne. is-o shove, ; 


Tt- aodultea is r v I 11 2 i fV3>* 7 2, Since tan 0 f/x - -/j/i -/i, 

’.Ilf :im|iIitiiili; 1 :.i I'tUiPT ]2<t° iir 2Q0P> Ni>> n- arrow i.lpt P lies in queriranl 

fv; irrarp, -*• - nnd tine xisiutred pudar li>im i& : t ii-uk ff < t sin fn - 

Jo OS 5(M) n ' i .-:: n ;|D j . Snli' I hill. - aims I- rf pr^si-isLcd m jmlar ton 

la . 2 [rnisiSOOi 0 ■ Ji 3fiC' c i - i ;=-*n<3 iki - "here n if- any i.nt^xeTr 


Example G- ktprisss; tin- --mjp]^ nmrbvr z On-o* Jfu c - i &Ln vilii'A In r^cutiwuLai- turn, 
Stum- rew 2Vi° = -*%■ 2 nnd ala ai0- n " - - i/2. 

t - 6[C«iS lUf •' I Sib ’J8[-V5/S i i, -1/2.1 -4v'3-4t 

Is the required rectangular 1 'tirn, „ , ,„ 

(Sne* Problems- ] 2-13-, . 


MULTIPLICATION AMI DIVISION IN POldFl FtltW- 

Virfi iplivnium. The modulus til the product of Lao complex nimhers is (he 
product Ol their moduli, and :ho amplitude L>f the prt.n|uel. in the *nni ot ttlcir 
ampf11 tides. 

I'he modulus of the quotient of two eutopicx Humbert; is the mudii- 
I in. of i he dieul ni'I divided try Lite modulus li 1 the divisor, and t hi? amplitude 
of the Quotient is the* amplitude of I.h' divpJtlld winurf the aiiijji itude ot tine 
dlfiaur. Kur a proof Ot tbewe I liLaire;ms, se-t; PreiUiom H. 

EXAarfi 7. Fiml u i.hi pnvi ■■ ; j,}j, i l.lw uuut-Sent j v . nnd l-| Lbe <lboL 1 ant i s i x 
whMiTP Jj r 2(t«» SM 9 - i sin 300'l anil i s &iLtk;. aid 6 - V sjn 21Q :l I , 

ni- Tin idflUJub tJ Lin prciiSnr I \s 2: tI? IQ. Fin: linUttmli aODP * 210' - 
-in Uui . foil nrr t.hi* i niivi-Rt Jim. •, auiilJ use Mn- ?n«lle8t nuaLLIve co- 
I L‘rn.iiKi-1 luiain :■ tii r 3«|° (&tl D . 7hus f L L rj - Lej'.risl ISCl 0, 1 s sm l50Pi« 









COMPLEX VL .VtliOi? 


n- 


1 1 Thr- nwilicluii ol lb* HUfitient ?l t t |R 2 ft • • isnit I hr :ir;|• I l r jpf Is 3W>" - 

810 c 9U°r Tims. 2 i i, • sfiiiKi 30 f i c Sin .40"). 

rl The itj-i iji; 1 u:: ol LJic ijuntlnqt i L is g.-'2 l. 

itip aitpntitde is 2LiV’ - a&nP - -ar>° hut sjib.ii u»c Lbt snniiist dm i * 
tire outenblrsal aru;3f -@0° ► a^p' 5 r 2W'* Thus 

J, 'Ji 4l.<:us 270 1 ' ^ i Kir. 2711°'i, 

hate. Pn.iri FJumpltU . anil 15 tin iiujiIiijj-S St ft 

s j * l— t p' 3 fund i^ - 4 v ; § --t-: 

in I'KutiiripiiLur Lrirrr., TJ|rn 

j,j, - fi - miSi(-4^S-flLj -fii J-si LSi'Mm im' i i kiji i nn r i 

us in ami 

. . - 4^n - ji •;- - 4i >< a - j^3i _ - (tit 

1 - i /i tx - i y§) {i + i &) * 

-ilitns. 2"<f' <- I SIB 27Q r ‘) ns tn f>. 

(&?e Prob-, is-ie. > 


I.H-: MOIVBE'5 TFEOREM. If n jk any ratimsaj number, 

{r(CO& y 4 i sin (?yf - r n (CO£ rtfi- i i sin Ffg], 


t\ proof of this theorem is. 1 h:_vufj(J the* sc:op* ul this book; a veri f leui ioai fur 
rr = 2 arift n* = 3 is- g’iva.n in ProhLnr ]7. 

EXAMPLE G. (va-iy 11 fa^aei 33d 0, I i Kin aw 0 )} 1 * 

2 s ' icos lo-satf i ^in iD-narf'i 

1024 fCDS fin 13 ♦ | ;rn §!> a i - 10 24 1 1/ 2 - i i/i :2 < 


512 r 512! ./a. 


(Sre Prob. ] H. j 


ROUTS rap COMPLEX NUMBKtS. W' Statu, ulltiout pruol, ihe tJlfrOrum A cioKjilrx niuber 
•i 3 bi = r (cos H + i sin B) has fix act ly r? (Hat men n t.h roots r 

Tin* iirweilurr for tip twm ini lit: tlieso n»nt.H is gjvoro ns Ex-i |j1i* $. 

EXAMPLE 0. FlTld Fill tilth Pouts □} 4-4 l. 

Ihn usual poinr rorir. uf 4-4t if 4 r"2" OS *13® . i sin ;ms’ . hut p>- shall 

Elat'd tlie nurf K*ntra] Turn 

4 A [wr, ( 215 ° ■ fe 1 ■ ! :■ 1 n a Lf 5 c i k rilin' 1 1 ] h 
Ipfiere k is urru JciLVelt, ir,: lui3inK zr-nVi 

Uuin* ih‘ Unlvffr'S lluinrin. ,i I'iflh rw»L i’l 4—4t i.s, ijiv ii hy 

1 41/2 'C0&(:*t k iro' 3 : - I ainiJl t k > \}''’ 


.4/21 ■ (LMa 


31o ; ' 4 


k -mf 


• j tin 


'ii.v' > k 


■ l-'2 [iCiSiJjli 0 • «■: ^2'' I I ■ sljli.hH 0 ‘ Jb 72^l]i 


Assieitinc iq turn the vatnPR t * Ii , L1 InrJ 







■ n\1|'!K\ NLMttKK- 


I iff 


- IH 

vfjeen; S3° +■ 

1 

sin 63p , 

= Hi 


- ]] 

y’?.:r.O? 13F. x 

E 

Bin 12& fl : 

- tij 


- u; 

^(t-us JO/ . 

9 

sin 20'/° 1 

- fl* 


= !*: 

/ill re; 2TS : ■ 

1 

sin 27!/'i 

, fl. 


- I: 

■/2 ii.i- T' ,1’ ■ 

E 

■filj 3^1° 1 

= fli, 


- 5: 

i/i (Cim 423* ^ 

L 

sin 423"i 




- F2(cag tia 1 

t 

i sto G3° i 

- fix. 

etc. 

rhe 

live fifth rtaits 

art- eiljlsH-in!' :1 tij 

as-: ijr 


Jill the vailiL'ji 0.1,2,2,'J i l.i-,, 0,1,2,2,—, ™- l) 
tp fe, i.Sse alsn Pmltlen la, j 


Ini noituluaoi iticIi :t the rout? is /2; hence 
Ih-'Se routs EL- UJI u circle l.i railim ./5 with ci-n- 
ter at the nrL^ji:, Thu idrfeTeiKe In aiiplitiidt- ui 
mu rnTisL'cutiw ri»t« is. TU 1 , hence ;tie i-uuts ut< 
1 '|u-i L I.'■ SJJBCeil nil this circle, il ■ tifoiiWti ::i (.he ail-, 
i n i e c J i ,:.uir ■■, 



■SOLVED PHOm. i:\is 


Jn vrohl-i-:: j-B, pur lorn Ike inriJcrited aL ji>hs, jnp] ify, an. I writ f i hi* rwRii 1 1 :n i.hc torn 

IJ -r lit L 


!3 -4J, - 

C-S-TiJ ^ f-3 

-51 ► l-4. + 7>L * -2 1 31 


:4 c 2t • - 

(~l + ai» - [4 

- £-1)] - i2-3)i - 5-i 


<,2 + j i(3- 

3i) -.(6 + 31 

■ H-3.U = (i-L 


(T- hi - -2 

- *T • ' l.i 1 ll i> 

= 25 


1 +3l 

n ■ ;h * i r lt - l i 

(2 • ii? i-L 6jt 

l > i 

E +1 

<2 - U'3-n 

4 i 1 

3- is 

(3 - Ji) (* i JiJ 

■ 6 1 6 'f ‘ 43 - 4 i L 

is . 

r4 

r-“< 

1 

C-: 

1 2 - 3 5 j i. 2 ' a 4 1 

4^3 

13 


f aii:l x Jitiii _v r-uch r Iiili 2* - rl - 4 + 3t. 

horn 2j 4 arm -|r - 3. Then jc - 2 Hlid v - - 3 . 


h- Sjhn* ttinl (he ZOtiJ iiji;a? c nxni:!;i:x riLi :i'- cm Z-t unit j - a urr: rtxi! a nf " liv gu.Hdru.K]r cTiuuKinn 
i S - 4 t ^ S = 0- 

Ftil i - 3 m: (2 * 1 > a - 412 tfj +’5 - |*4t4 *|| - 0, 

FuJ x. -r 2 - t; .;2 -<;i T — 11.2 - i i +■ Ji I - 41 + I* - S + 4l + i> - 0* 

Since e-lr-h ininb*. i* sal;-. I p--; the 1 r-tjunt] ,n, ll- | u rnrit -I 1 hr equation. 


'1, SbiM tlMI the «<;n.ii«at4' Ilf 1 t/.‘ Him of I »n ounplux Jiusnirr'. is "OUiil f i lw> BUR <il ihf-ir conju¬ 
gates, 

i>-l the eunpjr-i nurlii-rs hr n *h| mil r - n*, Their sun i& (it cel l (6 ► d)l UIKl tlH' CCfll- 
lunatii ml t he sun L4f (itt ■ ;i - <fr - djt. 

I ii'-crir.:i«;Lti i ol TllU l* f.ivi ii inudiers an: u - hi ami r-dt. unit the lr sun is 

fa i f | 4 i-h- ti) i - \a ■ rl -{b t ij) e. 
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J() r Fteprerwni lintpliii-ul lv j ,.,n ill" fn] SnwinR cemplrt n-.mlwrs i 
u I ;1 < „ '02-i, o -Jt i ( rf) -I~ Zi¬ 
ffle locate, in turn, ll» pcilntB *riase coordinates are |3v2>, (!,-£.► (-2,1}, and 

jci.Lii each Up tin- ijriiJ.Lii ii. 

It- IV rt (irn itruplii cu E1 y r. he 1 1 :■! i run r t ape rat inn*: 

at t 3 * 4 ij + i 3 + So. fci (Sn -40 t ( 3 -SiK 0(4 +■ SO - (i + 0 - d'l (4 * 3 n - i 3 - i i. 






}'nr Ml :>i-t| I >, CITU* Hi 5 II Fm.i*} and ■(>: tin* r.»n v«rt«Ts anil apply Hie pkra,l lelORrao ]»*. 

Hnr : i drain the wfetor* roju-MonlInit 4 - 3 i und -2-1 uiid hjjpIj III* pwallvluiiran 3 m* 

Hi En FiMc], 

For ili ijr&m Hue vectors iujirosesn hi* 4't< and -2 t and ujipLr tin- pural lOnnriui tow 

at; In h*ip, (rf}. 


12 - K*prrj;si each *f ■ Mr- (pi | pwinil ron|iJr-x riunbvrs s l!Ti pOlll rori’r- 

•j ) -1 ■ l fc i p/j ■ tn . c t S - 2 l , ilj -3 - -3 * 0 e , * I 4 l : 0 ^ 4i . / i -3 - 1 1 - 

ui J 1 1 iri iii I tn- /HiiijikI iiiiisilratiF., r ■ y'(— 1) S - ( Al S - 2\ tan 0 - y^L'-l • - rl and t? • 

ThUfl, J 2 (COS I2Q* 4- I Kill 120° >. 

lU F | j cut in L Jir Sim qiaudrttnl. ■ * f? - 12. tun P - 6y1j - 3 V3 unrl (I - t\f, 

‘ Thuw, t - L2CCK9 30° * i Kin 

ci p lies; m the fourth inindront : r ■- y / 2 i i (-2) 1 =■ 2r^2; ton 0 - - -1 nnd 0 • JK-i 1 ', 

Thus, : - i/2 i cos 315“ i i el» JU r ‘i. 

tii P lt«$ on the negative t-axis and 6 ISOP; r /■! -il* - if - 3. 

Tinas- , - ^ 3i(-'.t5 ifej 115 i i Bin Lutf'}. 
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1 1 t* Lips (HI LH f positive ,v-nS3 1 - and & 'Jff, r . -A} 1 <- A 2 4- 

Thus , : - 4 (clui gtf 3 - i tsEn 90° i. 

i i P Lies In r nr- r4iir I quadrant, r - r n' -3, can B - 4,-3 1,1335, 3 233°^- 

rivusj 1 = 3 1; Una 233*V 1 1 »■» 233'V 1 , 


13* Eitt-efiai- t-ach (if l.h.* rciLlu-m,. ni.Tiu^r. m CflClaneulftr tom; 

14 ■; nos :ta r ' ' I :=.ja 340° I c) 3(cms ID'" 1 I sin 90°) 

1 si 11 128" I, 

-2-iJii^ 


t ij( (is :s i r • jam 
. 41 ';:40 • 1 -= Lsi J4u : i 


ti i [.(tub) ]2fl 
4 [-1 2 J 3j1 


bf Sit’tM 5lS° . t sin 315° \ 3fly? - tn-l/i-'jjl - id- 11 ^ 
i| M 11 * 1 sill #1 T 3 L 11 * IC i I ] - ill 

ti] 5 [era? Lltf 3 - 1 sin 126^1 - !»[ - (l.fiiftl l t 1 . 1 , j H 8 L 1 1 i - 3.P'fHri ► H.iHdtJi 


i S ■ Prow: 'ii Ibe nOtlinus uJ Lliib- im-diI.ik I OT u» «arpl rst jnlnbcps i - I hi 1 prcntii£’l of ihrcir Tin:uJi, 
!ir.:l l.hi: iinpl 3l iidis nf flic product LB tlK Jim Ol ttell' impl I nicies., 

'■1 rin* Hu'fu3iJ« at thf> quutlcitc Of tiKi Cuaplex nunl-r L:- till! i'kjiJll L us- ; r.jii- dlvitlemt 

'l.vl'iicl r.n Ll:u lidJUjoB tit Uic :l 1 V1:-. V, ;iniJ Ktin :.r:| | jE.Led'- il I hr tmrjtlnri! is I,hr .sn- 

pIJIIkJc til I hr cljv iHri :l m 11 . 1 ft I hr- flmplltaiJe ol t.hr dlirisiir, 

Ljflt - ^ICOS I j &in 81 ) and r 1 r ? (ctife Sj * c »jn 

in 21 +j rj (co* 6* * 1 sin ^)t r a fcB6 Oj + 1 a in 0 z j 

fjTj [rids 6 , ross H a - sin 9 ( issn, 8 a . naJr; fl cos- 6 2 1 coa fi. slti 6 )] 

= r j [OOTcflj i fig 1 t i Sinf% 1 $2 tj-i 

ri j CM g. 1 1 B-lfci (r j i _ fxjcgt -1 l iiin tegs in lh>;. 

i> lean & 2 i L alii i?jj r z (r.[M (Jj i 1 sjp 0 j)<r-os 0 a - 1 5ln 0 j) 

Tj ^ r.i-Cf U 15-1=1 5 S Si a -0^1 * j(5ia dOB - CWl A, aili 

r 7 1 - 3- Ln ! i^ 

^ i|«iut(€j-Sj) i a Ktnrfl] - fJ 3 i] , 
r ■» 


lH- Pcrfdrn Lhi J miiciif--d ^romtlona, f.mru: tip r (fault in both jiQ-lsr and rtt tartudlar ion. 

□ I (en tTD' 1 - 1 sin 170'\ 1 f<:«« S5 ft 1 t *in 55°J 
I,-; 2((M>i Jitl^ x : it in M 0 ) - 3(n.K 'id^ 1 t 1 sm 4 ^) 

«'i fi(itiKi iirr ■ 1 *in m"i ■ 44 cw Zkf - 1 ein aiS 15 ) 

J| EdfCdS :iori‘ n - 1 u3 11 . 305^ 1 r 2(COH erP t t Silt 

fl 4KII3 aatf • 1 sin Z2I>°) 4 2t<« 0U° * i &tn 40 ( *i 

,n - L ala rj^i ■ Sf-Ltie, 75 0 t 1 sin na' 4 ) 

■J I n-ji' MMhiii::; 0) ItW 1 JifMiWr 1& ’i(i| • R anil Ll.r ah|-1 il iad»r" i.s STD'* 1 5R n 

In liOtar i'rtra (Sie nrwlw • is atfifts 22R" 1 1 sin 22S : i anil in rcciinsuLar fnra Hp product 
la ai-^/2 - E ^S/B> - -flitj/a- 5i/2/2, 

h, Hit mduI nr ni t|p. iirtmurt is 4 fill B ftfcJ Tlie aapiltilde ic so f , 40 '' ■ Bu f \ 

In poi >r fd the prt<Juc-L is HrrijK ftflf' I 1 :;iii &|l‘ .1 und 1 11 ruci.iLn^ntar form 11 610+ tj 

- Bit 

( i 7f|" iKKtljJua uf the prndiLr-t ia Bpi) 3 lind ffle aqilituih! iR J 111"' r 212 :l - 322°. 

In 1 -if]a:! rrirrr l he ppuriuci 1$ 3 r<-*? 322 n - i &jr. 322?) and In rac-tnaitular Iona it La 
3{0 + TBSD - 0. BIST I I ' 2. 5C4P J.fMTIi. 
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J) The pnrtBlit? oi Hu- quotient is 10 2 - 5 no>l lhe nppmudo j« 30S~ 

In j.cilar torn the prcKJikt is, .340 ' 1 *n» 2 *j>" . and L 11 re/-Lam: u inr forn- It ia 

3.:-L 2 - IY*S If -S 2 - air* 3 2. 

*3 Ttiil ni>:luLuj; pi ttar. qcinMrnl 39 s 4/2 - 2 and the B|rpl Jlitf* |£ 231° - 4(T 18ft". 

In no Mr torn tHu quotient in jne-us iao r - i - Lji 1 fla’ .• and in rectajieuia r lun it jg 

2<-i • VU -2. 

t ! Tin * ™--Ju L us: nJ Lbr qutttlenl is. S, 3 2 anil I hr Mplitmie is; 230^- 75 : - IBS*. 

In polar torn the quotient is- 24«s I55 : * 1 sin 155°) and In peerm.: ilm lorn u Is 

2 i>a.S 10 KI ; - 1 . 8 IM 1 fl, S-S3 H £h 

16- Espres-s t? o-c h oi thv quFn:er& in polar ron-, pertutw the lad! fa ted opera-t irnk t n-nd iUve me re¬ 


aull 1 ji rt-etiiniiLiiJ at l-uti. 
u > ( -.1 - i 1 '3 j (/a - 1 1 

J? -2 4 * n 

V. i 4 3 - 2 PS 1 2 ■ P1 

1 . t (S - 3l r'3l 1-2 - 2lVri 

r fi! (-3 - 31 \ 

3a:. pi-30 

c \ ;4 - 4i V-1 ■ t-2 k-5) - ii: i 

r 1 1 t- l v'j |(1 f > 1 


__ei ^ _ 



al <-L ■ r/J liitl ■ I' 2-t««S [20 ft 1 > is In 130'-' I ■ 2 1 COS’ !Up ‘ i *in 3Q"' > 


Kecs Laii ■ ■■ Sin 150° 1 - 4.1 A, 2 +■ is) - - 2/5 , 2 i 

0} <3 3.'►-5 11-2 - 2l/Sil tiifoa 300 <s 1 1 » ui 10Q a I 240 0 1 3-in 340 °) 

■ 24.<C&S H40 n 1 i sLsi 540°} 241-1 1 0 p ) • -24 

i- 1.4 -41/5)4 {-2/3 - 2i/ Been: 30l>" • 3 KJB 3G0 M 1 : 4(ce« ISO 1 1 P -'US Lad . 

2ieo* 1 !M|P - I sin UflP) t\- /f/E ♦ iiS = - A + 1 

iil -2 = H?S't l) lai' 1 aiq 180°> t a.iCP*s 150 r ‘' 1 t -Mu 150^- 

era sa r/ 1 3 s a n ill/ 1 - i /5 + jI 

ej fit ■ *'-3 -»ii S{*e* SO' - • := I=i ftqf.’ 3/2 (>"«f 22i' ? > t sin 2E.V 1 ' 

/Etf-ot ■ 1 aim a;&°i -1 - l 

r I - I . iL-'iil 2{C(.1« «0° ■ ! SI in Kf r ■■ 2(c«es ED' 1 1 « *ln SO" . 

44«*» 13d' 1 * t Kin lid '- 1 ,1 4(- r < *1/5.1 -2 2iA 

i! • f 3 1 2i){2 *■ l i - /Ia{crLi 3^41' ■ > s in 33" d I ' ) ■ v6{M*S SS“14 r ' 1 Sill 2^34' I 

- /ftfrcoR. eo w 13' ‘ *tn ®J :> ti' 1 

/«(0-4i)63 U-44B2i) 4-00! ■ T-QlKlP - It;; 

h 2 * 3i . t'L irns. S6' ? 19' i air. 3G i: tit f 1 41^19' 1 ■ tun IlS^ld' 

3-31 j/l3 irnii 303'' 41‘ 1 i sin 303*41' 1 fM 30^41 - t »lh 

fist; - 1 sin IL^’Sfi' - -i>-3fl'lS - 0.9230 f 


1 ,- Writ? &- !/!:;■ a 3 tlir-DFen liar ri 2 srai! r . 5 . 


!■- 


f m’ijh -i , yin |, 


fqr it 2 ; i S 


But >i ■ 3 . : ^ 


|r(isns H 1 P Kir. Fi , rfqois i'i 4 , sin fl)^ 

r Sr '(piK f> — s-pn Bp r ij2 s ib e cue B ■] r*{«6 2® * t sLii £P 1 

I 1 . : [r a (tu3 2 a " 1 sin 29>U r K‘OS 6 * i ssia (?:] 

j'L-ir. tv I :’n r! f» J tl jfi Sib t)) 1 I ISlH El' tDE '* CM 2> * Sll :■ .! 

r‘(L-qa Sri - l sin :lii ), 


Ti.r theorem 


l.e 1'StnO.I Jr,|d tor 3V n ppjKjtivi 


iilh'K^T l-W nnl.hL'iKtl L>: - a! iJidLk':t.iun r 


1 




14 2 


rmini'X m miuik* 


1R, Evaluate radi uf me following UK-ing. |)i> Molvrr'* t|i--in-;-n jjiri ricprrsr; each msull in rec-ian- 
gnjiLr rorn : a, (l - li/a> 4 , 6) f/d - ►»' , CJ l-l * «> U , ii> <2 (■ JO*. 

a) fl . i/l/ [Etta* Elf 4 l sio E0' s >]' 1 sViqK 4-60* ■ I sin 4. 50°) 

2 m {tm 210° * I spn 240? j - -fi-ftJvi 

*J !•/§ - ' - [2(C(W □ 3u" * . $.m aat/°j)’ ■ 3 2 (C M 3fi.il- L sin ]fiS«. D ) 

■ 21JJ" t r sin S1D ,:1 1 = -levl - 16.1 

O l-l - n lfl • [ir'Sfttw 335" ♦ 1 BUI L35°j] Jl: aaiccis 27D' 1 ‘ L sin 37l/'i □ -321 

*0 (2 ► Ji)" = tV la- (CDS 5*°1-9 J - i bln stf'l/g' }] L - 13 T <«:«s 225''IB J i i ftin 2Z5 ft l6') 

I6&r-0..tl>3fl - O-TJlHO = -Slft.il - 130. la 


ly. Pli«l il-l- miMt-ai.-n rqpiii in recMuigwta-r fnrn, except whtvn th]^ would nrccKKitatr the usi* of 
tub! es. 


d.: SqiMife IMal-t nF 2 - L2i k '3 
h:- Pvjurt-h roots of - B -S' V 3 

O CULh 1 ' r 'I' L't !"■ of - 4 /£ ■ 41^2 
i<> tube rnn |:.5 0 ! ! 


(I Kr-HTt h roots Ot 1 
/i SLxtli rooEa of -s 

£} P'jurlft roots of -lEt 
6 1 I'i fi b ™t:; of 1 - 3t 


a i 2 - 2iv'S 4[CM(300*4- * 390*3 4 a BiiUaotf* - k 360*f| . 

mi l 12 - 2ivi) l,JI 2 >osr :nCl-‘ » k IKJ*) I 3 itndEcf ■ * LUO" I ], 


Pldt Lirtt * 0 find L. Lb; 1 roLtuired roots arc 

fri * 2fi;ISO' 5 ■ i Kill 150° y • 2i- ig'3 ‘ iii = -1/3 + i 

’hi - £icua S&J* - i san SSdPi = 2i;iv'ft - kn = V§ - i? 

Il l -B-Ei/j = 16[eofl{240* ■ Ji »* 3 " i i. 111(340"' < 

Jicd (-ft - 8 iV3 -I 1 ""* atcoeffid 0 ■ k stf') i i sijif60* * Jk90*l]. 

PuttlnR t - 13,1.2.3. tllfi requited rixitfc art 

h t = 2<eoa 60° - I alts E0*J 2(i . I4v5) - 1 ‘ iVSi 

fif - 2CC-US 3&0* >• 1 sin '£{- b v5 ’ 40 - - -/S 4 [ 

J(, ■ Sfcus 240" . i sail 240*] - 2(— 4 _ i t/b) ■ -I - 

= 2(ook 330° I- i :? □ n 3MI 11 j ' 2(4 v'i - ; O - /‘X - t , 

ri -4^2 - 4:/2 . i3W''l ' i sjiKlJa" i- 4 3KJ° J ] 

ana (-4V2 . 4L/2r''' 2[4:nH{4o r ' t aini^ 7 ' * *r lao 13 F]h 


Putting 4 0,1.2, the* required roots ari- 

Jf L - 3COM 35 ° h i altt 45 D ) - 213. ^5 ► 1//21 /2 ■ (/2 

H f 2 (eos | ffi" i- t &ln lO^'ii 

ft\ arcce 2&P < i Bln MS^u 

■fl J - o.)s,,n - 4 ru'nj 1 ► i : p1ji( u'" 1 ■ 4 auff j ati'i s' coh (k l3D°t ■> t *m ^ k2Q‘ 1 >. 

Putting k Q.i.2. Uil- required roots arc 

Itj = eos ft* - t sin O 1 * - i 

ff r COM 120* 4 l Sin 120* -# J *j|/s 

If, - etEi iii(f t 4 . s E(1 240* ■ - * - I f , 
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■SiLili- l-hat f,l g qgs 2(L20 z h *■ I s In 2 (.120° ) • flj , 

K* • exist 2(£40f> i i sitji 2{24XP I =■ P £ j and 

W ? ft. - 4CDS I20 3 - c sin 12D°)<Cm 240 n + t Sin 240° i - COS i : E-iTl fP il 1 . 

i - i I. I i slfMSW- 0 I U36C ft i un :l l 1 ’ CD6f2Ei r ' ■ t f t JbW 0 ). 

Tines r LJif ciiqu i ru-d r<M:ts ad: 

- cgk ► i sin 22 jr • cok. 20 £i D + t si" 2024 -° 

ri, - CLK II2 « L sjn ]12*° ft M - !?(# 29Si l; ' « «in 882*°. 

i ) -1 - castlEO^ ■ *360 ft i ■ i sir(IW C ' I- b 3«1 w i ami i-lT 4 - iofif3D CI n i t £)Il(3rtP - (MJCf 3 ie 

Thus:, Lin ri-qa i rrd risnt.s ad- 

- rns 30° l i K in 3fl 15 - iv'S-il 

- rns 91f' J t- l -tin-90° - ( 

ft j - cm 150^ y t sin 15Ci' : - - +■ i i 

Ji„ ■ cd:; 210 4 t i .sjn Sifl* - - i/3 - 4a 

: ens 270'’' i e sin YJ\P - -i 

ii* = cn.s 330' 1 + i sin 330^ - 4^3 *t 4 i. 

Noi»> that fl* - flj r.;LEj 180' I ■ *f Ln ifi0° ar.J tfius, aid tt K arfe l-bfc 34ii4Te fuOCS Of -I ‘ 

LLsL fl 1 ' - fl^ - - r-rti 5£l‘ + i sin 9lj J l und Llius ff lr R^.R^ aru LSik tbfrfi 1 -OdLs of i; led 

that flJ. - fl; ft cm E70" ■ i sjn 27EP " -a mill Lfius J? . R . R an* Ili« *ul*! r<»Ls Of -l, 

2 M n 7 * U 

S> -16E = ie[oga(r™ 0 . E 36D 1 -’ i i i s 1*1(210* b SW'Vi ann 

f—lOiJ 1 ' - " - 2 [nos (67 j" -1 b 90° I ' I Ntni.G?^ ■ *90".J. ttius, l hr required rejots ate 

«! ■• 2 (cup s?!* 1 - [Bin «7i. D i tti. - 2(e«5 Sl7s° -■ t sin 24 Hi?) 

Aj • SR’im iS?/ + 1 sis t57i" i K 2(cc« 337*° >* 1 sjn 33T±°j. 

A) 1 . 31 = /lo [c<mfTl°34 r a- ib 300°) + c s i n <7 f' 1 34 1 * *■ 3M '" 1 1 ] n-r-ti 

<i -2c|i , '" S - /]'ft [csqs Iq‘ J i9' - ^72^^ - 1 . i72 f) jj. Ftw nsquirrd FfKil* ar-r 

Aj • ■■-'iOfcos S* 0 ihi' ■ i sin li D I0 '> 

fl ? - v'lo 4 cm s&^l!*' - t sin 88?is'j 

= ^iOiCOT ISjtPl!> J * a Sin iaa°19' !. 

fl H 3 '?'iQ1rny 230^39' ' 1 * in E3D' 1 L9' : 

fl, - vlflicrti t 1 302' 3 19'v 


J4+ 


COMPLEX M MbJ-.HH 


ril'PPLEMENTAHV PROBLEMS 

30- fcrfflra Lira jqdicaLfid opernr.ianj, wrlcthd the results Ln rJit- r«n II I-dll. 


(2 - 'if 3 - ix 
14 * 2t I 5 32 + I hi 
1 1 ■ I|i (2 1 3 lI -6 . 4 l 
J 4 3i & 3 

-- - !-. 4 _ 1 

2 2 


ah 

■16 - 

2th ■ 

{2 t 2iJ ’ E 

4 C 



« - 

21 > - 

12 * 3tf : 4 

- 

h 

C) 

12 4 

2ti t 

C-4 - 3Il i - 

-1 - : 

n? 

ill. 

<3 - 

St) - 

ft - 3 l; - 

L 4 3 

13) 

e> 

3(2 - 

- x) - 

6 - 3t 


tfj 

ft 

2 L {3 

t- 4i 1 

il 

* 


fi? 


a ■ 

31)11 

r 2i) * -4 i 

7i 

Jxl 

(3 - 

3tKS 

4 Jl j - tH - 

31i 


i J 

(3 - 

i:)H ii? -ia 

i Hi 

>?h 

j) 

(2 t 

34H3 

4 21J - 13 i 




1 4- i 

3 - 3t 

3 - it 


il » 


€ 

— . 
& 


1-1 


:i - 2 1 


£l- Sem i.tiiiL 3 i* lui and n. ~ 2t are rutiLa of ■ 13 0. 

22- Per torn L nip.il-i l: H.13 j: i.hr tnl I a*; ns (uwrutions. 


I3J 15 I 3tt - (1 t «t!S 
<0 -4 - 2:) ► i£ I 3t ? 


O 12 I- 313 - (I - 40 
■l) 1 - So - r£ - 3U 


23> tiprmi; ervrii Ql the t'D) lOWifie Cripples CiUBberi: in pr.Jtir : nrm, 

ah 3 + 3i - 2 1 CO« 43° + 1 »ln »° » #) -& - HffOS 1K| B t 1 Sin Ujlf 1 


In | J ’ til ' f l(C0S &t>° r l bill 60° I 
Ci -2.3-21 4feos 310^ - I SIR 310 °i 
J) /i - L.'i - 21^05 31S 1 t 1 Ain 315 ra j 


f j . 3i - ifccs 27D ,:i ■ l sin 270° 1 

6) -12 ' SI - llfcris 157*23' * i mn 

Ir, -1 - 3i - Sf-CCS 336^52' ■ 1 »1B 21^52 ') 


24- ^Tf'-pr® the Indicated operation and iT[i:rr.:. tjir rcMiiH.c; Ln the fern a + hi. 

tjj tticos; 2 f° l 6 in 25 '"' 1 s foots aio 0 + c 5 in aftf) - - \%-J2 - 12/3 1 

ht tccus TjW- l ;-in 50°j 2(WS LljlJ 0 - i, Sin II.Ji>' n | -4/3 1 4i 

4 ;cuh J m' :i * i sin 


n 


ft) 


2 (r<?d5 ™' > + i &Ui Tg L,| j 

l2(i:flw 2ui3i r '- i sin airfi 
3(era 350 1 "' - i sin 35flP | 


-1 4 1 /3 

- - iA - it 


Sis Hsi* 1.K« pa I nr ton. Ill flftiUniv each aJ Lbr fnl Iruri n* product* md quot tent*, and rxjiTtss each 

ri'sult IIS the fufii a i 6i. 


<i| (t + l 2 - - 2r^ 

~ — L 


n i 


* I 


I * L 
-J ■ r/3 

v"- 4 c r'2 


<0 f—I - il.Tm-I v3 - 41 ) 8, 3 - fti 

d, 1 _Al2! 2/5 £j 


Q-a&ftfl ■ rj.9fe.59L 


ft 


y 3 4 i 

3 . i 
2 4 ; 


i.4 - LI.21 


26- I>- Woivre'a Theorem in .■yuLnj.li' on.Ni or the eoE l«“ me and exureaa each. result in the fui'e 

■ J r Erl i 


j , lafeffi s' 5 - t eifi 6 1 ’ J i]"' ■■ Isa 

>-• I [/a (mint 7& n ■ [ I n lf/ J i]' ■ i liylt 

r ) 1 1 I E)" L Li 
'i> (3 - rj 6 ■ ttl 

e I •■3/2 - iyS/2) JU -3 .-■" - l v-3,.’2 


h te'S/a - c/2) = -j 

^ I [3 - iO'‘ 526, & - 236, lx 

.1 




fl - 1^3) * 

{-a + a.r 


i i) l 11 J , ,_ t 

(1 - 1K''S) } 
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27 . Firm all the indicated roots. expressing the results In tii-■ torn 
he needed to du a*. 


a 1 The ttQifcare roots of 1 . 

■ins. 

/i/2 * 1 

/*> 2 

b) The square roots uf 1 . l 

4ns, 

/E /2 ■ 1 

Jin. 

cj The tuhe routs ol -3. 

Am - 

E > m-i. 

-2. 

d) The cube routs of 27 c. 

ylnsi. 

3 vV2 > 

31 2, 


ij ■ fai uqln*- tflhJes "fou,3 rii 

-/V2 - \<tV2 
- M/2 - i /?/?■ 

1 * I k-3 

-3/i 2 - 3 1 . 3_ -3i 


e) The cjutie rants til - A ^3 ■ 4c, 

Aik. 2(«'oes Slf 1 : sin SO ft i, 2{CM 170° - t sin 17D D i. 2fOOi aBO" ' i Sin Mtf®) 

/> Tin* filth ri>i?la nf Hi, 4 p* . ^ 2 (cos a ft i i s la flP), "v L^Cuit- RE 1 "' ► l 3 in 33 °), <»(«, 
i»j Tlii* siiTth roots: nr -■/% , |. r . 411 *, !'2ff!(KS 25’ 3 • 1 sin 2a“>, ?'2fcos air ' • 1 alls Sb";-. fU, 


28- Find lhr 1 !■ 11 1 h rw'.! ; nf 1 and sifcw* t hot tho prrslui i -rtf aijy turner nl ilix'ir is aijiijn <jS 1S uf [lie 
t-mtii roots of 1. 


29- SIk» that I.lie reciprocal nf any cm- oF tin* L.-ntli rnnts nf 1 is SkiftLi) a lentil rtwC ul 

3f>. Denote either of the cow lex cube root-6 of | rProblen i9rf> vy v s imd the other ay w . «hn*. 

? 2 

that i^in 2 i-j ard ijjWj * 'i'„. 

31, 3ho* chut ..cos fl + ( tin 0) - 00 s n 6 - 1 Bln . 

02. Us-o the fatt that the segments US’ and in E-'iRr Ifj-E ore mpiiil La devise ;l seenml proce¬ 
dure fpr 1 :isn:-=l rucl.iiu; Lbn difference OS i, — * 2 A[ ixs ‘dipl-'X mnrtiBTS t- ami 1 , , 


CHAPTER J9 


T<>|m-s from Soliiii Ceoiuelry 


THE POINT Of 1 IMUiaECTION o( it i l ne win'll a. t*ianji' is called Lin* foot of the Jins. 

giv II line ir- perpendicular to a given l.s 2u II^- K wbL.ch it mLersficts, if 
every j i sic in Ui< plajie liiro'ugJi the fool of tla? eiven line is perpendicular 
Lo that line, 

II a lids is perpendicular lo each of rm Intersecting 1 ftrft at their pgint 
nl intersection. ii -is perpendicular to thu plane ol the >. nu linns. see Pie, 1 &-A. 



Flit. 19 -ft 



F 5 It, 19-& 



Pit:, i9-c 


[JJHI'TiRAr, \NCLIiS. When run lines have Line anti only one point in comron {Fig. Ifi-DJ, 
they fief i n- T'qmi i> ;i I '■ aiislrft. *fu.-1 1 two pianos Juiv* one And only one iilse in 
Ctifu" iii 1 J’.j',, 1 l j_ 0 : , they define four dihedral ifnf>Io$ . He shall rest rici oor 
atfent, Loci 1 r 1 1 ■ d ihertnd is 11 ^ .1 ■ • A-HC-t> indicated tty tht» heavy Lines, of Pip- 
ure lfi-c. The platies A nr and PBC art* eat led Hit* f.-icr.a and the line of lnter- 
&Hct ion ftc j* i -a lied the e^c of this rtlliadral anfile. 

The plane angle for M.i 1v*. lines, 'UitJ In each lacs ut a dihedral angle. 

perpend ieijl&r to LLc -if a co- men [joint in called the pi .*nc arr^lr of the 

dihedral aneLi-. The plftlie angle, as ZEFG flrf Ftg, I9-C r it Lake n as Lhe reeasurf- 
or the dihedral angle A-RC-D. 

riih&dr:i J angles ulA - ;i. J u 1 acute, right, or obtuse ancnrcLieg as tlvir plane 
tsLillies are acute, right,, or obtuse, 


TRLHEI3RA1 ANGLES. H:vii three j 1 1uii 1 liavu ulii? 

and 11 n 1 v rihe point in -common, they cle- 

f IIW aighl ff rlicr ir.fl fit* shall 

rest rid run attend Lori to 1 lie trihedral 

angle G^XY2 InrLieal.erl by lhe heavy ] inn;?. 

ui Fir. a■:?-! - The ecurmon point 0 is called 

! lie vurt^x o.J t].i plain.'s (BV, ffit r and 
OZX at* i:til l-?rl the of Shis. trilie- 

dral angle. The faeGS, taken lit pairs, 
ffs'rr threv ctilii'driL E -iMali's ahos-e edgas 
OIL , OT. 0? ar 1 ■ called the of the 

trihedral aricl". Tin plum angina >V, 



F'.u r ]u-n 













lun-rs mm soi n» fji-iivrnn 
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VOX. 7.0X in the faces of the irltiodraL aiigli- arft c-jil ted itr /••* < mf.)**. 

Tin- sum 05 any two fact? rniKlfs ul a ttihedm] angle is groa.tr -1 than iJu 

third fact ancle, For :l prnai', see J’rohlr^ I, 

The sum gi the face ancles of 0 trihedral angle- is Jess Ilian 36ft'. F'm a 

proof, see Problem 23 

£J J ttRRICAL ANGLES, The plane sec t ion uf a sphere 
is a circle. Tins circli; (Fig, ]<3-E) is cal ii.-r 
a great circle if the in La mee ting plane 
liassas, through the center of the sphere: 
otherwise', a 'ami! c.j fie. The poles of uteli 
a circle (grE'u!. or small i arc the l<tt; pu icM.-. 
of intersect ionith the sphere ol that di- 
fil&eter 0! the sphere which j s pqrpendieular 
id the plane of t.lie circle, tn Fig.lB-E, P 
and P'aru [hj 1 of both the mrcul and small 
c i rc J ns. i l J us L ra Led. Nol e I :i;l t wl 11 I e F : s 
the pol* of many small circles (all r small 
circles defined b> plant’s parifiel lu W > 
it Is rhc polo ci e only one great circle. 

Tito distinct points on a sphere fas A uu-i £ at Flg> ig-F-j flinch arons.it the 
CHLri'inities ol u diAafttcr lie Oil line a&d only one s'.real iVc lus Thu short Gf 
arc AB of I his areat circle is the shorl c*t curve ■'-•!< the sprier,- i • imug l hr 
two points. 


.-snail -li-L-L-f - P 



Fn% 19'L" 



Hs. 19* F 



Fig. Pl-C 


The tuigle loreed by two intersitfit itiK arcs of great circles on ,i sphere is 
called a when jn-fllii-, The great-ciro 1 e-arcs u re called 'he sirJi* arid their 
point or intersection is called tlio vertex of the spherical tng • A sjjHnri- 
Cai angle is ■easiired by the dihedral anc le ! irxed hy l.ln. t Luma of the j- -a I 
circles whose arts arc the xidejs of the spherical angle, fn fig, J 9-Gi APB is 
a spherical ancle on the split-re ol ccti of fJ add Mi- Citli’C !■■ is tin- givul 
circle having the vertex P of the spherical a:igle as pole, Kinm I he :• invs- 
pomlLtiF dihedral ftntsie A-FO-fi is uieasyred by- r.lm plane angle AOB which m turn 
is mens ii red by l he art: Aff, it follows Hal a spile r leal angle *•' arc :ol r«d by 
Lhe arc intercepted hy the sides on the great circle tdiDse poll- in the vcrLr-x 
Of' the angle- 


SPHERICAL TRi ANGIES- The purt ion ol Um 5LuTaC!0 ol a sphere bounded hy the arcs of 
three great circles on it is called a ipitetical triangle. Tts tnuuicding arcs 
arc railed the sides and the vertices ol Tie [.breu spherical am-le-s an- called 


















lerlCH KWiM SOLID GEOMETRY 
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t h;■ ve/! k'cs 'i t in.' spherical trian&tek wo shall usual ly rjijsignati tilt vcr- 
i jcos b.v .4 , fl, r. .md tin' c-crres-fernd ing opposite sides by r i Ji, c respectively. 

When the vertices di.h.r of a spherical Iri- 
ail sits (Fie. t £?-H ) are joined to the renter of 
the sphere, u [riliednil angle O-ABC Is formed,, 
the Hides .'i, 6, t m the spherical : r in Hide an? 
me&HurtKj foy the face angle* boc, cwa % aqb *if this 
trLhcdral ikiinl''. The angles ,-i.. E, t" ol the Spher¬ 
ical triangle- are measured by Lhc dihedral ah- 
ei- s nf the trihedral angle - ar.gSe A is mea¬ 
sured by ilie dihedral 'angle nt.c, 

tinless ml. her* i -sr- specified,. the spherical 
triangles to be coins idiered will lit* restricted 
Lli those for which each side and angle is lo£s p^ Cn 

tlucn i8h D . For such triangles; 

1) The , 0 . . . :ui,v tw -irles is greater than the third siiV. 

21 The h i.ii: of the threw sides is less chan. 3(50^, 

(These 11 .i ■ : 1 1 ■ - ■ - follnn from correspond ing theureme regarding the tp.ee an- 
islus of u trihedral angle.) 

:.! ) it lku sides arc (i^ual, the angic-s opposite are equal and conversely. 

4 i [f l.i. ■ sides am unequal, the atlgiea apposite an- unequal and the greater 

it Fig lu 1-s . i|: i ;os 1 1 v lli- ere a ter s ide, and converse ly - 

■ Thes- tliHureits ar( IranL1 1 vt'ly cvid&m urn l no fol'^n proof i:-; given. i 

$ j The sum uf thu ilm.-i- aiirlet is tjccuE ci' Uiuii t^Q 0 and less than 540°- 

n |irhV.ir of this Lhi'Ornm ui Problem K requires (.ho ;isc 01 the polar LtM- 

mgl ' i h;- us- 'i in thu neat site Mon- 't 



The xpi rr h.vj f !fxt:r.s.s F of u spher leal triangle iLhi■ iiooktht by which Use 
Hu? ui Hr uliUtcrs cJiccrds ISO 0 - For oKailipic. 1"3' tin- Hpfu'fica I triangUi 1 wlw^e 
angles are A - H5'" r E = , C - ] ] 2°, 

£ US' 3 i- 75° + 112° - lOi} 3 2 712;°. 


PfcLAK 




ITFl i,'iSi ;11 s. L' : a.h.c I - Lhi? yen ices ui j spherical triaiiuli :-nd construct 
the three great circles having these vertices 
as pules. Di'Uoii.: by A‘ chut i tlterseo 11 Oil ol the 
great Circles having B and C as poles which lies 

in the .. side of £?C ai, does 4, h_v jB 1 that 

l iiterscr 1 1■;iti ol Ui-. great rin It's hii v j 11 C and 
A as pains fthich lies oa the name side of fd as 
does B , and by r' that intorsect-iojt ot i.he great 
C Lft'les h aV 1 Jj, ■ A add E us poles which lies on ^ 

the siime side of AE as dues C". The spherical 
trianplf 1 is'C i - called i he pul-ir irtxti&iv of 
AflC- He shall dt'EiuLe its aides h.V lih 

Jii Fi£. 19 -I. fte. LS-P 


rhe funttorieniaJ tJicili'eins cont-cruiJig polar triangles are: 

] li A’B'C* i the |. ihn- trlahKle jf ABC, t.huh 4J?r i-S I lie polar l.ricjtcle ol 
A'B’C’. (For u proof, see Pnihlem. fi. i 

2 l.ti I wtf polar triangles, each .uigje uJ oijl* ui Hid tl ianglus H equal to the 
supp.| *■ men i .- i i lv currefipond Hlg sldv- of the other trianplc. thnn, 

A 180° *' it = | SO' 1 ■ t' C - mV 1 

A‘ - 1 FJf)'-' 1 ,1 e- = ISO- 1 - ti C*= 13iJ D - c- 

<For a jirivijf, -Hen'-: Proh |em q. 1 




Topuifl ntuvi stu n> i:kik\tf:thi 
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APPLICATHSJSk Ln tinier to sifflplLt.v Certain E a l till aM ana , lL is r. usHMlury U« ■ *ri 
sid'-r the Mflrl.li as. .1 sphere. the axis ol rotation of this sphere intersects, 
1 is surface in rh<- nnrth and south pcites, F„ and 1 % ui Fife. 19-J. The '.mul 
ci rc It? hELvinj: F. and F. us i;ni-it:i- is Called tin ttcj-ix.-i(, For any p-irint -1 -m ' j.m 
tsirrti'a surface r|ist met 1 n >111 the poles, the hail t-ircie P-AP S is called 'm- 
lacriciiittt of A , Ttu> first or ptin-c meridian jutsses through tire astronomical 
ohservator.y at [ireenwirh, Rnuiand. 

tin- latitude t, lat, j of A 5s Lite angular distaiiue from t r=-: afinu. lor 1 u A, U 
is measured " 1 titer i?,v I in,- ailRlu A'tM ur LiJ t?:o *rt A'A of i:h? meridian or -1 . 
latitude i n. desi gnat.eri nurtli or smith acvordirii; as Lho point Lh ques l aon 1 • 
in the northern or southern iJKiiisidiere. The difference iu Jatilud^ U-Lumen 
tno points of latitudes L t and respueUVrir ift se the 

points are in Tin;' same I.lispheif anil is t, - L» if they are in different hem¬ 

ispheres. 

EiiifciiJ circles c.al h> planes perpendicular tu Lhn axis arc culled parallels 
*>f hriitmttf nr par^iirin. All points oil a pant Lie 1 have the same [fliitUdi • 

The ian&iturfr ( long, } of a is the angle mot greater than 1 HQ°i between inc 
pr tmu meridian and I he Ber ldiau of 4, IL ts iiieasured Either Dv the an. C'd 
intercepted mi the equator b,v the a.«r< nirariiit&n$ ir hy the spherical ancle 
C F ,r LoruuLuttu is [EusiRnatecl east or west acoordl Hi! as the jKitrl in lines - 
t ion La east or nest of the prime mer nlian, The difference in loacit'trie lie- 
rwuen tso points of lom'.i tuilcs Ai and \i, ,*j • respect ivelv is 1 1 l 

the [mints an? in the sain? iLim-rrmn tram the prime meridian and is lhn snr.ml- 
a-r of - a, ami 3e§?-t*.i tr they are in different dirertlaai&. 

The e qua ter and prime rnormian art u pair or coordinate axes on the 
l*arth f s surface, thu equator correspondinr. to Lite y-axis ujuI the nriinc aonii-* 
ian carresponditig tn ch<- jr-axis of a system of rectangular enoriinates in .: 
plane. The latitude arid loiiKitud* ol a jjotni A are the coorditauu-s; of A nLib 
respect (u tliese axes, latitude ear respond ing La the y-coordinate and Ltuifli- 
ludu n> the v-coordinatc. The tiesitttations north end south latitude and rtisi 
and west 1 mu;t C urie correspond tii positivc and rieRittiw coordinates of a exjIeU 
in a plane. 




FIs- 10- 1 


t'i*. 19-H 


The meridians throuKh two points, on the eiirtli's surface a»(l the ssuil lor of 
the grea- eimle arcs jmning the potrLs (Fin.lfl-K tora ( Wu spherical Ie 3- 
iinales 4P s iJ atnl 4F,S, In a later etiautei. orn* of rhosu irian^tes will he USsd 
to iteLannine T.Jie meat circle riistance (lEnetb Of no .i/r- hetwe-i'li > i - fiothts. 
These distaacias uloite threat circle arcs are usual ly eiren in nauticai miles 
who n: ( lie C Lti j 1 i On„ 

l' ol great circle arc I nant.ical Bile SOSfl fa--t. 
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If a ship or airplane is ful lca um a mruwt circiu t.rack between two pointSj 
Its cuMnsfi- iij the which thr* track nukes »ic*. the meridian u-f Line ship 

Pr plane. In naval and air usage, the course is measured from the north around 
Lhroujth the na.st. 

EXANPLE. «> la PiR. 19 -L. a ship is to travel from A to B. 

The i n a f i it coitr&e (course uL A) IS iiiiKJe F-.AH and the coirrse 
twa rjrrrvnJ (course ai B\ is asiftSe* P, RC a? marked. 

h) Jji Pig. 19-M. a shi!]i :s t.o t.rmvj from B to A. 

The initial course fat fli is angle r.JM and iI k- course on ar¬ 
rival (at A t is angle as marked. 




Fis. !#!■[. 


Ftp. J9-M 


SOI.VU) l*KOi?LEMS 

1. Prove: Thr sun ijE i±rty -wci l^i ■■ aiigii‘3 nj a trjbi:;lra.L 1 ■-■ L-. 

greater than th* third face anetle. 

The theorerr is true If tiie thre*- face atutlet -m equni. W*? 
wkii i Agqfcjitar tin r ^ tribeilra.1 l±ci|! 1 •:■ fVJflZ in Which £X(Xt o 
greater thnn ertrier of the other t*o face angles. On 'if take 
:iilj fiutjit . 4 . cm OY tihtr mljf |KiimtF. -uni i:-n ,ii'. in hr n an::li Ihnt 
j c ^op ■ Z Jffl /.. On 0Z tnke C such t hat fjf. • OH. .fo i a 4 ann fl 
to C. 

Iei the triangle ABC, AC< Of >■ Ah- Ah -fR i t¥f. d,ad Ai:-t H ? 
Ah •[)&- Sine lire iriunulns AOC 'and AOD ar“ ccinnriii-ul. IP ■ HV, 
hmuce, AC+Cf# :■ ^1(1 , (M *nd Off - fjri, 

Then, since sides oft n-rvi CjB of triangle i.JilH urc equ^l r,-- 

B]ie«ivel> tu allies t*’ aim Oil *f triangle iXH, mm > L ftm. 
Bjf etmatl-lKtidii. Z.AOC - ZAUO. Hence, 

IW. - ZttSfr s z vn> AtiQU = IMM 

whlck to Le trove it. 



2. Prime The siai nf if hr r'nc-r auglL-s .i ii i.r :h<:drn| uncli* is less 
than 

0a the edgea uf its; trlliedrni ami;* • ‘-.US! nke joint* -l,jj, 
C. >e first null- Lha.1 Lhe«- art- thri-e ■ riamiLes frith vertci 0 
md thM the sub ot Mi* sngios ,ii these* 'rjnn,p]«i is a.ieoP 
54^’; ttiBL Is, 

l Am - iwc. +. zm i * [Ztws * zotc] 

, (zrua , ► i/OCI - ^nJ- n S4(f- 

B.V Pronim, I, ZfWfi ZrMf . ZiH..U:, 

/<m ■ l me ■:- z«f- k anil 
ZfXS * zr^t.fi -. A ACE- 







IWJCs fHtiM Si'lLtD EiBlMKTin 
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Then f tfWif: i Zrun ■ - . *BC + < Mo f ' «r 

i^HJN - L >(■• ,c , nr >4 < mcT _ ,: / ft,n ■ ■ ’ .■: «:-si ► 

Since [lie aw Lti parc-ii tlffiS-s h i» Lhi* .sur nJ tin* aim i os of lh** i r luIiil I i* flfti . 

iAau » ifloc z r>in < 54 d ,:i - mo- 1 seo' J «i;*-ji «-.lk i □ i»*■ proved. 


%. b-r I and ft lit 1 twci points ni j pr'-a- circle on .■ sphere nt 
punter 0 and h-r. f’ i>- i.lv pole ft rht- n.i-e&l cii-dt. coii- 
$tnu"! iiic! solve l hr n-al Lj-Sjiiu;]i- ABC *iir-n . n < ift 

T5 b -a^rS |i>l 4ft flflE 1 . 

JgL.ii .1 and f' r also ft anil I*, Ihy areal clrp]^ nres. Since 
rv.-r.T lint ill nn a grenl i?jrc*|"- 15 n- a dietODCC UQ" In* [In- 
l>Oli; lit' 5,||«* ureal riKlf, 4J‘ til Ol/'r -t-i- splierlttfil an. 
e)> : ; J'/L.'i < r 4 -itni f'ftfl or f. :i k-- nrnKiired i-.v tlie dihefirat 
an* Lea anil P-HUM *Ji"w> respective laces. an* pi^rjirn- 

dio'ilar plane-.*;, Tliuts, I Ji 9f;-' J r 

a) riif: iplHricat dhi'.ie .Iftfi <jj- ft is mffasun-i! hi Lhi - plane 
annk •liK’h has. 4 in- snnr iWBEarr H5 tlw are -tJi- The 
sides ol' the triamle AftF are if ; BP : 90^. 4ft ir,'"'. ami 
Llir Sum Lea Ur¥- A ft 9ft D t /' 75*, 



pi JVjt I |i- -f [r;i | t rUHlftt* tf'fi „ If HP - 1H 90" nnd 1 ft ft - £J|/ ., 


4- ir om-i *t t he ioltwini; state whether a ~pherica.l Lrjaiml? 4(It. 1 havLiit Lin ev. va par La ia piat- 
4 iWe : (□> 4 D 5 fl\ Kt TO ri , r .'4 100 n ; (hi 4 Fi 3 S®, flfi 'BS^. *'A (r ■ 4 U ISO". 

BC 1DQ“\ CA ■ L2-l rj . 

•flj *i*s; Ati - Pa: -i pi < aBft 01 hfiiI hhe sun ol an.v r ..w Eidee is grpnrer than the ijur 4 . 

<■> r-f.;.; 4fl * Itc -i CA P 

ci Sc; AS ■ BC • CA > 


5" PtfiVe; 1 1 A' Iff;' ias *lic [Vilar irlan.ap rat If})', idle n 4fit is: 
the jrol«r trlnuflie ot /n't:'. 

Since 4 if tJie pole ot ftV 1 aanJ C >“! LLi jiule ol J'ft r , 
ft' is a i]n-adr jiiI' s diSt.atirH! (SO^ i I r::<i. A Juiri r . Thu.,. R' is- 
Mir pp]p nf nn- if, In a similar miniier Jinny be aJiumi tliat- 
4' is l lie jiOlC nJ' j rr Hi- Hud Li tile i»f are 4 ft. Tlwn 

tlm triiiBRls Atit; u one ot il-- eisfti (M-niKic* lorecii nv 
t ne Areai hire lea vihotie pupa nrc ,1 J , £l', i’’. II .-1 fit" is- i liar 
|>: ! he triwiEiPS culled flip r-«j:ir triur^p nl 

a'B'C' , it la iH'i-fEaary Llial 1 ami A' lie ijui tlK sjitj? Bide 
ot ft'f 1 , tliat B ujirl ft' lie (in i in- warn* aide □! C' -I*. nnd 
Lhnt r mid r’ Ilf (in tin- iiam- r;jih- nf PH', 

R-;, dL- Ji nrI i nn. fl and ft" lie nn Lhi- sane riij'i liJ AC and 
B is less iran Lftti 0 iron ini iicint on AC. Thisq, nni'r If 
like poLe u:l Ir 1 : i i?- yo ' iron any point nt AC, if and ft' w? 
leas l.han 9tf® apart . finally, ,-i iix><- ii (Lhi: pole ril -I' i ’’ i ls tr«I ojyy pulM 1 -I i' , ft aril? 
ft' tie DJI Hm Enme side- Of A r i:' . Similarly 11 iuj- l:i- nhcivn that ■. ami I' lie :;n I lie aSn. isidi 
Of {fi? and tiidi C and t:' lie nil LUl- saiw side Ol .i'ft 1 . 

E). Trove; In two pnj nr triJinttles, each aiwSi! (U urti Injmile La i'-IUlli [o (in- SilgipteiHJlIt Ol tlM 
corre^pundiiiii opueifllte eide r;f file other irinn*ln. 

Fot the poinr trlsrifties fl iff.' and 4'fi'c' of rip. m> aimer, »hy 1 1 prove Unit V 1RP-" - a. 


A 






K 2 


rocics i hum snuii 


K*: ruii f h.' arcs I S' ar.-l 4'C' io wet BC in 0 ii J ft t»i«ellvel). Then arc is the iu-a- 
sure c>I nnalc V , ifn* tif. 1 Jif." = BC/ 4- Dtf n i ■! and, a Mice K is- Lbr iicite □!' 4'f ainC C is 
Lbe pule uf ,1 J £i. BE = IX' SiiV\ Thus, n 4 V ISO’'' nnd A lflflP - a, 


7- Find the parte •: 1 the pc»|nr triangl* oi 1 h-‘ splwrjral irl*nali- i«r *:ifct:k ; 

J! ,1 E - ^0 a , *1 ^ 45T*&y f I. • 73 d 22\ ■ Intis', 

fci a H n 5a'. a nafVr\ f: a&V a . 43 ^ 11 ', k = n^u‘. c • n^is 1 . 


(is imp c he t Jicicirem re Pr-r-liirTi ft 

. 1 ! ,-r [BO* - ft itfV, Ji j - Ulu' - t> 101*38', c r m° f - 13*42 I 

■t J IM 11 - \ - 22fV, LflO ft - Jfi r 0B°4B\ c' 130P - (■ BO*- 


J. I 


m 

4 J 


ino* - if - liters', tf' isoT - b sf x\ isr c ■ i4 a ii r i 

l«0 a -/l 1S5® j\ V 18CI 61 - B - 61*13 1 1 . e J - 180 s C 94 c S3 r . 


K. Hw : Tl* siai uf L tn- ancles t n. npfcerleal trtA-nale tHirentpr fcimn 18i>" mu I rbu.11 540 s , 

Lull ABC in- the plveii hplueiicai triangle ^see Flfc. h/ 7 ■ or Prob. 61 an-I Let 1 ' I*" its po¬ 

lar (,riani:ii?, f'rcui The tlwor™ ai iTohU'ii 6„ 

A + a' : B 4 (1' t: -*• r J IB0°: Iwnipo, A B - (’ ii" +■ in' - r' 5«| p , 

re* a' 4 b r H C > 0° su LlialL a * a * C < 54$° 

ami 11 '+ h 1 4 e 1 <_ SGQ 0 sn Liiaf ,4 4 E 4 C > ]S0 U . 

Iji rfeh uf the in Him-in,: state whether 41 spherical triangm Iftf? kissing c 1 h; , m-n parts ?s dms- 

silili-: <a> A S0°, H 70I 9 . f 90°; (8) A 66* . « IlS 4 . C • 1*6°: C* T .-1 «(/'. ft - SOf 9 . 

C - 96P. 

r.j| Tns ; 1 1 _f) 1 r: - 22^ Is between IR0 ,> ami *hllu i-hn sjifes a 1 - lacr , b 1 ■ 11Q", t' - 

Do" of r -le': jialar ttiaqple Lwjy l lie: ■ ■ adit nri Lliu'. tin- sun til wii.y i*« sl-tlea is ureater than 

Liu- th j rrS sidr. 

h) re.,, th'- sldR-K- 11' 121 )°^ F-' ■ AS. 0 , e' iif s Hi- polar trianpli: rip ^ni siil L^L.i- thp coniii- 

t lCiU 6'- r' > a' » 

c) Mi;-; A +■ £ • ( < 

ill. v'- i.|-. epberitnl 1 r 1 ms In., s .1 v<ti a I, »*, r;ft" r 

■Tss-Uhf the iHi'ihtriL-a] tnaii|:l" Mil a H|:in j i' ul C eatel:' 1 1- 

Vii i', tielne s quadrant's distance ire*i doth i anil is 
tile poii of a In- ptvai c- 3 jv.-|i:. uf *Meb 4H ■ js an arc. 

Ther unci’! f ®p since it is itj-.ij:iiti-m hr 1 hr- arc aB, 

Tin pljqe:; Vii.' am! frfjf.' an perpendicular tp thi plane 
\t.<r\ sinr-r t.|»lr Hiteraect ton £*’ U perpendfeular 1 ■ Le.W; 
hence, ancles 1 arid Ii arc riirM ancles. 

Tli in», the reijpLj-eit pui-tti an: : 4 B DM®, C i|i. i"’-' * 

11, Se-lMf the spherleaL trianc.le. eiven A - H - (1 - M*. 

& 1 ne v each vurtea is Uw puli- of ih-- ..i-cai cln-le ’lir-tui l the otJipr fee, *«•!» vnrtn* is 

a i|naiirnnl 's distance I nar. thq oc hr-r (w-: wrl .”■■■■;, Thus, 1 « put', 

IjL, F j nil the tlirrcr ence i ji i laie 3 a lid>* in -i wen ; 

n- v-» t«rk • Uinu. 74*1.0' W unit Prurl llarhnr (|nng, 15^38,3'' 6>- 
v w fori mid Ktos:’:* (1 -mik. 3T 5 :h. j' E>. 
r 1 Nee Ifurh iLnid tivUniijf 1 Lime, l 5 | Q L 2 ,ti' El, 

.11 -‘iydniM rtn:! Hmccw. 






1 1 il-lt.H i HHIM MHJi) I A > fSEK'lin 


153 


T|ii rrqiiirpil th: : :.j=nr i j; :: v -; 

<0 >, 1 - - 1»T’5B.3' - 74° 1.0 , siiir ir IkiI K nest- 

lij 'j . A,j 7-J 11 1, IV' H-T'S-l-S' 111 '1=1.Lt'. sinr:iv Jrtif ia ^IS-t anil! the GlhiT »i'a[ 

■ aecP - i>, HfioP - nsfisJo' ti-'i.o' i-mVi-d" . 

■M 1 - K-i )5l n i3,0’ 37*3-1.:: LL3 a aa.7 r , 

1^. pi ml iiw Si sit met i in ij.ii. ; oetufcttt aiu:h pair ui fiainva on tiio- enrtH'w surlnni?: 

■IJ 'tl.il , IQ 5 3a' f'l Inin:, Ifl ">■ , mN Ni.tnU 15~ HI N, Idw, 40" *).» 

ht t. Liit. afas 1 f», 2 un.n. S(l L< and Mat. V? tcj P, Join:. 50 ? E), 



a} In PiPniii), VA ® D 25 d . f7JB 75 a H>\ cuul ,lfj Cfi - f- 1 - U*4S r - JBijs' MSS 

fat In FJfi. i fa), CA 30°35'. CB T5 & 1 if' ^ and M - I'A - fji KIa'ILV 6335' = 6335 n.n. 







TfJilo I 'HUM M>1.1 If UKmil-'m 


[ S 4 


s\ pflemihitary problems 

14. ghm 1 hut. tuijr tani* angle nf u t r afci«l r:ii kngie is. arealer than Um- difffcrafoct of Uif other tan 

fiM't? injuries. wine Use 1 - fi » C. 

Jfi- tthui. run In. 1 uiul nf lie 1 bird face an|! k' dl u Lrl tradrul amir, ulvetl 

ut tan t he fqrp anurles are iff and 50- r'-sf^rt nvlyt An*. ltd' 1 . ■ tad 0 

iit r.*n (It tin? rate aniilch ate ]30 o ai:S l&ft D respect LVfcljr? 

15. is jt possleie tn have a -jihencat triangle A&. ^luwtp -ides are: 

M IGCl'- . I Lij n , as” * k) 17i f, 150*, UF * r) ITO*. irKl*', all* * ti'i 30*, 50 rt , 76° ’ 

4ri->* <n yes; In no; cl no; lit .ves 

J7- I-" 1 n-“| tlii- |.arts: nf tfir Jinbr triangle I'flV nl 1 K- :.|H*i rj jI s.risn:r*■ W. :nr a.t : rt; 

a I A B w°29'. C - 77* 17\ rt 4 J d 1b\ b 33°4g\ 1 - ib*"i8\ 

•h I !32V. B J2°24'. f -1 ] ft 36 ' 0 7l°44', t 33°2s‘. c 4&°48'. 

Ins. o i' 136^42' . W C* L33"32 r . <i‘ !12 ( '-1L\ Ii' 131 "3 1'. r ' 1*^43' 

til l" 1 i#1iS h H n' - U^"'35 'h C ■ 131 ° 12': it' JiT 0 ^', F,‘ NT 1 ™', ■' - l3if'24 J 

16. If! It possible to illLVr: II spltfTIttl] 1 ri.an|i. |i‘ ABt''. WlKISI! JHClnf- ap'l 

9i 3ti n , 37 ", I >B° ? h- 30^, 37°, III v r] 31° , ,| r ' ( Mil 0 ? .i Hi i as", HO* * 

■till. H i jea; t, Jut; ci jea; d) bn 

]fl- T^i 1 vita or f In- siii'tao* of it s-iihete of a-mllbs H l- equal to The iires it uJ .. PjuTiertcal 

Lridiinle «n Lilli: -;ph r ■ 1., ivcp tiy 1 a./i a fc ISij. where r i:. (lit: iphcrirul exri : ■ in iLe^rr-cs 
i»f t|i> trsnnfle. Wmt part Son of the aeon "l -s spherf' .7 iradlus js=. t.niin.ii 1 tin enrh of ihi- 
Spberltfll ISiaEUilt'S with anulcM: 

C) A ti e lit) 0 ? ilni. b L^Dr 3; J/24 

fji A 150^. £l 13^, fi 132° 7 iln.w h 400^/3; I 3 

20- Flint tlf diJlL-j’idiL-e Jn luniiltilde heLiwjeri 

a) -San fruiiwisrjo fhvn^ ijj^lfi.^' m nnd IKikar 1 Long, lt'33-0'' v "i 

b ) San FratM: ISCO unT UelJkjbnii; 1 I I (>rj 14 - 1 l-t* 5S-5' li 1 , 
c J lEikar i;ni! riupc Tiwn fJong, l# 6 26.tl' lij. 

<st) '■v i bonritf ami CnMe Ti?™, 

U - n t IM d 50.t'. 9/45 rtf', rl d) l2lTl2.&' 

21- Flint lf.<- oistniioc un ilb-j teieeen eacli pair ol piiint-P on Mie i-nrl.ls'p .;urriice- 

4. tau 40 , '44|. r N; ]nii Kr 12I)' 1 lit und /f<lai r 73°25' *; Juiiu, livl" 'A , ^ dris, 20UR n, n. 

b- t( lut. jD‘2£l' N ; 1 r.Ki : , iln w Si . and JS||:il. 3)^50 r S; ientfili' V , t In*- -iSTQ n.n. 

r j 4(l«t. »”an' E, luiLif- -iD n ' E 1 aikl E{.let, S, i(in(E. 40° E)* tbs. 23KI n.m. 





CHAPTER 2 fJ 

Ki^lil Spherit'ti! Trhin^ki* 


FOR-WLAS. ft spherical triangle h living ulK? rj.'Jii uuoli is 
called a ri giti spfte r i t:.i i In-m/i/v. for any such M k- 
ioglc ABC, will) the right angle aiways &t C, the fol¬ 
lowing l*n f nadarncnr .:i i rp Lai Lon* b > L:d 


(ij sill a -s i ri A a 111 c 

(2) tail I - tan A sin h 

(3) tafi s cos l> tan r 

(4) cos l- = can ft ' OH 

if}) Cte A -sin fi CM* .n 


iifj'i e-ln ft = sin B sail -r 

i" 7) tan h (an B .sin a 

(8) tun cos A cm t 

(D'j ccti c = eoL A C'ij( & 

^Li>i ces a sin >\ cos a*. 


Kot a derivation of hhvsn fnrmiilas. hoc Preble-m l. 



fit;- I3u-'i 


LAiS OF QUADRANTS- M lisa rigid spherical triangle the [stir! - A and .: are ktlrwli, 

LhR value of sin * is jiivni by Euniiulu 1 1 ■ sun jin A sm t, Additional 

information is nn-eded,. however to determine whether i j;» less litan or greater 
tliol) 90 ft . Such I nforntit 3Oft is iv*-n liy the laws of quadrant.* : 

1„ Side e and angle A fa Iso Hide ft ami angle B) are- in I he same quad rant. 

2 . II C < 90°, Ltien Hides a and b -also angles A and ff: are in the same quad¬ 

rant; ir t- > 90°, then sides a anci d> (also angles d and If; are 111 di t Iitf'rDt 
Hindmiih). fFur a proof of these law--;. r.e. Problem 23 


ExawplK l- “) 11 -1 < nO 0 ' and u- « fril D them f.-j-.D nr-, arr tmi It > ■ W i hmi n - »V' and 

b, H arih 


(fc'i I f .* > flO D iind j < <KP - ( Ji»-n :lS ■:■ > 90“ hul iJ ■ fwj' Lhfi.li ii > 90 ;liid 

b , B are e i'm'i-. 


NAFIER'S RL7LEE- Using either or rhe devicys shown in Pi gyres gO-B ami 2B*C, Napier 
gave rules fur writing down Mi ■ ten fundamental Tor mu Ian. Figure .Iri-K hIiowr i 
sc he mat io triangle obtained frnm the spherical triangle ui Figure :MHA t:y i e- 
p lacing c by co-l- Sfi' 1 - r, A iiy CP-,* = DO 0 " - A. and B by c.n-B = nn : " - B,. Note 
that the letter C is omitted. Fig. 20-C sJa■"■?• the f i vv essential uart-s ir. Fig, 
2d“-B arranasd tn a circle. 




Fir.. 2h-Ef 


PLa- 39-t 1 


n3 









1 '■(j 


nil.ii r ‘-nil nir u skj \m;i f - 


Select arm one oi rhe i iu part-w and eaU ii the middle- , raj] r.Jw two 
purls lies! to Ji .nr/jn., rjif part.-i, and tall 1 he iwo parts unu 1 ni ng pppanitf* 
fists ta , Them Napier's H. u E ► ■ h. are 

It The tiine of un.y mid-dle part is equal tu the produci oi the amcuntH '-.if the 
arEjacent. parts. 

2. The sine of an> midrib part ].s pQflftt to the proem T nl I-1 if- cosines re) t.he 
vipposlLe parts. 

EXAMPLE 2. TuJiC 1 l.-»- T.idiil- iiiirl. i.fcii'31 cii*>l unii >■ are I-tii" m2 i jitu-Lsi nkij* cn- 

n n-:l c-u-fl are ik- umoBlte parts* Using Rule k 4 *e ofci-aJii 

5-uH> - tan icu-Jii Ian n - ';«t 1 xau a 

or ‘{2) can a - ton ii bIjv fc. 

Using R'Jle 2, we have (tjj sin it - cof ( cu-fh t<* ko-c) - sin 0 sin ■ ■_ 

R].*i;Ailf I.i Taie ctt-li ,r- lite nitld]v purl, I,;i*-r. c:n- amt ft flj't Uii irtiM? ai. I rd-l 

mid !■ an; i.nc cjjpwit-e parts. Using Hale 1, »' qhtain 

ain ffu-ifi l.iin , I an a, 

TJidh ens P rilfc r I ;.:i rJ 

1 -r fit} Lsn*. r. cat Jj tan • . 

lb Him. Rule 2. sin i o-j { CO-..1 V !-<!*. i uf ■ kiii r«a H - sin I cos it. 

Guns j ill 1 r l rig i-avli of L Ik five purls in turn as thn middle purl u:kJ prefceed- 
j 114 as in list at'pies 2 and 3 atinviv *.• obt.a in the ten J un.-iu.nienr a l fnrmnlas. See 
FToblems 3-4. 


KOL.IT 10N5 tW R IGFfF SPS H3LICAL TP. IANG LES, In add it Lon tn file right i , fWDl He r 
parts of a rmEil iphe-rinai triunale mug I tie given ill order to d&Lurmihe ii.. 
ttlir-n. however, I,w» measures are chosen 4* random a*t cru ■.-,(■ parts chep no l.ri- 

sinple, one triansie, or two tn angles uel„v bo deter Two trlmml** fthc 

: i -li "i-roUs cmfc) will be possible only when the given purl.- consist of a side 
i:i or A) aairl the opposite angle, see Problems 5-6- 

Tht i'r?t iuwin;; steps are suggested foi sciJviuu right spluq- u-al iri:irights 

A i Il-niw u Kt'hentitje trianph- fKig.SO^R) find enc 3 rr.li»'- the gi ven parts, 
ft i Hntc a formula ruiatinr the two pi von parts and un uakncMvu pari b.v apply¬ 
ing tlio appropriate ruie oF Napier, 
n Write a check foran la connecting the three unknown parts. 
i>i Appf.Y rln- LjKWs ot yuKdraiii.:- uBpee milv wFieh a part is Ij l*juiid leu: jls 
st no. 


EKAMPJ E 4, 



Slippy>si! A 05’ :l -*- rir t ff - LiS U -I'C I| ricTlM- KJ'3|irirn| 
iOikIc Alu: nr-p it sTi. 

1-:i ! ind Kl OrmarkT k, r ii- 1, .rid M-C: RO-t js II., 
■iji? rare amt a and i:u-Ji an* ujai'isih | ; ar(.<c. Then 

Bin icci-Aj - ctis li rim ica-iii, 

cc* A - Cutl d H I El if, 

and- ia> L-oa it = coa A ctir ti. 


"in ( Jr.ii h\ cookldijr i 1 !, ctj-A, snO co-fl; ro-Ti l- Hi-- in -i- 
d|n [in-Ff- ivad (r Jinrt nci-A arc- -"ippcaiv i'lirlM. Ttivn 


HIGH I‘ SPHI- m W illlAV-I I S 


IH7 


ami i . J ,, 


:>Lji i ce-4«i iLQi b B6a i "ftp — 1 h con if sos h «?m 4, 
fte ll COS fi esc ,-1. 


Ti.1 tirwl 4- : C-QIIE LiIVT I P-J-I 
KH i.ril jiifcrTSi, Thin 


RtuL ;• 


. , 1 ;inf| r :iJ- wiliiMi" p*r1 :iu>J «•«-1 -bi> ■ -r ■ - 

:.,i;i .i- ■ ian . -cc -'1 i tun ■; 

car ;■ - eel I rat li. 


l p i;pi<-tJ : cnnK 2 ii^r rho unknown i arts b nnJ mw ; cp-i i£ t;n- mi it:! I ■ pa-ri viuiJ it and fi 

EiH! n|j]m::Ltp- j:ai‘ta r i'lien sdji K:u-p r ■■■ a r.nrt b , 
a ltd COF- f - rOb ci COS ft. 


E'hp foElowing enmputing form, found in official |iub.l i'Ca L i ulis "J' i i e Its. 
Nelvv Depart r.n'nt, .*• i U lie us* -il bore. 


,43> (il) (IT) 


ii II 


1 COS 

1 csr: 


1 

5 

UHL' 

COR 


l cot 

1 eoL 

UH 



1 ecus 

1 COS 







b = 


LlU 

J 

COtd 

fn> 



c = 


1 C.OS 

Nil 




J eris 

fnj 


Note I. Tin- computing I'l>i - is to I"- tilted in b.y row.-s. 

Note 2. The -iQ after lo^ari difte Serf numbers iiBtt than \ will be o*itted. 

Koto Sr Ir Tit!■ 1 1 ; 1 ■- ol icji'. see 0 un<l loy. cSd 0 y l'<- not tIVU l iOb [u. nw 

log fific n - log —!— = caiuu (ms fl 

cos r 

and Son; esc 0 = log —— culug sin H. 

siU 0 

Note 4- Tlio 1 n1.1pr following a logarithm indicates that the an L i - L ?i|- 

arltiun (natural tunction) is ]n'.;<uivi- t Tb. jli-soucg of mh« If m: mri icau* 
r.hat the auti -I agar5 bha is positive, In finding a, ct® A and B are bulh 
Jiusi fcjvi?; henc*, fclwir product COS a is positive anr| a •■. 30° . Tn finding h, 
Csc A ls pos i L ive and oas B is negative.. hence, their product rite h is tir«- 
ative and b ■ Ei. finding c, t-ol A is positive and ;ii H is pepative; 

hence, t.b&ir producL cua o = s noipitivo and c > fiD -3 . 

Note 5, t!)l' cbock, obtaitied by conparing tho t.ucs entries in the la.si ™, 
assures LJaaL the ioKuriiJiiiiB. u-J tliu miJt- owii parts arc-cuvroct. 

See PtcjIj L p nt. 7 - \ Q* 


•\ ytiADRANTAIi TR S ANfil.!■ is . which tui • Ulie hi Lde cf(ju.aJ to 

of Lis polar irianglii <a rsahl spherical triangle). 


00°. It ]*, solved h;v miiMts 
fitfe Problem 11, 


AN l5sUe5CKUil& SP1ERICAL TRIANGLE is solved h.v i1ivsdin<; Li Inci rwn ri^hS spherical 
triangles, See Problem 12, 











KHrHT si*h f:km :ai tki v.* 


L 58 


SOLVED PBOhL?- ; .V..s 


1. Derive the ten 1 undamntnl forrmitna tor rijsSii iphi-nral trianirlfts. 


H 



On b iu center «*#, let ABC be « right spherical triangle with :;id*s; a and t Iras thnn 

BflP, Jdiji ft !,n I hi Vi-rl Lee:- tyf i- h-■ i r i ll n(j 1 <_■ to Trim tlu- tr jhuilraL angle fi-qfff., TIiTCillth JU 
puff}! a plarw perppDijrtcuiTir to {*l meeting fX’ an I) nnd iJA an E, 

Simp*! tjf It. perpendicular to tn-' plane fiJlF., it is r^rpi-ndirulnr to the linns SB ansi ED, 
Thus the Li-JantJea BEO and DEv art. right LrLarjiiloa w ilJi rEit- rixtit angles at E, AIeo lBUD la 
a plane lisle of tbp dihrdrul uncle A-iiV-C uni fsiuji n<!*:i:rrs anii'k t nl llic si:lirrl.(uii LnssKlc,. 

SitiKK 1 hr p| unr- Hfv. is perpendicular ‘^UK, M iperpcn« irnisir (n thi p|unn tWt* tKrnwch 0£- 
Ko» flit, r hi intersection of lJi* planes {J§C nnd flflE autli [.eL j:eudi( ular to the plane titCi la 
ii.i-lt r-erfHindiruliir to Ch|(.l. Thus, Lmincles firtfi and ftftfi an- r 1 phi triune left njll: Lhe right 
ancios 4t £l. 


Ill 

tin: : isJit Lrj-jiiKEer; BDiJ, BDE* 

and r:|t [■ i : 

m 

i n a ■ — 

- ^ 

ZB 

- s. i ji A 

mra 


oi 





ed 

Hfl 





In 

Mi.- rishf trinnsles BilCJ* 

and I)EO : 

tan o - J — 

DB 

ED 

- t.im A 

sin 

h 

(3) 




tjtf> 

B 

'm 




In 

i n.- risht. TriswiEles BEO, DUO* 

nii'J fHV . . 

flOS i* - 

-it 

_urt 

■ -Tips F| 

OOF. 

d 

<41 




Dll 

OB 

"de 




In 

i iir rlf.br trlnaale^ I'EO, DDE, 

and fiEO ■ 

ran J. = — 

ED 

M 

• -(E&; \ 

tan 

c 

(8) 




m 

EB 

L Oi 





h> p-mp. ji plant- Shroueli \ perpendicular In QB and oaerjitie through an arffuaeiit Pit- 
liar td that above, *i' *;! I ahtujn a aGt of four forniita^ pljLoh SLa.y be der j-i'uiL farm i|w: iihc:*vn- 
I:>uj bj uiLiTcliuni! inn. a and . -sni: -l uiferi J3. Foranin (4) field? not Inr- no* UuE Cron ft; *e oh- 
tom [rent ( 21 obtain t t i . and frim <sj ■*>:■ obtain (j|i r 

rlw product of ;3> amt :7> la? tab a tan fc tan a tan B sin a ■> iu b* RU'iilaclnp Lana bj 

,in ' J jniE iun l p.v , nnd >fJvldin-. bjr Bln u sin we have - i - t-ac i <ui B. 

tots a dps. i coa a ftia ii 

Sllbst tlutiJip, fritn fi. IIiJk fcHWO*^ - . - < ton A tan fl uf 

aus r 


(SJ 


epfl r - rtfl Ji r ; nt B. 










RIGHT Si'llKfllCM TKIWU f S 


15‘i 


Thr ji r r; : I.!: • • fit' itii and : S .> is; «in t- «0S .4 Inn ■ I J-r in f< * in c. iJkh 
jsin B ijmi |> *in c sis li cos ■. sin B «.nss » cos M 

C-L--D 1 1 -- -— 

-iiei tai; r Cota t< £ Lis f. 

or ccci 4 sin [i tloi, a k T5) 

In a sirraJar nanoe-ii, islnp, tlit urixluL-'. ul j. and h' 3;. H »u usiLb.ui 

cob h - 6 la A cos 4u (Jo) 

Consider ni-»t . rjBfli 5]ihiTJi ^I f ilanol* in ■bic.h .? fitf* r.mi t, ■ jtf? 1 ., ;l:- -,‘■ 0*11 in Fit. mm 
Iiuliy*. ProdlSOC ! lit- Artis 04 mid &. ! oj'l l L at jV jnri ficins iflrr I in r:|!lit spfrcr i.rn .1 i r i an c I'■ 
in whir K tin! I: /■ nnu lJtcP - n un <i\F‘. FCTHaia ■ I 1 lor til It- UTLdfliLi* T< Hi* Sin Iltfft° - □ j 
Sin <, J!il ' - 4j Sill 1 |H(1 1 - cj ui 1 sin ii sill 1 riin r ; EnrbnlS 1 4 : ri'Oils cct. . T80° - • i 
ngs •'< rna \ tHii s -aj nJiirJi wdnr«s t-n - cos - (006 I' M - CCS trl i»r COS i‘ - COS '■ CM *; 
fml so on rtirmiFtb the nwraln Mp rurnulaa* 




■a 


<Vi 


Consider Cilia]a rii;ht E-plutui:a] triaiirle in *luih bolii «i ami f. a ix- sar" r a a stmvn In 

Plc. r t i abiwrr. prixlorn 1 hi- pros fjft and i'',l to- nret In I.'' ani rnnxtrlrr rLuiit spherics! l ri - 
MUle .tUC' in which bom ihu'"- « arul tao^-r. art- < ;ior' J Pomuls m Lor Llais triaju.te r.-aiis 
ain ( Lflr>° - n| sin f ISft' 7 Lj s Ln r nr sir-i a 4 am - . Enmnja \A ■ roiirtr; rtip r ■ 

1 laflP . fi> cos i IM® - irj - 1 - cas (mi- cot 4 1 - non b ccs and $0 an l«x the ceiwtn- 
iiic ro-rnulaa., 


S- Derive ihu Lmr.? ui floadranta, 

PC(Hi ifu-nula |5J r sin i*f —'■ ■ &|un<- (i IHO 1 . sin-H is pwiiti-Vr-. hnnfi' r '‘clhi'l- irut- u 

■L" >: 1 -j 

nod cos 1 arc tiotJi pmJiLve |-l r ^,. both a and \ ate iO' r M or ihej a if '■ th ii«tui.]>.^ i 
I xtlb fi and A urn- .1 90 P). > sjniMir arnnrTi r.l '.ismi; I'-nmnilla j(I 1 ^itabliatie.'; ll-.f MuCoeid I'ftfl ul 
r.Jic- first 3a^ 

Fro* lorniila [H], coe c - cos b cos- n. It * ■ flU 0 , f-ou < It; pjaUitc: JinrxK;, oHIkt c-k. ii 
Uid cob <1 jti’ bnth positive nr hotJi nr cat ivn f L, r. , 1 WHl h arp In thr- sai* 1 qmdrftllL). It 

1 ? > CCS t IS ncestive; tnw, CM 0 and COK ° hive apjms i l.r 11- B.. a >jnii i apt! ill 

dl rtfl-reju g:ja'Jrar.ts 


% tr.iis lilt' rntir.nl as Tor ! UirJsiii! h. ft, nrid e tIICH a ur-H l iirt rlriin. Also r lir 1< mu la i:nn|vin. 
tin- Un-re r-wiu!rod rartuf. 

For » ■ AjuiLjjna dele i tg- the parts co-.4 h nr>r| a, 

sin h too iCC-rt> tan o oil A tan a.j 







ftiCHT Sl'HKHFi: il. j It! \><;LKsl 


m 


Ki>r ft : ftprlj-Jms; kill..- 1 ■. ; ibi; jiarisi i-s-ft, co-A, ami j, 

Jii i co-4 1 ■ cos (co-fti con «. 

Tlien can A - stn* ft cos a 

aiul sin ft - nos A wc d„ 

For i: Afplyjii. rLu]f J to the parts wA, a, mid c.-ci-c , 

. :r. II . nos I : CDS- . Cll-C ) " Hill \ Mil C 

ami sin i - stm c cat 4.. 

AppJytli,- in Jr i In l.hr n-ijii i n .e part# Cii-ft. b, and Oa-<% 

yin h rns (iru-fti COB (C-d-c'i - Bin ft sin n 



J + Hr]: I* I h'' i orTsiiJor- fur r:n>l:nu u. I, and <1 »ln?n c afld ft lira Kiwis. Atsm- ! I .c LnrsrjjL'j SisVmIv ini; 
Hie three reouirfd Burts. 


For A Applying ttuli; I Ln Lhu parts c-u- L, ftu-v. unit ro-B, 

sin r pi-c> - tan (cti-.li tun ("c-ft'i. 

Tfwo ■nos f - ntii t tut ft amt eot 4 ■ cor e tan B. 

Knr u : ,ifi|Jy iiLi; Itulc i tu the parts CO-: , c®-i< 4 «nd a, 

sin i e-ii-B) = tan ■sto-i (sin o. 

Tbnn •: & ft edit ■: ISli a aiid tan d - no:; ft liui r. 

Fnr h ; Applying kUc 2 to the parts eo-B, i■, mat fu-c, 

stai h ifia (Cti-Sj tea tto-rJ ■ sin fl sin d. 

APUU-tJlg Rule l to the linklKwr, part:; rrj-A , h. mid n. 

&in !■ - tun ({’O'-ll tan n COL A tan a, 



sh';"- thn- no rifthr spheric* trimusJr njata saLisiyirii; any one o# tlw following rmniitimsic 
U3 A - ft - Mi 5 tJ A - ft > gtf 5 ur ft - A > M 0 

frl .< + ft >■ 2T0' 1 dj sin a :■ x.jn c Ot P-ili b .» Bin c. 


a) R.V fonmitu <5> a COS a - _ sin ^ gD —M. vnea A ► B t SO c \ *■ J3. Since 

m in ft sin Jt 

is airutp, sin (go 0 - AJ '> am ft; than cus n » i ami no I r lunch! mills. 

r. I By fciraala «&>, rrw d - co * < lfiri 0 -A ) , ibqr , , ft tintli A nnd ft nr- 

si2i ft rns, i; ft - 5^1 

ubi atr. tbeii iflrft - .1 .m l h _ !j 4I* art: acute. So« sutitfuctiup r-unii sjiUi of i.hu i.<v*n inoijiialit.v 
trp*r |Hn" 'ft, *“ l»v>? IboP — i Then c< “ ' ^--- •• ] nsnl no Erianftie 

DBS (ft - 90 n ^ 


t-i B> toerniifl n>;.. cob !i ' ■ *h«n A so‘ J - fti Iftn"- * < Dn n -fl; 

ain ji sin (lflO D - 4 3 

l hnn coo Ij L and no i.rianirl o m detOTPinrd. In u siailnr luiiciirr. u»i»k fernufti (53 1 II C3H 
b« ahi.-dn that no ariaimle tiiSsta irlu-ti ft > tff 1 -t A. 

•i! B> !.milla :tn I :Jn u alii r, Miiu-rs sits c . Sin c, Sih A *. 1 'iJirt no iriar.iilc ii*- 

us Ls. l> .i : - 1 1 (lt ruLrnic-r. ■ nic lormija (61, i l can hi 1 slMwri Li'ifir no 1 r L^irnli-- riist:- aln-n 
s i n r- ■ sin r. 










RIGHT SFTIEHU.M TH3 \hCl bh 


I hi 

fi t 9hiA tltai Lnti right spin!r 1 ra 1 ‘ r iiinulfK Tiij h, ituterffilMd *hflJi w and I t nr <i and Hi, uut.li ■' uO* 
or Dotti > QO :: , arc given. 

3>' foriula 113 , 6 in c - sin a tin I . men sin <? a «ln 4. sm r 1 iuid iwtt nlwts of c, 

arm a UQ : ' .iml the iilSil-t* > 80°, :iri' U-Li-mizii‘;L. file la** «r fruadrsiit s she* that tor lbe :n- 

iwiRle luivinc e 1 tHh 0 , F- *fhI 3 terminate in she fame nuailrani ^ a unH 4 . while J»r shr irl- 

ani:le lji vkU-lt c :- flil s , l and a . a.Ls<i l! aud 4) iiii-niiuttfi In ‘ill tei'eDC quadrants. 




&?] vi. L Lhi- 

For ,4 : 


For B : 


r□ i^liL spheric*! I r:ajip5 1- ABK. siren a - -10 r '12.3* , ■ 75''111, 

with v as ruddle hurt and ba- 4 and to-t ns upjiufcite 1 oris, 
■sir. «i - cos (Cu-4) cos fco-ti - sirs -1 sin < 
nnrt sin A - sin a c-sc r. 

Wit.il rnji UA nid'lli Jinn. nr.H r-.> npl il as nd.lw-sil parts, 
sin ico-isi v tnn too-r) ton « 
and cm B = cot c tun n. 



For f- : Willi r’L.-i' nr- nsdrll" pnrl nnd r nnd <1 ns <jppnNii«! juh.:„ 

sin (co-cj = -sc* t con cos c - cos i> fw u, 

and cue i = cue c sec n. 


For rhcr-M: with ro4< ns niddle pun nrol. os-4 nnd t ns opposite pnn.-s. 



*in ico-fil - 

com i to-4 w cos k 



and 

coa B - 

sin 4 cos 




(43 

ffc> 


rMi 

.1 = 1^1 J.. 3 1 

L Bin 0, n : .S-i:1 

1 spr 0,159&4 

1 

tail p,fllfl2B 

r - lS°4fl>6' 

1 CSC U. 111346 

1 g, 3n;44 L 

1 

col 9,40297 

■* - 7r2' 

Il ■ Gfl n '15 L 3' 

1 510 il, G71JI3 

1 CO EL 9,S4;i3:> 

1 cos 9,5.19211 



fi ' M°42.S r 

1 'TJt 5,42119: 


1 

r-Ufi 9,42m 

Since c 90°. all 

parts lemimte Lji ilLe aamt' quadranl as 0 . 




Note, The order «I Llni etilimxis. La iLiaernLuei! hi the ..heck lornum, that n&i 1 ul tur trinn- 
ftle apjjr-nrjng on the Jftft Ol the ■«hr-r k formula kK”Lna found in Lin.-iia.il. colurji af lhe cun put Lsii: 
faro. 


8, Solve the rlpht spherical trtsngla 4#C, given a lOE^lB.fl' , fi 

For A U1 tb CO-.-I ftS IdddJC purl an! cn-fr ami a nppoRitL- parts, 

•sin ( Lard: D tJSb 1 Cci-S.i COs a 

and i:t£s 4 11 a In if ties a. 

For t- SELli u is niddle part Silll Cu-if anil ii BS adinr’-nt p*rts, 

a in n taji (tu-fci tail 6, sin - I'Pt B tan h, 
and. tun h = a In u tan fi. 
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For i. : Watil ■r’o-J! os triddlc pari mid <i aiiel ito-t as adiaeirtt parts. 

Silt . Cft-iiJ = Earn a tail !<■&-»• I, ™ i - till* H •" Ot t, 

amt cm t- - i «i ii cot Eli 

Fut check: With fO->l ns Biddle pnrf imd !■ anil ca-,- ilk ^d.i jli’mlL purl*. 

s i n | i Inn, b tan 


ami 


priK -l 

1 nn 

6 "Ct. r. 







<!i J 


(f) 



|4l 


i i - J IlD-" 13.3' 

1 

Sin 9.93490 


1 cot 9.54312 

in} 

] L’Ctl 

SiSlBUB 

no 

a - 3H c '45i4 r 

1 

tat U.SW459 


1 run 9 J lt;UM 


] i n 

9- 7963ft 


II 

w 

If 

'f-- 

1 

tan 'j. 67957 







r Jfi5 D M.7' 

t 

rut El. 4 354 E 

in? 

1 i-^CH 

(Q> 




•1 lfll rf 55.1 1 

1 

■"in 1 9. 3L495 

m 



J C1W 

9.2 J mill 

iftl 


ft ■ Ti'iinin'-'l imrts dnri*i‘ iu; tn quiutrnfllts: 4 Stf® J cm:;■ ;i ■ IW 0 ; b <. 30 ' 1 SirWP B * OO ft ; 
c ■ M!i r ' t jli.-i- nitil f. tciriLiiSi* Jo different iiuadriHitE. 


U* Scil vi LIip- rijit splh-r it* h] (.rlftimls UH'. filvmi c - 73 r 'l2-5 J . .4 - k ^ Ci :> IT. 2 1 , 

For a ■ nLih it as Biddle jiat t sod et-.d mid co-r ns opposite purls, 
tin ii - tri'js fco-di cans (co-i;> - sir 4 si a r, 

FXT Bit! CO-A il? Bltfille ft-sri *P<3 h nnd n-!. ns mL|nrxinl parts. 

Sin ’ tlHV t> tKI {dO' 2 ’ 1 , d - tan b ri>t c, 

snd Ian ft - r.Q$ A Inn f, 

Pi'w . ii ji K E.-d’-if a.* -nidiLlc part ami cn-vt and c.o-ti an adjacent part a. 

sin I E-ci-J- 1 : Lan I i: d-j1 > tan ( cn^fTl , CCS r - C-Dt A COt ft, 

and t ut 6 - ccis r tan A, 


coH 



For rheck »lth r an fiidrtl* pun ami co-ft nnd b is ndjimcni parts, 
sin (4 i-nr ; eo-fO tan - tot Si tan ft. 


,1 - L56’ ! '17.2 r 
r - 7 .1' l i; r 5' 


B 97' ;SB„ 7' 
f> ■ iCfl b lfl.D' 

a - la^ae,! 1 


m 

1 tan 9.64271 (Hi 

l eos ri. 4ar» so 


L I-U! 9- LiTTSL n;. 
I tar. 0.45531 (q> 


I «a ii 9, 511312 


{fc) 

I 70S 9. 96169 I II .1 
1 ISO 0.49IV65 


1 " an 11.45531 fii) 


, (i j 

1 xiu ELHJ440 
L sir. 9.97672 


1 4in 9.50312 


note, a . 90^ -Loce A i.Kl' 3 . 











liUiU i ^iHL:t<njAi. thj > 


I 6.1 


10. SH>]vt llii! j-L.: ti" spherical t-riantl* eiven t - 3 a(i :: 4 6.1'. B 125°ID,-E‘ 

For □ Hjl.h ii lli rojiHlf partf aril f(i-D u-ivH b as, ndla£bD( tana, 
a in n tan 4 r.fs-B) I ;tn It irtil B tan 4* 

For A ; All 1 1 co-it as, jiiddiv part and cu-.4 and fc ns oj>j»dk- l hr- purls, 
k L!1 icc-fil COE i. CO-4 J COS ii, m, £ - sin -I rru'i b. 
and 5 In A - CO& B 5i*t: &. 

Fn>T ■ . wi th it ii* w-i i;d !• r^Tt 3C ld co-c ur.H cd- fi ilk opiiuK tt« [wrlS. 


o 



s|n b rns | (f * 1 1 i-m; : sin e sin 1$ 

and sin c - ^in fi ei« i. 


Pnr qrhiick: Su.h a as imldl. pari aniL cti-d soil rn-r a* upixitltf parls, 
a in a pwi (vo>. 4 ' rm (c«t-r > sin 1 sin r. 


Siikrtf tveij- required part it u> be found Iron 
E L . i s Lim, lw:' values- f(i.r raid'. arc obtained, Tin 
iw-5- triangles are sh(*n in t-tie adiacent f kero. 


feintit- h ;. gfl 0 . 


a tl At ^ &a D 

anil 

r, ■:- 90° 

*6, -ts > Hd 15 

and 

e» < SHIP 



b ■ qSBPd6.4' 
fl ’ ID, a ‘ 

A j - 4flP59. T 

~ ISflP 15,3' 
r s ■ 53P44.K 1 

c-j - i^ie.c 1 

■A i - 2S° a,a' 
i4i D 5l-fi’ 


(A\ 


(*1 


[II 


1 D.13AT2 i n« 

I riM 9. IdftStl ( Pi 

I ?5in 9-J1S422 


1 Sin 9. ft L H91 I I’-Dji 9-94263 i.n| 

1 csr d. 06757 1 COL 9-M3D7 <m 


I sir 9,90{HU 3 sin 9-9(164® 


I sin 9, T90TO 


1 S J ft 9- 7907(1 


It- Solve ttve qtMdruital spherlca-l trlwifile 4fiC, Kivcn a - b - (jflPis-V , «" - acP. 

Vn rirst solv'p t-Ke polar t.rin.rn5L-r A'B'C' <>r Llic riven triangle having C SSfr' f ■ wP. 
A' ■ iBflP-o ■ and £' 160*" - 6 - iieP4l.fi', 

For a"; »Uh ■r , 0‘4 as indole part acid a’ and eu-B’ at option-itr parti-., 

: : tn (CO-jV j - r-rjc; u' CIOS ft4l-S' |, COb .4' - CPS a' Sj H ff' , 

and ens a' * C 06 A esc fl' , 

F*r i F : ^ l (Ei tL-Ji J at riddle par= and b‘ anil oo-C at apiajaLte jisrr.t, 

£ 111 !, OO-fl' ( 005 b 1 OOii 4 OO-A ' (. cut B' e ct h ‘ Sin 4 , 

and b{¥i b ' - c-cs &' cac i' L 

Pop ; rf]th co*r J an nidillc part and 00-.4' and co-B' as uilfaLtinl. ports. 
sLji r^o-c'j tan cco-.d r ;i t»n (cn-B'i 

trid cos r' - tot A' rnt B*, 



ros 
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RINHT ■il'I-lK.ltn \\ IlflANGLfiS 


I'ar cheiili 

: Witll Cu-'7 '* 

as 

Piddle parr 

nod a' 

in:l b‘ as ppitussite parte, 







aid ico'f'i 

- cus 

a r COS fc 1 








had 


enc; r* 

phJh a' 

005) 4-' . 










in' i 


S&'l 




{O 


A' 

- 

54 f '35.-l' 

1 

tns if, 63255 


1 c-ac rhcium 


1 

cot 

ft, 6TG7-I 


fi' 

- 

11^41-6' 

1 

cse ij, i'HjiLa 


1 CO* 9.69452 

m 

3 

cctl 

5-7560$ 

{"I 

£1' 

X. 

6tt°24-Q ' 

I 

Cot ?I„ ftiitrjH. 








b f 

T 

123°15.ft' 

1 

■ns 9 , TJ9 E L 

(&1 

1 cos B.13911 

(■i 





i* 

i* 

T 

105*43.0 

[ 

cqk 9,43275 

(PI 



J 

ross 

9,43279 

fa] 


TIf- required! parts of htin LtSbueU- (K ini 

1 lM‘ J -n' ll@°3S fc 0'. a lB«P-i' 5^44 ,& r . C - Iflty-' - 74*17.0'. 



Let Lhe treat circle through A sud perpendicular tg fi£ *tr«i SC in ii. Cfcoaider the right 

sph-Ti«al Lriiuig|v ABb ■SlIi p 1 Kill Sjinlii it It, 

For £ : WlC.ll OO-r AS rrsdnlr’ pnrt nr.:! oo-J,l iuiiJ cn*£ tut idjaetbl parts, 

fcin fCb-c) - tan fCO-jJii liui 1 co-Ji) „ cos e i:ist £4 rut JS, 
anrl Cut H - CoS c tin A-l. 

For 3 " With ?<l US Riddle part Mid cam- anii cn- ? 4 a:; upiHseite parts,, 

&tii ita ■ cos (oo-pt) cot fccf-ei = itfca id a la c. 

For ■: With co-j.-i is nadd la part and eo-r nad * a* ornament jiarLs, 

a in ico-ijAj tui fco-t’l Ltui «, COS M cot <: tan ■. 

and Ion * - cos M t™ 

For cliec* ; With AS [llddl* pn-rt and CO-S anrt n n.-s ssdjurnnL parts. 

.tilt ja = isii (tn-Si l■) n i" - rut & tan », 









rjnf 

M - 

Ffpitj. r 

1 

Em B. 17Sflfi 

I 

iro.-; 9, 744 Eft 

1 

s.la 9.fi2Li[l 

L * r 

54 d 3H.4' 

1 

U03 y. 741124 

1 

tan 0.14£3ft 

1 

a.in 9.51050 

£ = 

43*35.9 

1 

cut y. U4B21I 





a 3 

37*5L0' 

] 

tan 9- B904ft 

1 

tan 9 . flSo4fl 



ju = 

42^37.]' 

1 

am a.,8306$ 



l 

Pin 9. H306& 


7I» required! parts ,.r the isosceles triangle are £ - f" 48^55-9' and ir - Sfi^U.u'. 
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13- Tbi‘ ir. 11 .:il 1 r.purse tOT a Kresi Clrelr- r„r:ii-k !ru: ft"* 
iort i J 4 < ■ p 40 Vi. o’ S r i »Hr.. 14" 1.0' *1 N 30*10, ft' H 
tif 50^10+0'. Uvula: in tin; tmcli tbe poLflt H which Is 
reared thf north pole : m,d 1 Lnd Lint jin-ut cjii lc itL.s- 
tunce .In nautical ml Its) i;l ,H • mn the poi-i iuir| ! run 
Nfw Ifurt. 


Thf abort es I iJi:-;Laiii.-.- fron I hr 1 met to th* north 

p:. :i P lit uriutured nionfl: r_],ai mes-tdiiLn which is \s. v 

[nend.itlilac t-O tbf- ttack. In l.hr :;pU,: r j-naj Irmn^Jf 
W-.1I- # - 90°. ■ " M‘ - M rr - ; -tiPtH-lP ana 

V - 30"IQ. o'; 1', n 11 mci p are reguii-tLi, 



Per n : sin n no* (PD-aJ CO* 1 CO^JV) 

:iin n sin 


. L i- p : sin c!-»*n 1 ■ tan rcc-iVl tnn ccW: iU-.il cut P ■ l-i» 1 lhu 
F gr /• : nin [rc-,1 - tan fCG-vl tail, p Hid tan p tan m cua A, 


u - llf'i&.O 1 
■V - ;HFll>.0 

It - 22''Jin., b 

P = esj c ‘ 1 4 - e 

P JJi* Bri 


in I 

J a ill \f. 37975 
1 Sin F, TO I LFi 

L am SlSSHKW 


CP; 

J c(ra iusi-tsi 
j tan &.7G4SS 


I cuL 9.57865 


1F> 

J Inn 0.06M3 

j 1 *■ !_.■£, g. iurjiw 


1 tan l>.U0223 



Thn latitude of .11 is iio^-n lil^SkM' ff; the JcrngltuHe la 7i ' 1 .o' /’ ■ ^afi, ' ‘ ». The 
atstflJlfit of AI friar, P ir. n 22^23.^ |:pt3,6' 1343.6 nilca. m:.l Lh£ itcal&jlte : 0 c nrr Ni n 

fork ’(» p - - 27lt& 1 .A niK 


14. Tin- m]t i*| f-tmref lor n jjrent circle track Iron sun 

Franc incc -lat. 5* N, long, 1,23° 24, (P Hi k* 

i 41^30-Q' '* tir 200^30, <i'. Un-ale Lbrr. paint If n-ln-j - 
tun r.riM!k crosses the ► ijiKitor n-r.ii find the grcai cir¬ 
cle distadicu H rrm 5s*i Pranclacn. 

anin nm L. Ui the spherical triangle itw, * WP l 

- 90°. - 3W'- 22D' ,: ‘’30-ri‘ lS&^O.Cl', mill n ’IJ 1 

90" - S? -1 n. 5' s^'ll.s'; P nn;i p are rcumri'd, .sir,::-.- 

tbia lj'Lituii;le 1 L - iina.il rnntai ], nr 1 n:l h- use or ite Jkilar 

1 in hi hr Jimstf .li *o ' in ■rhich S’ - vf. s' - lB6l r - 

- ifl^SO-Q 1 and tr' (:31> r ' - m I 27^ k-fl. 5.” In find p r 
and P ' . 



J '-nr ,ii' ; 

sin ■; c-u-iM 1 ;• 

- tail '.Jin (C?-J ’ 5 

and 

tan p 1 

- f os J3' tnn a'. 

For F ': 

sin ( no-a' 1 

- tan 1 en-W' '1 tun . l-d-P' i 

atid 

cot P J 

_ 1 njl to ' c-Cis a ' 


V - lSf c, q4.S > 

r J - 4^30.0' 

' = is-a^ai.a' 

' I34 r 2n.3' 


I r ta S r 78748 I n ■ 
1 tnn fi!, QH;150 


L P‘> 

1 Lnn l>. Jlcihi ■, ri- 

I r'i-i !i. 931,0:^ 





P 

F' 


I tan 0.7!fflS :nj 


i rut- R.9SI24 -ii 
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Th-'n P - imp-}-' 27 s 39. l' and p - 180 °-J! 1 ' ■ Thf longitude (it it is. J22 n ?4.Q f 4 

JT-'aSrl' 1 2. 1 1 » m;.1 the fl si n urn- of W fTnc Sun kraut ISud is p -43^:44! . T" = 3734- 7 fltilefc. 


ScaJUTIQH a. a :.o! iii iDii KdreswhMt Hlftfler Llian that ei^or- usove 
is ufcLainsd by iKlnf. tht riani rruLnsJi’ SSiT Hi which b - 

aT’JB-S'. .S - £l MS7" 4Q n rtD.0‘ , and l ■ <XP. fr r Is * ant- iff. 

Wii Ic1 1 rrn-r.irrs Mir- dlf fftrenut! i II lung it tide between ^ trill X, and 
i * ;irc #:7. 


Fur j; alii a - can s tun ino-5 > and tnn ?, = .tin u tan X, 
Fur t- Min cu-.f} tanipa-f) tan- and ca* r pat ■ l-im .5 H 


* - af^s.s' 

X 4CPjO.O J 
5 ■ 

r 15 d 34.7 J 


1 :-LTi 0, 7E74 H 
3 Nw 9.83150 

1 inn 9,7189 b 


<f > 

J but QMlOt* 
1 rnit 9. B3105 


I COf. 9.M124 



Tin' Lmis jtU'JL- ut it 19 ]2£f'24-0' - 27*38.]' = L5Q°2, 1 ' * and the required distance Is t 
45^34.7' = 2734. 7 nil c:s llm bu-fcire* 


15, Pled the initial pminie nud th* iruursn or arrival tor 
LJi*- ureal Hire3rrark J'nfl' Chicago Mat. -13°50.V N. 
Iflpp. fl7°ai»7' A. w)ikit i-fiMibsea tbu equator al .11 (long, 
l1tftS+P J Jili. Fin-1 th" distance nf If frcin CtiSifigu. 

*S In FtTObleir 14, this nay HR ncjlvml b> uainfc Llie 
polar riulil Lrifliiitie tit the ouadraoirU t.rinqplp hyp 
or b- usfcm: th-;- nrhr «CJ\ In tills latter 

■riaiiiMe, - arc 7'C = ll^&Ci.o' ami r arc: WT ~ 
EOS”-113,3', 

par Ci tin n : tan c tan (doC) and 

cot C : tut r sin n. 

pnr .ir : a in c tan n tSTI f C-&— Al i and 

not W oin r riOl n. 



For t \ sin Crn-tJ = £□& r tba * 

COS t -CUE r ann. a. 


and 


f C I 


■W. 


rn 


i - E-3 2 r ill-. 3‘ I cot 8.33SW (Til 

n U^SU.C 6 nan a.62MD 

i [6B°]:iMr I Cirt II. 15876 in.I 

If i ^29. 2' 

( • 5&° 4. H" 


1 sin 9..99UK 3 rtc-i g. 32371 cm 

I ceil I.'.-041?HI 1 con 9. FI7221 


f Otll 0,1138 34 _ 

I r.u* g. 19702 ■ r. I 



Till- m|1 till « irn-i 1 is lgl/ J . 0B r 3:'f. 2 r 27*°13. 2' , tins tOUF* Oil arrival IB 278"- 44^29*. 2 J 

nr I II - il.d5tinw:f S-. r g^-l-S 1 M44-S nllos. 
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M PPLEMEVTAWY PROBLEMS 


Solve rttf.li nf l hi* followlm: rtpni j;jihi*r I■ u I triangles AilC, Jn 


1G. 

a - 125 4, 3l,B J . h 

■In*. A - nflPlT.l', 

17. 

A - nO^Jn.S', ft - 13^24,4' 

4ns. .4 1 6a°b3, i\ 

13. 

f MPas. 2'. A - S^54.B' 

Ins, c 4fif IQ. 7 j ,. 

39. 

□ 35*31.6' , r - is'-'ie.a' 

J.b K „ ,-1 ■ !>4 D 14.l' , 

30. 

□ 1^45-4'. 1 57' i 2e-B' 

Ini,. Si 4 2*43. P ,. 
bj S37 D ie.4', 

21. 

.i DT'nil. B J „ £ - i!,:/ 1 

In*, n ■ 2l°54-2 r . 

22r 

4 4IJ°44-ef lb C4 a 4tt.3 f 

•■Ini-. <4 

23- 

h - ]2l D 42.!i J . 1 I.?4°a.e' 

4ii. u - 1 jf3S.7', 

24. 

r - is&2A-4\ b fie*aa,;' 

Jn. . .i l«S a U.2 J , 

25. 

b - l^ n js,4' . I- 122 r; 36- 7' 

Arts, n - ai^an.n 1 ,. 

2fi. 

6 - 1G2®53.4 J i B 13(5° 14,' 

4jLi, □ 1 - a3 D Uh.4 l , 
•1; • knfPfD-h'. 

27- 

■1 33 r, ::,Q. 5 r , B 7? 1 31.2-' 

'Iris . !i 1' , 


ftiuii-ii r ■ yu", 

fl 3^48.4', 

I' I53PH-T', 

|j • s^se.o 1 , 

ft ifPttrtf. 

.-j 5^4 T.7 1 , 

t2(J a l2.3 r , 

Ji - IfflPtJ.O'i 

£ * isPss.a'. 

t ■ eo^ss.iS 1 . 

£ ■ 2& a 33- i-'. 

a 75 e is.a\ 

e-j isa^e.B 1 , 

- J6Pl:i,2\ 

t - 


t ~ 119*2#. 2 1 
^ UD*T.fP 
ft ■ 5(i D . r ..5 J 
b 3L C UP 
FH f1 43-B' 

issPie.a' 

r - ISSPSS.a' 

I = 7t D U- p 
b iQ3Pi:„i' 
!. - 156*11. I' 
ft - 154*3. 

Ai 51 i a 1 

- isaPn. 2 ' 
61*46-2 ’ 


EJolve each *t the laltowibii, quiiJrariLal a^lierical Lr Ldiistua ttfC, tji "IlUlIi € - giV 1 '. 

2 ft. 4 eo^4.s r . ft issPia,-.#' ins-. h ■ ur+s.#'. a . c = t£P44, v 

2d. A - saPsa/G't ft . lisps*.#' a™, a - as ft 36.3 J , t n64 r '2B.2‘ , c - asPsa, 7 ' 

SO. a - e&^lS. ?' , A 5^45.4' An* - hj : 4tl C liS,3 r , Jf< L r 35.^13, , Q 11^34.5' 

13SP44.7'. Si • 144*41.3', C, 63° 23.5' 


Sul i‘f eurli cir Liir fntliwinp iwifiri las splun-icm I ri.aciK.1 ,i:a 4£rt-. 

31. 4 b T8®23.S- , C 1IA°54.6' 4im . 4 - Jfl ll^EEI.S'. c • [15*2.A' 

32. B ' C 38*52.5'. a - 1m, i ^ i- • lo'^sa.S", 4 - 15CP31.1I' 

33. 4 shLj; L«avf& Nc» Tfui-k (Jut. 10*42. O' N, Ebiip. 74 °l.i)‘ t? with initial course due east and 

fell 3s (id j sreal cirri4 rpiirsf. Kind its cotir:;<: and riMii Ion nE I er jl has- Sailed 525 n, n. 

4a*. course, aT^V'T-S': lat, hj't-h' n, Eon?, 62P32-4‘ a 

34- Tin? initial ..'sure* for a ereni eirrJf true* frw voKohuiwwiiu. 33*11.0' a. Inn*. ]3fi°3!>. L E ) 

ls lO^ldLO', Locun- t_-ii- p-.jr.c dn tin* trtci. winch is nearest tlie a«rtli polo, 

In*. EnL r T' N, innB. 23^4.3' * 

35, A &hLji leavi-s d r I a 1, 3Bf5Q.il' M, |(Ki^ r 75 I: 2D.0' "land. aalllBii dm ® etfial circle an.-, fFoatues 
lilt (i nil Li tor iit 50 r 0.a* w; Thf In Lt. ] u.1 murfiif smS I hi- distinui- 1 ruvi:! nd, 

V"S. pciurse, n<| n 27.3 J , <11 stance. 3&4513 d.tu 


CHAPTER 21 


Oh I it] fie S[jht*ririil Irhiu^lo 


Standard Solutions 


•IN OBEjWE: ^l’HHUCAL 'lit iAhCsEj- is u apbur ic»l triangle, no one ot whoso angles ss a 
right angle-, when atty three of its parts are known, the oblique ipheritssl 
i .t s wj i 1 1 ■ i;f 1..-i. efin \ hi.:J oicijj>t f nr pass 1 1) 1+■ 4i.iihj gii 11 ii';-, noted iater- 

There 4ifo S-lA ehaes I o be oorts iderefi; 


Chad I 
Cam? II : 
casi' til; 
ciiaL-! iv ; 

Cose V 
Case VI : 


Given tin 1 three sides. 

G L ve n t tie t h ree ang Jus, 

Given tio si deft anrl r|ie included anale. 

Given t*o angles and the included >iiie r 
G Lv- ri I ViHJ s ides and an ana L <"■ opi ms i C-u one of l!lu m. 
G i veil run ana left and a side cviJf:-iJH ie mu? of them. 


THF: STANDARD PROOI-lJURES for solv: ap ami c her- n inji the- several .ases involve the use 
ol' speed a! turmuhiK 1 Is tod tie Id*. 


LaW OP SINES- In an.v Spherical triangle ABC, 

For 4 i fieri vat ion, son Problem l. 


sin .? 
sin A 


sin b 

sin a 


s i n l- 

sin C 


l.ii'A OP COSINE® KIR SIDES. I ft an.v spherical triangle ABC, 


ri>s .j 

= 

cos h cos e- * 

r, i n b ft in i4 t’Oft .I 


COs b 


eon c cos a • 

:>in c sin .j cos !t 


cos u 

= - 

nos a etift b + 

sin a siti h cos C. 


For a dart Vat loll, 

■■ii.'C 

Problem 2. 



Lin I*-- COSINLS Pim, ANCLES. 

in 

any spEuerieal 

triangle ABC. 


COS A 

— 

- cofi B C Oft c 

i a i n B ft in r c or 

■a 

CDS B 

= 

- cos C Cus 4 

1 :-3 1 n C s i 1 . A COS 

h 

cor C 

= 

- on* A cos B 

sin A sill B cos 

c, 


Far a derivation, -i-eo Problem 3 . 


I[ALF-ANGLE FORMULAS- In. any spherical triangle ABC. 

r -4 l j *i j- 


tuft * . Ian £fl 

s in rs - a> 

where x = ji.-ttib+r) and tan r y^-- 3 ' 


sin is - hi 


tan = 


t.an r 

h i n (« - c) 


•..s - r# J i n i s ft) h in (s _c> 
a in x 


Fdl a do rival ion. .e-e Problem 4- 
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1-tAiJ^-SIEIE FORMULAS, in am spherical triangle arc. 


Cot i;r 7 


r an f 

CIOS jj? - A I 


CD 


L kb 


r la 11 R 
t: ok (S - B :• 


cot = 


[•an g 
Pcs fi- Ct 


where S = : : i .1 ■ ft -f.'i :u;d tau 




cos {J-A j cw(S-fl) co&£S-C) 

- cos S 


I'Vjt .l LlerIvat ion„ see Pi'cAUem !?. 


GAUSS' OR DGLAJfffflE'S ANAUHJNS. [n uri.y sCJicincaL triangle ARC, 

-qin sid 

cos jt: 

cits - Pi 
sin jsC 

an-:J oilier funits uLUiinetJ h.y r:.vo] Lc i-nange of the letters. 
For a derivation, see problem 6 , 


■, 111 

sin it- 


sin + 
sin j.t: 


a in jjA »ff) 

COR ic 


pro; j i cj - h) 

CDS Jft: 


cos ^A + B) 

sin ,r 


= rqs 

COS ic; 


rVA PIER’S ANALOG IES. fit u :tv s L;hij r 1 : :u! T I 1 Lang J P ABC. 


tan jcA- Pi 

coL 

1-L131 j c .1 1 JM 

cot 3 c 


sin sta-fa) 

sin 15 ( 1 * b) 

msK ; {ft ' h S 
bus k ( b ' b) 


c an 3 ., a - t| 
(.an 

tan ? i ■y 1 - 6 ) 
tan 1 c 


sin i(A Si 

sin M/I 1 ft\ 

caw jU-tl) 

ecu _WA ' ft) 


and other forms olvtained by cyclic- change of the letters. 
For a derivation, see Problem 7. 


SOLVED PROBLEMS 



I- LH: r 5 V- t till: SPtt ul a iDKd l 

c: 



tut -tfiC I/I‘ am :-:|ila:riiti I tt-larmlt. (RfiS'er Cu rifturp& {<!> »nil |0 .ihnvc, [■ ThnniKh C. |in»» a 
KRiiti circle [^rpBUriri'iiUtr in ift »ci 1 m it m ft. Lul t:f) h. 


]u riftht Irlannli- •!( />, si is fe - slti l> 5 in -L 


III f LjIjC tr Larifi I'- iif.’h, Kill I. ism m sin fl. 
niu a bill t 


stii el aih fl sin b Mn -l iwwi 


sin A Sill ft 
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OPl.t^E V. SIMEKIilC \J. rm.VMilJiS INDARP SOLPTIONS 


SinUaily. lae&lrif .1 sr<-at circle throiuh « m-rut-nil Lcular td .Lf.' r w rind 


Sill A airt C 


T«N5, 


a in a aln b sin c 


ain .'1 sin J> sin C 


S- [h r]vi' thi law ul cofitiuss lor aide's, 

In Figures \<\ > and tt| above, VcL AD - * r In ilis right trlamie ACD, 

, 1-1 :ii,ii A - tun >1 cell f r (21 Sin h sin h Sin A, |'3!‘ Cts & = h rru, fc 

]r tin 1 1 -ju.IiI. tifiiliiili? iiCD, 

1 4 1 liras j eeja fa tins {c - n? - COO ft ( COS t ecis n ■ sin r sin ■). Sinoo ctia (c^n) - ros 
SulraiLtuliiu; ul (■? 1 for &in n iron fij nnft lor coo * from (3), 



and aubatiiHiinit for ain 4 trom (2), 

cos a cos l eo« b * sin e sm b .-jib ,4 not 4 

COH t COE c +■ Sin h ELTl C ops 4 r 

thi: nfluT fciriiiiluK nay lx- i.'IA a. i. iih-d fry cyclic ChflJigS 4?r the letters. 

Derive thf la* pf no-Sim's for anaitis, 

CmwiiSur LTie poUr tr i .me, ] B .-I'rt'c' Oi AMT for Blijnh a' lap- *. ■■!' Lj)Q :! -a. ale. AflDljr- 
ijiE (.hi- for Dill a ilnrJv-H 11 prpfrliiii .3 Lb thlw trlangla, wt Imvi* 


CDS 41' itxs Er' CCS r ' •• ElH fr’ 5-in C COS A 

and rrcallibu Ihm s, w {! Hip - 6 1 ain B and cos r iaa n - 61 - nn» U, 

- tu« ,\ - (- tiS 6)(- CQ& C) * *in fi Bin C (- cos 13 ) 
□r oca 4 - cos 6 cos C - sin B sin C cos a. 


Tl«! Other fEiiniilttft ray U> obtained by "VC Lie ChMIge of the J.«Ul!rs. 

i. rrri™ I m* half-LUllit-n fnrnnlaj:,. 

FlM.it Line lux ni ttfllbas Tur siituS (Pro hi OB 2), COS il cos ft cos r + sin fa SElL c. C06 -1i r 

cm a - cut. L COS c 

*0 bano ccs .-t ' ——— - * 

Eln b sjn v 


llicn 


c rs A - 


iin:i u - n>s fa t:i»i i 


CCS b «-!>s L- 1 sm pi sirs .-■ - <!«N a 


sin fa sill r 


alb b t in L- 


cub l ib -£■) - tui u 


::jp F, sin - 


- 5 Ciil 4 j ) s in i [b - c - nj 

sin 6 sin c 


| ► COE A 


CCS 4 - r-cs fa COS i 


sin fa sin c 


CLUi a - ■.rijj: t (■(*■ i - ain b &ITL rF 
am fc sib c 


cos n - cos 1 1~ - . ) _ - 2 sin i(a ii ir) sin jin- b -r) 


Sin Ii ajn r 


sLn r> sin c 

















OM.i^lik SPFIL.ItU:iL Mil \ M'rLlCS ST\MUHh KfiUTIti\S 


i7r 


■md 


L - do^ A -2 Slit £ ! nil sj(j 4(t — c — a) 

I ■* ms A sin it sir p 

S S n iia ! t - r ;■ ,-iin i (c ■ y - In 


3 r- 'i ■■ i n c 


- £ sic ;(a ( fi ■ ri sin -, ,i _ h — _■■ i 


Sin J.f n t t, tef J ■■ j(h i r - a j 

nii*M sin - sm ±*c - d - 6i wid sin A(ji - b - - sin j«f .-1 c ~e), 

Lft i = i t if r b i cl „ TIilt i m - fa . c i $ „ L -, iff - a _ = i - h, ^bir.di - «- ■*. ami 

- (Vl s in i-» - c) 


mn 


^ . / 1 ~ rua ^ , r *jn jjjr f) g_i n {« - fel _ 1 fslnci -ii) Eln (jn-fl 

y 1 + COS X V flltt-fc Sin^s — nj sinfc—a] Y sin s 


Panall; , rk-f in | n p 


s Ln ^ - at *iu($■ - Ji j Mute -e) 


s. i n s 
turn jX 


tan n *■■ Lftnnln 


l-ELTI r 

S J(Hi - h] 


ft» oiher tornnlaa ray (w obtained ky cyclic cbsuit «r lettera. N»[«- tJiai a e>c: 1 i■- cJiiupe 
□i le-itufs iJii-.'Si nut affect tan r. 


5+ Di-nw t.hc tial f-si :k" for aulas. 


CukSiit>.'f Llirf puial Lrlahf’ir- 4 (j C Of llun Spllrri-v llL tfliUlKl *• . 


LiCt - i(u‘ r (. ■+ cr j uni tan r 


’ - / 


Sir (fi'-a* I sim,s'-b'l i III d r — I-' ! 


sin s 


Since it' ■ (gg^-X, V tdl^-n, L-tC, r 

s' &{(Uitf-Ai ± 1 n&f-Ct} - £ 7 n° - iu-if-Cj - mP-S. m-n-Ji *.i T ji, r:>. 


TIwjii 331: 1' - sin 1; 23 D 3 - ,S 1 - cud .S". 

sin fs‘ - a't = S4n - 5 - f IBd°-*)} - ftln {»ff - <5-A)} = costs-A), 
3 : a 1* r - b ‘ I - <:<KK (S - a 1. 

Sluts'-c'] i era^-tlf. 

CIQB l.'j - A ■ <l«w [ji - H I J -<as l..? - £ \ __ lan fl 
- cos B 


Ml(J 


tan r 


■4 


Frou IVubleB i, can JfX 1 - - ' J71 - Tnra. siiiLinX' - 160 ^ - P< 

s i n (s ‘ - a‘ j 


tan i ■, IK)' 5 -u'i pul ?-a 
ftud aimilirflj fur Ihn I-m: r fuCnuLSS. 


Can f{ 


CUK (.'J - A I 


6, Dative fiaiiMs 1 ut DeJatilw'e'a aiLaloclcE-, 
Frttt FrubLerr i s 


s in i A ■ i 1 1 - -ros A j - y 1 - 


sir jjh-c mi &Ln jdi -«■ -pui 
sin b sin o 


■I 


aims - A I s ir fs - c> 
a ID ii sin r 
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h . . j ' 7" ; - * in r (4i i- b + t J tin 4 (4- 1> “■ /sliTi sl.rw.s - a> 

nml 7C55 iA Ji(J - CG* 4> - „/— — -- —- -1- 

’ v ? in h := - L n r y sin ^ sin c 

■. ... , _ /iln i* ~ ci Sin (j -ol _ „ /a lit .1aiii7i -1) 

BlnUnrly., sin ifi * j ■ 1 1 ^ nnd cos ifl / -. 

a in e sjji a V alu c Sib a 

L |lj . . / atlifs - <■> j J □ i> - Cl / 

V stn ft sin c 
sin ti - ii) 


Then 

:;in 4.4 ru-: 


Flo <■ sin « 


j o - V 
i-ltl C 'V 


Sin. i 9iB(4-[f> Slrio^ l. I fsllij, 3i!l(J-d 

SlTl 


Fin <j 5 in t.- 


Sill d 


r r./i i,C , 


COS 


41 sin 4fi - f p i s * n< * - a * / sin l* - O sinfi-«! _ - g l' / win t sl nu-Uj 

"V sin t sin u y feln r sin a sin Y fii n fl ■»& fc 


S5H(J-ai 

--ros i-t, , 

sin c 

ami 5In frlA — jh nln ±4 cos afl - nc id sin s# sjm*- 1 .i.i,>-u. cop 


t: I n ■ 


Z nm - h\ - i.t - j|) s.in t j (.< - f:| - I f: - a'l «. 
2 sin ie cos i l 


COS jl.' 


COB id 2l n i(a - bj fllii £ < n - ii 

nnr. |t. - .--2 - 1 r.fK j{? . 


TJl Us 


sill ir COS ad 

sin 4i4 — #1 sin ii.n - 10 


sin i l 


l.uS if; Sill id 

Sn t •; iiri lar nsum r„ *c «m>- attain lornjjlss tor sin . , 1 -Ji *. e;o:= i(4 -ft), ^cid c«s j(,i - ftj. 


7 - l>'Flv? Nnulfr's njinloslea. 

'fsinfithr Dslsuflfre snatoRies 

sin 4 ( 4 -A- - ii - ■i-i - < . an(S C0B , ili? •'* sIji if;, 

bill |c 

sin id sin iiu - b-i 


Lin 4 (A - fi :■ - 


unJ 


slii 4d 

sin i iA-'Ht sin il'J-lD cos |C 
Ctia |< 4 -fO sin Jr Silt | [-□ > ii| nin j(" iln jfn ■ h} 

ium it4 ~ B) . sm 4 id - in 


i-ul it' 


dai. jif" 


K.FH i fa ' Vi 


VS Hi •: 'lit’ Lwlwlxv aitaioKios 


, i, sin ii 4 -«i _ , , „ , l sini( 4 -fl} 

sir pin 'i - stn tLiid cue-; |ia —hi - - ?;as- id i 


COS if; 


COS |t- 


Lilii jfa - t'i - °M> tiLt, & _ Bin tRn ^ ^ mi H* - t) = 

sin iiA *K •> cos it alii 4(4 -fl> tsji ii stn ir-i + B) 


nid- otliKT I ii-; 3 l-i: J t.'h tS.v be* ubtaiiunJ in u ointhtj- natmiir 
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CASE 1. 

N. Solve tint- abllnufi iiphiTi.-nl 1r|ap,ir)r tflf „ fiveo a - lSl^lS. j . !. Lfl-1 M."', . <!:>"' 4 2- :i' ■ 


{!) tan r 


^jh in (? 


-.If rf i n (4 -lij Ln (-C - I '! 

&ln i 


12j tan - 


tan j- 
s in (j - it . 


t H 1 tai Afi 


tam r 

s Id (s - 1.1 


Gt«* : ^ ^L r :' - 

3 i h J s eii fi 5 : m C 


i • A in 1 ft 1 c 1 - E^ 5 r - , 56 . 3 ' 


it 1 tEui jr = 


tail f 

•siti ;i l I 


1 -nr - 24 d 4 D, (l 1 

t-l, - 4 t c |,B" 

s-C = B' 

i = U5 D SB.a' 


tail r 


M - 


A = 

1 

ifl - 

■16"'36, 3 

B - 

spa^js-a 

& - 

35° 15,3 

c = 

76°36. 6 


0* 

1 K?n g.aajTa 
l asu gi.B 1 TL 7 
I si r 9. :i:lS66 

i L--I- 6 . 25 ) 7 -', 


2 |LK-6u:j31 

J ■■ ■ r ft. 64 Hi* 


a \1 

I cec Q. 31 sS 7 


fill 9. iMlGB 


1 Laji IJ. 22093 


(3) 

1 a. luas 

1QK 9.M15S 


L Lilli 5.024411 


(41 


6.1)1)1534 


1- IKJJ4l.fi 


j Eati <k fv4«t*l 


ChnijS,: 


S 

A 


I ClB jl. 93189 
I mr. 0.05393 


5.98582 


ii 

B 


l is 10 9. 9H;'i):.? 

I o.Mioea 


9 . 6 BSB 1 


t’ 

c 


I blii :j. 93974 
J «e 0.0260® 


B.9S6B2 


CASE II. 

9- Solve L-Jnr obliuuc spin* Heal LrLaqcifi AOC. [iwa 4 1 lV'22, H' . H 7,2' Hfl-6 ’. ' 5D‘ 21-, 

jofutiEn J, (Half-aide rtmiil as 1 i - + - IHPlLJ 

. h |'cdb i,ri - .4 1 cos i.V-fl. uS -to ' i\w (S - )'i i':rt f> : - A 1 i;op. ■ > -( 

Ell 1 an rf - .-- --- 

\ - tin! ^ \ cua 11 fit - 5 1 


(Ej cr)L ju 


Lmi ii 




cos f£ - A ) 

rLh 3 nin ‘j im f 

alii A bin A ejji 


•:3 1 gp* if- 


[in ft 


-f>fs 1 a - ft ■ 

s 


(4 I r nt 7 i- 


lmi ft 


irnu 
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UK1.1QL I. Sl'HEftlCAl TKJ l.NtlLES 


STANS) MU) S OlA J IONS 


■ 11 


(2> 


13 j 


(4) 


- B°4B-„y 

5- B -- 51^32.7' 

6- r 60*50,1' 

IBO*^ . 5 7*40.7' 


laii i'i 

SU t J5S d ST.7‘ 
il - ILl°55-4' 
,r. - 12*50.3' 

i ~ 85^40-4* 
j.- 31^23--H 

c * B2?47.G' 


1 CC3 9.00692 
I m S, 79472 
J Luc 9.G1211 
J 5tMi 0, 25033 

2 19* 0530 H 

lot! 9,02054 


1 him: 1). 00306 

[ Wt G. 20626 

1 f.W 

0,3inti) 

Joe 0,62334 

Li* 9.S2554 

Jog 

9, B3B5* 

1 ■rot. 8,32062 





1 cat 0,0228.3 





1 cat 

0. ::i443 


Check : 

n I kill 9,-afi74fl ii L Sill 0. «ffl76 

4 ) cw O.QiHESi K i cw? 0.02024 


| s i h :j, J49Q8 
! esc 11.06992 


0-01S1KJ 


Lin I.' L90B 


0.01900 


Solution 2. Lj ifUijf.Cc] 


Cgnd liter thu iinlar It IMuiK S I) i.' in whifiJi c • 62' 47-2 , ij - 101*21.4 . r • ISE1 3ft*.8 ■ 

s' : i iu , i,' +■ c’ ■ - 345*46,7 


f11 ian r 


-4 


slJiff 1 - «*t sint*' - it' :• .-snip 


aln ¥ 


12» Mm ?4 


tnn t 


MmV - a' i 


■ 31 t-nm i-S F - 


! nil r' 


tin (s' - h' 


141 can i4- r = 


iJii r 


a la rs - >: ) 


r:M'c- 


sip n' aim k' did r' 

___ — . 

Bill A' tin sir. €' 




fl> 

<2> 

(il 

E4) 

s r . n* = 

BaPii.s' 

1 Sip 

9,99092 

1 CK.C 11,03005 



S J - h' > 

3fiP27. 3' 

L sin 

9.79372 


] cat G-2062S 


I , -t f = 

24 i ' 9, !>‘ 

1 sin 

9 . 61211 



1 oac 0.28799 

! 

y. — 

145 D 4il, 7' 

1 <:sr 

0, 25038 






2 

5-05,300 




tan r 

1 

lap i). 32554 

Jut 0. BZE5I 

JOS 9,32054 

La>: ! i, 02£> : i4 

iA 1 

34° 2.3“ 



1 tan 9, 62902 



4' - 

1)3* -t-e' 






W = 

47° s,s' 




1 tan 9-032112 


»' f 

94*19. 0 ' 






if - 

:,a 3 :Lr;,2' 





] 1 & ii 0.21443 




Ct»ck: 

<■' t a in 9. !«iJUu 
V i oat o.o32eo 


ft' ] aiu 3.S7970 c J t -’ijn -0,934103 

B' 1 csr 0,Oftl24 fl' ) CSC G. 050532 


!*■ 95100 


5,93 EGO 


&.9SL0O 


Thffin a, - LgQ°->' - 1 1 1^55^' , if = .8$P40»4% < ' 58*47,0', 































OBUQDE Si'll hhSICAl T Ft I ANCLES 


STANDARD SOUTJTLLNS 


CASH 111. 


1ft. Salvt tte splterical trkaji^ee- LfiC. ulcer, a 1U&°25.3', c - , b - LU'fti.t - 

(■Mazier 

For AC : *, I '!■ tun JriW-J - Cuts - ■• Sec j(u . c) :0l fiti 

(2j till iy-Cl ¥>n ;Jf:i,it — r 1 > CSC ■ o cnt 

FciJ- h: (1) ISji £i> • taq tt-n-e 1 ) sin £(4*0 CSC i(A-Ci 


Clnic H : 


sin ii _ E-in !■ 5 In c 

nih '1 a In J! s)n C 







(Ii 

<2) 

{3> 

J, (rt - C > 

= 

33^ 4i3 J 

1 

C06 

9.92WS 

1 flili !K 72505 

] tflfl 9, tgeiM) 

b I'a ■ C> 

- 

14® 31.0' 

1 


o. seno2 

1 CSC 6.01641 


iff 

~ 

s-fse.E' 

1 

cot 

s^SMja 

I C*L ft.fHIfil:! 


i <A * C i 

= 

oaPsg.J' 

1 

tar 

D,lh>H3 


3 sIei 9.65114 

K4-C) 

M 

19° 23, 7 J 




I Lisrj 8,5-EtiS£ 

3 tsc 5.470-76 

A 

m 

82*52. B ‘ 






C 

* 

44* 0, 2" 






it 

= 

59*22.O' 





j tun 0.22753 

b 

=■ 

ItfiPid.o' 







Ctreeh ; 


a 

L sin g, 9R.193 

b 

I 

sin FL 34293 

c l sin 9.153751 

A 

l esc a. (#325 

a 

i 

03C- 0 . Il l 272 

C 1 csx 0. 15742 


9.9S5J6 



9.96^25 

9. 90526 

tl, SciLvi* the spherical 

l r i n he 3 t A Jii 

uLYeb 8 

- 

i J fi ^'4 1 ,. 4 ' , c 

oi^LT.e'. .4 efi^.a'. 


i.Viipirr ■inalcif’ti'j f 


Far dt.C 

: <1.1 

tan JrijS -O 

- CriS iit -c ■) set- Jr (I- - r ■ 

cot M 


(2} 

uin i (fi-Ci 

= sin i(t -i? i c«r 

n 

□ 

Far o : 

f3> 

Inn ja 

tan i ( (i - c j sib A ii*' - C ■ 

esc 1 

Check : 

sin 

u _ sin tr 

e-ln t 

T 



sljl 

A sin ff 

sin f.' 





til 

12 ) 

i(ft 

-e) - 

19*11,9' 

1 C1K 9.97515 1 

Sin U.riJ til.it! 

*(> 

-t> = 

106°29.5 t 

1 5«C 6, 73973 i n p 1 

E:nc (1,60733 


i* ■ 

33° 14.9' 

3 cat o. ]g£i7 L 

not l>, (8227 


9-)*tg,3' 

1 lun 0.99713 fp; 


*<»■ 

-Ci - 

26°5fcl J 

3 

Lux. 9, 70657 


£ = 

124*11.4' 




c = 

infos' 




in - 

37°17rS' 




Ii * 

74 s 35.6 



tthecls ; 





a 

3 sin 9.93411 t 1 Sib 9.9360S < 


A 

3 CSC 0.1)3717 £ 3 esr Q, i>&i40 C 


O? 

L tan 9. 5-tljBS 


L iiii 9- 9965-S 
1 L-fk- D- ^43-li! 


3 Inn 9.D0179 


I i-ln 9,39406 
j cac o.o-jeas 


Or 02129 


■:i. uIJ2f! 


It-Q2L29 
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CASE IV- 

]£*. Solve- the ubliqiti spherical, triangle ABC* Blwn 4 liLti-G'. tl BD"42,B'. . 7^32.4 r . 

SttLi ! C6h 1 ♦ (pfapMr 40*11># 144} 


For N .ft 

: (Li tun 4 f B t a'l - cn:s i (fl - 4 t 

\.2) I nn lift-a> -■tin j(B-A! 

i-CC i <B - 1 1 Lmi: iiT 
CSC ^i;£f 4 > Lb.ii if 


For C : 

m 

f.fit iC ■; i n j i bill 

Cflk: 4 I't - -n] Lnn i |'tf 

-A3 

Gbuck r 

stn * 

sin A 

Sin ft Kin l’ 

t-Lji fi bln C 





(?) 

(21 

(33 

JtG-A) 
4-ifi 1 A) 
At 

= q j 

S4 n 43.6 J 
- 3^1 K2' 

i coe S.99KJ 

1 aei: 0.22647 
l tmn 9.Sft512 

i s ir, 9.D1BG3 

3 cfiC O.IISHin 

1 fan Hr 39572 

1 Ion 1),I1&J4D 

j(i' - 

ji h - m 

- 

5 0 44,3 J 

l tan a. i31£2 

l 5 an B.(K>1S3 

1 Sin 9.'3(35 54 
1 esc 1.00931 

a 

b 

& 

€ 

4T'-39, &' 

- js^ia.o 1 

- 4SI°5tl.S J 
SSfil.O’ 



1 rnL 9,92625 

Cbock ; 

■J | sJtL 

A 1 r.sc 

9, M9Si ft 11 Gilt 9,43442 c 

0,12392 H i tit G-G51J4S C 

L r41n. 9.(1fl.7c>0 
! CEO 0,Wl623 



9, M3S3 

9, 99383 

9,44383 


Solution ? L (Pol PI" tT i hue I el 

Consider rill* poLur irlupclc a'e'C* in winch <T s 3 1 ‘ i ^ 4 1 . !/ = 1 li> L ' 3f. 4 C = &L 


i'iVg^ ier cjnK L n£ 1 l- s J 


For A J .fl' : 


C L i t n n i r.4' t 


3 - 

nos Jin' - ib J ) 

sr:r 

jea'- fc’i cut jr J 





iK'l L3JI J|4'- 

u r 

3 = 

HSJI 3-l'o J - h' '■ 

CSC 

Af«'- ft J l rof iC 



pnr r r ; 


(33 

lmi 

if 

1 _ 

LftJi iiu' - ll' ) 

Bln i+ JB" i n»r i(l' 

-if') 




sin ii' 

sin 

r/ 

sin i" J 





CKiick 





= ■ 








sin A J 

:= in i 1 ?' 

silt c 











(11 


12) 

(33 

i(c'-ii') 

3 

5^59.0' 


i 

Cliri 

9-99763 

1 

sin 5). 01903 1 

t-IHl 

9.03LHQ 

4 ( a ' + h') 

* 

1 Li5 ,jl t6- 4' 


i 

sec 

0- 3304 7 (ii> 

] 

cac IJSH10 



i C 

= 

H D 4S.a‘ 


i 

not 

9, fcl(j72 

1 

noil, b.ags^ 



a*** n') 

= 

12{f°26, L' 


i 

ten 

0, L3J82 (il) 


3 

sin 

S- 90554 

ii V-ff i 

= 

5 n 44,1 ’ 





1 

tun 9.00 IBS 3 

r.sc 

|. 00(331 

V 


3:?/lO-L 









s r 


1 S0 C '42.0 ‘ 










= 

9. 






3 

tan 

9.92S2J 

c' 

3 

&0 n 19, <1' 










Till!ii Ll:r ri'iiuiruiJ jmi'ts til LPla.ii.fi 1& JIJJC :»IV . 

4 • IflfiP-V - 4T°*9.S\ ft V. = t«P- r' - B. 0'. 
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CASE! V. 

1?, Stive tbe Dbllque aiHnencal triangle ABC, i?.fcv«ti a 80*29*2'. c 1I5°3D,IS'. 4 72?24.-i', 

pi?r C : sin C - Bin c esc -u a Id A 

For B ; CCL = Sid j(c j a| esc ^|.r -cj tan £({'. —,4| ) 

Pfti- E ; tan J b - s i n $ (C - ,4 L nsc tun i<i. -iii 

CJieth : Sin A) - 1 iin sin ifnv^nl oik jit 


1 - - ii^MJ.fi' 

L Sin 9.-43645 


*1 - fti] 1 ' 1 2C_ 2 ' 

] the ft.(|M(i06 


■1 - 12^24. 4' 

1 sin 9,4 792(1 

Sinc e n ,■, 1 tern 4 C. 

r - 119°15.4' 

J Sin 9, S4073 

Oik- ik>]citi(in 


95 * 40 . 9 ' 
irr-^i ■ 23*25-3' 
fl-7=&R,4'' 
ii,: - 'i' • 17*82,2' 


! I in a. 63674 

l sin e. mists 

] cac o.jjosa 


I siii a,fJ977'i 
I esc v, 4006i 

] tan 0.49959 


itf 25 c |.7' 1 cot 6.1,30)3 

it = TCP 6.4 1 __ 

ih - 30*20.2' i L»n a.sftws 

>< 7<j?4Q. 4 s 


Cheek ; 

i(C-4i £3*26.3’ 

H i6 r -2fn.2 J 


3 si:i Li.59539 
I Hill n„79239 


ia-.u! 17^32.2' 
fH ’ 35 fl i.l 


l sir 9.4TM2 
I cos 3,91263 


3.. ;s!>19S 


6.39161 


14- Solve tlie uMiqiM apJiertcal trlantile AIU', «wen 6 - 6l°42»3', c - ajf' l Q. (I ' C if'as. r'i 

For U ; sin if - sir h esc t sin C 

For .4 L Cot iA Sira jffcvcf esc ^^h-c) tan 4-ffl-Cj 

Pivr d ; tan i* - 5in &/&*{;■/ esc i(J3-C> tan ift'- cp 

Check ; s^ifi sir £-0 sin i((--c} eon 44 


k = ai°-i2.3' 
P 52?i9.9' 
(j - 4 / 25 , i' 

B t • 67° 0,(j' 

Jin JJ3 r ' D.g f 


E sin SI. 99544 
L esc 0. L-i ] 52 
l ail! 9.06706 

I sir. 9.06403 


:-i i in l- b y r .. 1 hen H > , 
T*£> Soi lit ions 


,4 









!7B 


i i]L| 1(^1 K \\ TUMMILKS STlMnMP mOUJTIUSS 


iA t ) 


? 1 B i r * ■ t 

ii 

5fil,6 J 


i 1 f 1, — C i 

u 

sr’iiT. -a 1 

] 

i(ti-c) 

= 

pf 1 . IN ' 

] 

i (It -Ct 

= 

H g 4l*a J 

1 

i*± 

3 

&T°B5, l?" 

a 


▼ 

L15°51, 5" 



- 

$9*20,5' 


a i 

X 

104' : '-J 1,0 J 


i<V ' 

X 

UD' 1 13.(1' 


£ > 

- 

3/47, 4 ' 




2f 8.3' 


A, 

“ 

4lf L?.6' 


i ll s 

- 

LLV-' 2; I . S J 


a* 

- 

5*1° 59+G' 



3 loL 9-79695 


1 SUL a, 9iMi£ 
I r.nr 0,789‘IG 

i Lliil 9--3134U 


L t=>r D. L 1254 


1^a> 


t Kill !i, !H’:4llrl 

L Cac 0.59596 


I ton II. 80803 


] :--.iI <i, :ieg-iT 


I “■] * 


I L i>n 9.41346 


I .in: 9,99353 
I cisr 0, 28615 


; tan g. G7844 


eVrl; : 



] a in 3, £3059 

— t) 

= t4°41,2' 

1 sin 

9,4114114 

3-n t ■ a2 Ii 2U l .5 r 

1 :-in 9.6985(1 

a-A | 

- 5T”5d,9" 

1 rraK 

D-7251H 


9, 12903 




9, 129f?n 

4^ 4 -L'> 

t 5 In 9,71385 

- Cl 

14 d 41.2' 

1 sin 

S.4Q4M 

JmIj. - 310*29, 8 1 

l sin 9.^5393 

JiAj 

if a, s' 

1 cos 

B-S«M 


8,36758 




y, 118755 


CASE VI. 

15- SciEfce It* nbl jijitt' »i:in-rifiii Lr tannin AfiC, pl/ivn.4 3H n S3-3‘ . & 56“10,7'. a wP3E.G' 

For (■ : sin !> - sin B cac A am a 

FLir -c ; Lan -1 - sj|! 4- i/fc i ^ 1 nur J.(tf-,ll tan 

For (I ; rot if," - sin ^I'i'-ui i?*e 4(b-fli tun Jf(i A I 

Chpch : cos itfj ,a< cos 31 - - oua Ji,t ■ u■ stn ±C 


B SE^tU, 1‘ 
15 n S2r5' 
Mplft.a 1 


\ 


6^35.5 1 

uf’teS 


i sin g. 91949 
I esc D.±32im 
I -an 9,si3&1 


I sir. g. yfi5M 


S)W« A <B. tsiiin ii v; h, 
Tam StilUClOQI. 


















OBLigi'E SWIERM M TKI AM'iU* STAMhARIl MU I 1 Ml.Y^ 


! 7'J 


J I' 1 ' L - ) 

- 

54' 3.0' 


- 

13*33-4' 

icfi - A 

- 

48' I.B' 

$01-A- . 

= 

1.0 r 9. ]' 

3' 1 

A 

H'-’ii.r 

C 1 

= 

98^22-2:' 

3 ( 'i 

- 

^57.7' 

Cl 

- 

e [j^ri-k 


T 

78*36.6' 

y.h 3 m. 

= 

:T.'i .4-,. 0 ' 


= 

71°2Ip<J' 

fa 

= 

]42"42r0' 

S^i 

T 

73 r '2fi. H' 

f-B 

- 

146^7- 6' 


(G\ > 

•I L.UJ1 9.375BE 
I feiTL S- H/.TI-H 
1 rut U. 753BS 

I I ai, 9. !i !l 765 


< L- i.. 

] iiJi e.yflritM 
] £HC fl»65S3i) 

J tan S. 2&M9 


I i-Qt 9.1BM3 


Ttie :!- ;niJ> r-r tin- check hiivr tit?i-n LniLt!£ , 'l, 


r<- a J 


i tin Hl.gJI 12 : 
I ::»r 0.75386 


J [:jn &.SKH3 
i tan 6.4T1T2 


I t- t E 


I lsd 5. 25299 


L I n fl, 9EBQ3 
k CSC 0.23113 


I rot 9..4 7215 


hi PPLEMI-VTARV PROlil 3 V1S 


Solve Nil: fa| km : lit: ijli-] ILfiie apJieJ-lcS 1 Lf !ajift Lr. 1 .-I d#C ■ 

Ifi- D ■ 36 ft 22*3 J . t es°ii4.e'. n in' 8 37* 4’ 4n>. 

I 1 ?, I! - 10^56^', li - >B n S4.a' , r - 122° IS, $' Us. 

IS- A -- l^&I.S', t E29 a l-4 > ► * ’ :KT4fr.6' kiM, 

10. A 71 P 2.B\ fl - IIS 0 25,2" , C ' 60*45.6' kfcs, 

2r). k n^us'. B ifl3 d 1 7-6 f , r: - m d 3i.2 j am. 

21. a izs"*j.7 J . B er^as- h.' r t: 101 * 50 . 4 ' Us. 

22. u ■ 1 36" 3.9',, C 21*46.3'. ft ■ 75 d 31.4 j 4na- 

23- t- 84^45.2' , ■: UJuP36.a', 4 i \ r fn.2' 4ru, 

24. m ei D si.i' + c ■ B - tn^t.9' 4n*< 

25r B r 86P«.?\ (- 64*57-5-', - - U>7 D 3.V *m. 

1*G- A ■ 4’^ 13.a'. B - IMPS,? 1 , C »r*- 

27- B =■ 10+ n 30 - 7' . t’ « - £6*6-4' 4^i, 

2fr n - 9S*53. U r h f fi4"35.8% -1 95 0 23,4' Ins, 

2S- i> 37°47. 2 ,f . ■• - 103*1.4'. H 24°25-tv' kns-, 

3fl- rt : , ft - 83?4.D J t A Arts- 

21- k 1tV 1 &4.'l l * f ‘ -ElV'fl.E'. ir 3^37.5' Aim. 

22- -l ■ 9iB ;: 12. (5‘ . C - 43*34-4', c = 27 i3 B5- 3 r ft*?. 

23. 4 - L04 Cl 4tMJ\ (t BO" L 3.6n ‘ 126 50-4' kris. 


■I ■ SP’B.A' ■ B ■ 08*37.0', C - 9 ^67- -2' 

1 52^40.5' . 6 64 1 !2.l , 

.4 - flfll e 20.M' . H ICI4M7-7'. f. ■ 38 D i4.4 f 
a 83*35* 4 ’. !l - LI3 ,: A:,.S’, ■ ■ flC^a-lV 
ii - MS°44.2'. >i L0/'40.6'. r 
it 6 - 32"34.4'. r S4i r '6.5' 


6 127^10-4'. .1 122?'3D . :' , ( -jf.‘''47*3 r 

a 7D*2.3 r , B 7?"17. I" .. f • M l’H*7' 
i- ' SIT 5 37,5'. A BS®J6.0 r . IT to a 7.3' 

6 87*1--1 J . f ■ rfl-G 1 . A l07°43-4' 

■e 57-45. 7' . h ■ 133^52. !>', 17 - 90^33,5' 

t> - 4isf J aa. s' . r Ba r '46-f J . -i sar’jn. *' 

J - ggP2*. S' ► c - jh 9^21,(t' 

«.i 7^68. 5' , ■!■ ■ 40 26.4'. Ci ]9H°5S- 2‘ 

■Jj 1 34 1 ? n- 11.' , 1 s 1 .1 l a 14.5'. C 7 -- i l '6,8' 

-1 52*^2'*fli BSPfcH' 

• , - 25' 1 L 2- H' r if f - 35°36.2' 

t - r 51 * 11 . 9 '. B 36 ’ 1 3 S,fl' 

.! t ■ 1.|0°1S. 7', fi'i i2|°7,B'. i, - 

a.j 3^S4.n J P lltj 14^13,3'. t, -2^55-8' 

.'-. L ■ , Cl 14^30, 3' , r L 139*33.11' 

!- f - ]2r*23-2' . -f B S &|.2 J . i~ S s |7,fi' 






CHAPTER 22 


Ohlirjuf Spherical Triangles - \ Ur mate Solution# 


ISDi ALTHtMTE SflUJTIGfJS aisc-iMSed Biere include '.hip us? ni at! ;irldi l tonsil function, 
cal 1-ftil Hie ixO- I'itinp function, And the 3 ce*l cation of an oblique spheric a! iri- 
angle intL Lyhu right sphErical 

A disadvabUitSE' in using im vtrt; i ries is that tables oJ naLural and logarith¬ 
mic Livt-rsinos art* needed along with the usual tables of Lrigon Metric c unc¬ 
tions, An ;id vantage is that. since there is a single positive angle less titan 
havina a given haversine. the error nf determining an angle or side in 
the wrwtg quadrant is Empossihle, 

Tim importance of the right, triangle procedure lies in the tact that solu¬ 
tions oi right spherical Lriulu:li?H mav be tabula Leri and used to solve oblique 
spherical triangles, for example, if the solutions nf rhe right, triangles, 
•i i th given parts'’ circled, of Fly. (e) aJlS (1» have been tabulated, (to ek>Iu- 
t Lli]i uf the oblique triangle of Fig,ft} mqy he found qr. follows; 



J - Ohta in t hr■ tabulated Vultues uf h, and ff' for tlie triangle of F ig „ [«), 

2. In Fiji. (hK it and i l> -*• are nnw known; obtain the tabulated values i>i 
a, C„ and S“, 

3, The required par La of the oblique triangle of fig. {c) arc .-i, r. and u - 
B' 1 li" „ 


T31F UAVTRSiriF’ FUNCTION. The fravej 1 sine of an angle 0, ■ hav S), ns defined by 

Lav 0 = i(l -- nos U), 

Pur certain properties of this function., see Profiles ], 

The havers I ill. 1 (unulion ,ls useful in solving Cases I and LI I directly and 
in solving the associated polar triangle lit Cases II and IV. For this purpose 
Lhe foHoning formulas arc needed. 

hav A sin (a -h) slnts-rf esc a esc c, 

1) Ijuv B = sin(s-c) gjnfjf CM c Csc a, 

J»v C - sinfs-.n Siit($-A} CSC ii CSC b, 

where .t • £(g H» ‘ c), unci 


I mi 






ciltuyu-; afttEKl'CM \LTERWATk sounili^s 


IS! 


hav ,'j = hav i fc - c‘i 4 sin i> a in c tiav A, 
2 1 bav It = haWc - al ■* sin t sin a Eiav fl, 

hav c: = hav fa - h') j sin a sin b Eluv C. 


Mrar fieri v&t Lons, see Problems LI and 3. 


Tin 1 iiai? of I year i Mimic ItiVE rallies Is illustrated in 

EUAwflE: i. fee huY A aim: a- b} SLni> -<■) CSf b esc l- f.n find A when 
■■a 35 '■ 23 ■ 0' , b 77 n ' 6. 0.' . and c 4 9 15 1 8. fl '„ 


n 5® fl 8hQ J 
b it e.n 1 

■: 4S n ‘I3-0' 

2* =1SP52.0' 
■s = 90*56.0' 


x-h = la^Q-O' 
sc = 11*33.0' 
b = IT G.13' 
c i3 f, lS.0 J 

A = 35*14,5' 


1 Sin 9,371353 
l a in 3-322111 

1 CSC [>,£>]] 10 
! CKf- 0-J2B2S 

1 hav £1.33233 


BoLti natural arm] logarithmic haversines are retjuiri'd when [ijnr.nlaft 2> art 
k®cd. 

EKAwpL.fr 2. Use hav #r hav(fi-r) * sin h sin C hav A Ln fine! ,-j when t = 
132*46.7% c = 59*50.1 % anci .4 = 56 n 2£.4', 

I'Vjt conYi'nicnce, lot * sin L> flin e liav A so that the above t'ormuLa he- 

COBIOS liav -i = hav \fr -<- 1 + a. 


b = n2'4G.7' 
t = 59 a 5tLl' 
A fl[i a 29,4' 

* Or 14305 


■L f hav 4 

1 aili 9.36569 
i sLii U-93G3I 
.' ha* 9.34993 

log 3,10243 


tiiiv -s II; 

b-c 73*£6- e J 
x 

it 3D ,:, 23.3 j 


{b - c> + x 

hav 0,35334 
0.14 20.0 

hav 0,40539 


RIGHT TO JANGLE METHOD- This method nl salving an oblique spherical L r Lax: ■ Jf? ■• on - 
firsts ll apply in* Napier's rules Lo the two ri&Ht spherical triangles forced 
by passing a grest circle through p'lif- vert.fwt of the given triangle perflen,- 
diculit r to the pi dc opposite the vertea. This perpendicular wets the great 
■■ irr!<* i:f wht. >: 'hp side is an are in two points, feince each Side Ol an i>u- 

1 jjQUo Sljifrcricai tr iuriplu is? Leas than ia0° < either just tint- nl T.hese points 

tails » uliin the triangle or bath paints fall uuLside. Thfl two cases arc 
shown in 4' ip, i fj 1 - and •<■•). in the first case, the pai.nl within the triangle 

is cal led Band the right Lr ■angles are ACfi Mid BCD, Ln the second case, 
eitlier of the points 'W he calU*d ft; Ln f’ig. (el, l)» t'jc'sL UllfrrseCtl(W! 

readied in moving Eton A through ff Is labeled w ami the two right iriarigles 

are again ..tid and urn. 


A 




id i 


1 


f 


> H 

Cvi 







m 


i iJtCJOl £ SPIIKKJCAL. 1'Rl I 


il TKfIN VII SOU TIIMNh 


For convenience the formulas needed fur solving the sin cases cl' ublitiui* 
t ri miglc s UJV Ustfd helow, A derivat ion pf Lite formulas Cor Cast." I is given 
in ProMer R. I( is Li t;-i- ho It'd i hat the formulae rfcffui red for Cases III and 
V consisi simply -if the formulas [u?cr ss ary to si-in: esomjjletel.v the two right 
iriaugles. 


v.flEH i. Given .i r b,c. 


I» tan i(Jj +a) can j(to .iV = tan if* « y) tun i-fut-yl 

For Fie, (*/>, $(x r>j - jc and j<* -yl is in lie determined; 
lor Fiji, (ri, i(x-y) Ac and + y> is to he determined, 

y? X = ksr^>> * Six-y) r ¥ = if* tyl - 3{*-yj 


31 


■os 4 - tan x cot h 
cos B tan y cot .? 


sin X = hcil * esc 1) 
sin V slu >■ esc .a 


Lor Fife, fcfl 


cue. 4 tan x cot h 

COS(tSl^-J) tan y cot a 


sin X sin * esc to 

sin Y - aiu y esc 3 


for Fin.(eI 


■) i 


C = X vf lor Fi&, ff/>, C X-Y for Fig, fei 


51 chfteii Use the law of sines nr c unis c rue L a perpendicular through 
4 nr Br 


CASE II. Riven 4,f3,r. 

Proceed, as in fSise 1, us mg the polar triungie A‘B'C‘ in which 

.v b‘ tau-’-fl, c r jao^-r. 


CASE ill. Given. to, l.4 . 

] i tall : 

cot ; 

sin i 

For Fig, (rf) 

£> y = c - x 

31 cos a - CoS h COS y 

out 3" sin i 1 ? cut y 

cat fl = cot h gin .v 

i) C • Jlf + ¥ 

5) Check: Use cheek formula 


tan to cos 4 
= cos to tgn A 
= sin to sin A 

For Fig, (ej 

y = x c 

L’LHH 3 ■ COS to cos y 

cut Y - Kin to cot y 
cat*ISO : -fi ' cot to sin y 

C X - Y 

■r each right triangle en route. 


CASS IV. Given fl.C.-t 

Proceed ii.s in Case Ell. Lisins llie jjuLar U' liihKlc A B‘C' in which 
to' = Jflfl 0 J3 r o' = 1B0° - C, A 1 - ]£[)* - a. 


CASf: V, (jiV C.li a h to, 4 ■ 


I k tali * Canto cos A 
col. * = CCS to tan A 
sin n = i n to sm ,t 


2 i cos r = tun to cot .t 
eag y see to tas a 
sin If sin to esc s 


When Leg siti ft < to. ihere is a possihilitv ei two solutions. 

3) For F'ig.fri): r * fy, C =X * Y> For Fig. (el : c = * -y, CT= Jf-F, 



OHUgUE SPtlERU: VI I Hi ANGLES VLTEHN4TE HOLUTIO* s 


I S3 


CASE VI- Given A.B, a. 

Proceed as in Cast V, using the polar triangle a'&'c* with a' - ieO a - A, 
f lflQP- B k A' = \rn" - a. 


SOLVED PROBI-KUS 

1. Prnlt;; n> Lav 0° - 0, (i!- ha* ltMl a 1, fi haw f- & ) i liar fl. Jj t«» G - 1 - 2 lihY 0. 

ii J hav 0 D ■ - ciiti Cl°.i - £(1 — (.) - 0 

hi hav iscF id - ™ lsa":. * 4[i - r-iil i 
cj haw (-fHj ■ i[l - ooa f-&)] j-( l - TdS = hav 0 

d; Sinus 2 bav 0 ■ E - fti& ft, cos ft - 1-9 Hav ft. 


2. Prove: liav 4 - sines -ft-. &ir.£s—r> CEr- h r-w t, 
FTCW OwpHiF 23, Prniijp n ii, a in : .A 


-4 


Sififs - r 'i 

sin I* sin f 


Tiii^n 


liav 4 - id - fse •! i - s-lri j/1 


sine j - i 1 . i siniv -1 : 
Bin >.■ hill r 


• sin^-i. i slnd-< ■ ?*n ft «sr ■■ r 


3+ ProVo: hav a ■ hit[i-ri i tin t hjn r lihv 4- 

lining 11 *.! 1 ]ilv of cgsmt's ens n = cm; K rues r - alii li ton. c elm A, 

liav d -id- tw #1 - i(l- COS ft rns c - sin f. sin « ens A > 

= i[l - co& ft cofl c - &Jn r, sin c (L - 2 h*v A)j 

- 4r[ 1 _ £c:cis ft rdfc : ill) ft rills O I 2 &lii ft Sin C hav ill 

- iil- cus [ ft - e i ■ 2 sin f- sin *■ Ihk 4" 

hnv (fr - 1-1 t 2 sin ft Eln. c hav A I r Jiav i.ft - r j i sin h a In r h*v A, 


4- solvo, iiBing luverslnra, tho spherical i-rLuiRiiv 4£C. iiiwoi; it I2l"l5d', ft ici-l :: 5-t t' . c = 
88*42.5*. (Case l, ProtHea e, ChosiTwr 21.) 


(■'or A : hav A &lr(S - ft! sjnfs-i > rar ft rsr- r 

For B: hav B - einia-e; airns-ui. eao r esc 

For C . hav C - sui(i-«i aiqfi-is) cat a Csc Ii 

s - i(a> h H Cl : 


Cfwe’fc: 


sin 1 a1n o 

---- m _ _-r- 

sin 4 ajn ft 


Min c 

h-in C 


11 - 

l2l°15-4' 

6 - 

104°&4.7 J 

t ’ 

6& a 42.S' 

l -a 

2A° 40. !.l' 

a -6 - 

41° 3.E 1 

s-c = 


A 3 


B r 

03^13- T J 

C * 

70^20, F' 


(AJ 

E •■■isf i), &daa 

s cso a. \w:tt 

! Kin SrSITJT 

E Kin !i.!.■!;■ :n;<; 
! huv 


I* i 

1 :K IJ-OtiitLl 

i ns.-j o.oiflae 

1 iiin S.A3073 

l stTi 9-a;ise& 

I hav 0,1227* 


tCl 

3 CaC [KDftmi 
I tat 

k a in s.53073 
3 k in a. 017]- 


9 liav 9.h31fl9 


Cheek; 


a I Km &.93H6 
4 3 e-St- O.052K1 


ft I *;n 9.9S512 f 1 aih9,U5rj74 

ii i cec B.cmn&a C i esc 0,02600 


B.sehffi 


9. 985B1 


9*aB3Bi 
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OiiLI^I li SPHERICAL TRI WGI.ltf 


VLTK,R\ VII SOI L TltJNH 


>L Ifcini: liu.MM-slin'd, riitd side li iH die SJiliericai cnniii'jn Aflfr. hi (TOT M - 106°25,n 
ft I14 tl 53 f 2% (Cusf III, Problen ID, Cba^tef 21.1 


hav h = tuiv (<l — t: f 
a = 

j • d^ie.T' 

Ii ■ n^w.2' 

x - 0.458-12 
u - c ■ (4° B.fc r 

(. - S l H r ’43 - 3' 


bini u a in c :ia,-, 

L tin SJ.UftlMl 
! sin y, 827&S 
I Hn-. E1.ES151 

log 0, 66] 26 


,H - hnv (□ — c - ir 


EM&U43 

lift'. 0.2HIIU 


nil-. 11 . jllJltr; 


42 r, J€.V , 



h- !■ ri "Ik- rniruul j. i:.-,--iJ jn *■:>] v: n„ nuscs ! iff Liitb rinhL I r Lanii J- 1 .- ni' L ti>. ■=! . 


r'lK.M'.i ■ E M- fiu» in •!)►<•& cl"- perpendirulnr I hrnnuh (I m:eLis tJic iipnuaLte Side 

• idilci 'In- irianiiif. am! Fin, 4) illustrates die case in whirl-, the perpendicular iwnfcr, thr 
■ :■ |_: firi± : j Li- siitr.: ostfprii‘ it, 


rue’ll 


■' j t ■ r a igure 

, cos 

t> ■ cos 

ft i.riKS 


IL[U| 


CiiS b 

C0& 



f(16 !l 


cufi a 

etss 

y 


COB a 

CLBi ti * 

CDS tf 

tios X 

+ L'CM 

y 



Cllbi ft CNS dl CPti Jb, 

cos i 


t 1 


c.fK n 


mid 


I’K ) 

f-(w (f - COS. a 
coe b i coa -i 


cos J 

rrib; f. — pos u 
nos J 

i’-t.'-s i - cm .K 

---■ i 

oik; .t * ctffi y 


t L 


chss i - tiMS y 

<■«« y 


I'-iim: LunjiHi .j[ Ctibutai- J2. LtiSh beftn£b. 

2 - sir, t.ii* . a', uln 4 ( 6 - . 

2 ccift 4(L +- ii i* f;ui> it6-n) 

ot' {Jj tan i< 6 i ni tan itt-«n 


S ^in ?f.; ' y} alii it,T ^ y) 

2 cm i i.i tp coa i (± - y 1 
can id i y, tan id - yi. 


(-K;r - luc ciL-se s L Just rat e-1 lti Fic.tiC. id - y\ ic ; ror itw rui' il I ns: ratc-n in Fiu,d>. 
JiM. - . in. HiiVirij: otitHirntd ifx-j) tir ■ y) by D*«ti9 *r nl i r 


TJldtl. 


mu I , 


J 4 (X * y i 

4 

id - J 1 

and y = ii j + yi 

- it* - yh 

In Fig. cJ'j, 





Co* 4 T Leo 

I 

■cm ii. 

$ iai ,1 - briu x osr 6 

(tnaniil* 

™ - tllft 

y 

I'pt ii. 

Pin J sin y Cbbur, ft 

(Ir Lui'ibJe fiCft) 



ir - a 

■ i- Y 


in Fia, dli 





ttis \ ~ tan 

M 

rot t. 

b 1 -in .1 - .Hill l our li 

.(rlnn?i? 

cM(ieQ- 6 -as lap 


COt 4, 

bit n V sin y esc a 

ftt ianiilf dM.'fij 



C h 

- v. 






















omiui :v >pfij'.]{s i u. u.i lh.y\ti\ mjll.tiljfns 


IS'. 


CASE I, 

7- Sul if* tin: spl*.i .cr] trianftlfl AflC'n pivpm n • [21 i: S5 r 4'. 6 - ] 04°54,7*. e GS^S-s'. 
ifrubl^ir 0, r 0luip**r SI.) 

il* -.TM = Jr - 32^51.2' 

Mi tan id -j) = tflii ifii * ui tan j(ii-a) rn« ±(jt *yt 


Irrujiplj! ACiJ 


rniaoiile IKi) 


(2l cos A tan * co( b ( 4 ) cos b t-nn y not hi 

<3> sju A - * In ir nsc t (sj aid Y silt jr wo a 

a ■ x+y 


£(h - a) - H3 a 5.Q 1 
JfO-iO = - B- 0 10.4* 
Jr* +}■) - 1Z D SI.2' 
-yi - rrw.-/ 
* 60 :V J4.f 

y - S I *IT.’I f 


fii 

I L;in 0, 3TO39 fn) 
1 Lu.Il 3. L5124 fft) 
I col 0 , E B992 
L tan !«. 71155. 






(2> 




(II 

X 

= 

0O^24.T' 

1 1 Fiji 0.24580 


] 

s In 

11.93912 

L 

- 

LOI^dA.T' 

1 cnt 

9 , 4239.7 

c«:i 

1 

rstf 

0.011LM1 

A 

T 

11 r :i 5 &. 2 ' 

i cts 

u.sTin 

(JLL 




■i 

IX 

34^ Oro' 



1 

4-in 

9.35420 





(4) 




(51 

> 

= 

r» a i7.T' 

J La .11 

3-96699 


1 

bin 

B.yess? 

□ 

* 

i2i n i5..r 

1 rnL 

9. ia3El 

i. n ) 

1 

CSG 

OiOCBEl 

B 

* 

93* 13 . ft' 

1 COS 

8.750 IB 

(4j 




\ 

= 

fi 1 "' 1 1, 0 J 



1 

8-iJl 

!ii ij:i32:i 



C - X * y id'lQ-rG 1 


CASE III, 


hi. Solve tiiu .tfibefira] trlanclc ABC. nlven a IO^SShS'p c " 42P]G-V''i 
e " 114*53.2', (Prot'li'iB Id. Ctopter 21.1 


TrlancEe BCfl 


TTEiliflli ACil 


Lau 

Jf 

= him it -i' los if 




CQ& = COS (| 

tJWj 9 


CQt x 

- L'.-fi n. tan £r 




cot }' sin ii 

cot y 


sip 

h 

■ sjn a a,In if 



= cot ii 

ala > 



y 





C = X 

-V 



4 


LOG^Hn. 2 r 

J 

1 an 

I1-.33D5B 

Lit} 1 

coa 

9.45132 

in, 

if 

- 

L14 6 Mi3‘ 

1 

C DE 

!>. 024LCI 

(J*s ] 

tan 

J J-3S957 

ini 

X 

a 

54-59.7' 

1 

ItUJ 

9.1 34G8 





X 

41 





1 

Cfft- 

9.18*90 


‘h. 


IL3 r '3L.5' 

I 

raja 

9- 6926B 

(rtf 1 

cot 

4.7S908 

mi 

X 

- 

I2°43.O' 

1 

COS 

9.-94921 

1 

sin 

It. 34 2-fiS 


1, 

M. 

Lia-44,9' 

1 

c i :■ *; 

9- MlE9 

(*} 




ltflf .1 

- 

1>H a S- 4' 




l 

cot 

9. 095141 

I/O 

A 

3 









X 

* 

14°32,3' 



C = X 

- Y ■ 44^6. 

1 2 r 





I sin a.96191 

S sin 9.9JStes 


i .-.in 41. yaii&H 
L col £ 1 , S465:i 


! cn( 0, 5HG1L 


a, ■ 90" 


s -.id': tbcn h. > qo'" 1 La-* ;i o( quadrants, Cbnpter 201 















oBLiyt K sniKKrc \h tkt wm rs 


\ITERY\TE SU1.I TlOSS 


18 ft 


CASK V- 
9- 


.4 - <Prtsbl*0' IX Ciinpter 21. j 


S.-Sll X - 1SZ1 i; CtlS 4 

n?t A i'jk t. i an 4 
5-lfi h - iln ( sin .4 


rrj^Kk- BCf) 
Cds y - I an r. c«l (a 
roK v - sit Ji cos 0 
sin £ - sin ft esc a 




ft - a - >' 




B 

-- X- 

V 





r - 


l 

Ian 

0. 32131 

!'*> 

l 

cre: 9. E3414 

(n) 

1 

sin 

LI.9554R 

.4 t 

T2 D 24.4 

1 

COS 

9.4Jiti;iH 


1 

Tnn 0.49M3 


1 

sin 

9.&753l> 

t = 

m°3s.o J 

1 

inti 

9- 60769 

<nj 







X * 

[4 3°3B.2' 





1 

ml. D.132Ufi 

(ftl 




m h 

5S d 21.0' 

1 

t. an 

0. 22726 


1 

fl-. 292&1 


1 

■Un 

j, Sn-U76 


eo n 26.s.' 

1 

cot 

9. 


1 

cea 9.33047 


9 

CSC 

D » WED 3 

1' = 

T3 , ''2B, i) •' 

1 

cos 

9, 4n3SC 








y - 






1 

ro-'i 9.53 30fl 





**C 

nri.5.4' 








1 

b Id 

9.94073 


ft - .% — y 
ft - X - Y 


tfPw,2‘ 

TO 1 '' 9,3 ' 


i ■ SO”, tiien h *. 9ft 0 . 


t v a„ L hen C > 4 ; I tHTC- i?; ian:<: ^nl ill : on, 


10. f=n|v. th. -nph.T |>-J I tr jannlt- AHC, 
£ = 

TflHJHiJs JCfi 

tn-n # • tan ft cc« C 
ldL .1 « rrjs ft Suit £ 

fiiii h sin ft sin C 


Riven ft • ei°42. a\ * - 52^19 

IV-LSIifJ* Jii'I> 

«•« 1‘ - tan h cot c 
eras y min: li Cas c 
sin B - stn ft esc e 



fi| 


ft : &1°4£;.3' 
C 11^25.1' 
* ■ Trtto-4' 
S = Bl D 4.7' 

*h 4^46-3' 

e - A^ig.e' 


y 

7 

"ft 


ftv'47.2' 

2ir : M.7' 

o.o' 


1 1an ft.fl3fl2S 

j cm B.aacots 

1 tan (i-i>Kjei 

J lan l),-a2£B5 
J etit 9.iS7(5i 


J COS! ft.tll449 


1 Lira 9,15919 

j inn imjiistq 


3 1-uL ft. ISfiM 

I iH'r. 1M6436 
1 Cffi ft. 7SGL2 


J i‘CIS 3-95W6 


L sin 9.99D44 
9 -i in ftraeioe 


! mil =i-B62I.D 
f c:.'.i 0.ID153 


I sin, 9-96403 


‘ C ■ 90'"', t.hi:n h •: M°. 


ft - no '. Lilian ft 90° + 


Jill!re ii--* inn sciIiiI.hhik, 4C6 ur.ii ,ir:S ? , as shiftn m iftt: figure. The inquired i»rt« ar«; 


TrtuiiFili' 4CBj . (Ij fil^O.O', -J] - a. --y 

IVIbiikIc 4tBj. . fl 3 • I BU'^ 


104" J tl, l\ 


Hi • X - \ - LiS^U-9 1 . 


Hj = Ill'll.ft' 


u 2 i -v ■ 50 5-9,7 . 


1 2 = 1 -V = 46?J7.-5 f . 
















K HPIIKHICAl TK3 \'N<>I.KS U/J'KlIMTK SQl.t 'TUi\< 

SrPl’UiitlENTAItt Pit OKIBIS 


Solve. using Iwverfl-inra, 

tl. 4 - $j>°23. B 1 , ii = ST^ri L.3*. ' SS^S). T J . 

12- a = !■ - J.OfM.B'. c s&Vf.*'. 

13. A = B ' 58^3 C 7^20-^. 

14. s = i^as.*'. £ iM D ia^'i c 

115]riK hav^TKinins. I i,pd tin-; fimuj j md pnxt. 

!5- a =■ 103P44.7', i - C = gg"M.e' : 

JG. = 15^12.2'► i- = IJ2?4U.G\ a -. 7t. J °32-1 r : 
17- -1 - h = 34 d ]5-2'. c - 24^3.6' : 


An#> ^ - 06^7,2' . ^ 04^4. D'. <■ 4^4 S, 2' 

,-irt*. a - w°&.7\ p c - na= in..2' 

.-Iris, (J - 3S°9^ f , !i - 3L°B-0\ p - 35 d 3&.!>' 
4ns. -a 143 Q M.9'i t 13& D 33.3'< «• • 54*32. 

1 inti e 103 a 30.e\ 
tllld a - 63 a 4fl.a'. 
find C- - 31° 44. l r . 


IB- ficilv« iniijipl^nririhiry Froh-lpn^ ig-33, (.’hiifU'r 21. UK mu l.hi,- right IrLanitlr nrtiiniL, 


CHAPTEK 33 


4^0 III* SC II n d 11 i h I 


TPiO probi£^ w navigation will be r;wn£f.irtt i sr«d in thts* chapter: 

.i\ rhf pusitioh of Lht siarLinr, point together with the course and the dis¬ 
tance made turiwl at a aiven ii~e he inn known. Ln find Lire [msilictl ti that 
time. 

h) Jhe positions of Lite sLartiiu: 110111 L and destination being known, to find 
the;- distance between run ti positions and the course in SailirtE from Otic 
10 the other. 

(Throughout this Chapter the term 'mile' will it#.' tun sianLicii] mi Lr, > 

PARJil 13d. SAILING. Suppose that a ship sails due 
east or due west idnr east in the adjoinin.u 
Ijriure] Jrum a ktipnii position f? for a dis¬ 
tance of fi miles cd C. Since the trip is ii- 
long a parallel of latitude, the latitude of 
B is that of the starting point Dr Prob1, ■ m ,-ij 
is thus reduced 1 :i chat of Eluding the lon¬ 
gitude of H. 

The difference rn tong if rntJe? (BLo) of B and 
and D is measured ttf the arc FG Intercepted 
on the cqitaEur hy the meridians through D 
and ff. The distance traveled in sailing fron 
D to ij iCiluL is, tile Length in (si les Of arc 
£)JJj is railed ehe c tefMrture (p) :ii B froir !), 

The difference in longitude is marked * or Hr 
accord i ng as the- tiepurl ure i.i E jr fl'. 

To liriri the longitude of ft i! is necessary 
1 a convert the departure p miles into minutes. 

[Note rhat hLucu the departure is no* measured aLong a smitll circle, the re¬ 
lation l mile ] minute lions [Let hold... In the f igure, Jolji D and 8 to the 
ceutcT C of sno 1 i ( ircle (parallel of Latitude.!,, join D, f, and G to the cen¬ 
tre 0 ,A the earth, and draw Off perpendicular to OF. Denote ^FOfl, which mea¬ 
sures the llal.itPile "f D, by Since /fOG ZDC&. the area FG and Oft are pro- 
jicTt i nnaj to their radii, hence, 

arc FG OF <jD SflC pm , aL j C of ofo = p see t ~ , 

arc flf? CD 0)( 

Thus, 

difference in longitude (minutes) departure (miles) * secant of ltiLLLude, 

EXAMPLE 1, h ship in latitude H & w N sails S5 miles due east, Find the 
resulting rhmigu in lunniiudt*. 

LteJiip l lie above figure, the departure la p = Sfn miles E and L 44^ 3iT J ™ 
Then flLo 55 see 44 n 39 ' = 71.1 miles Fi = 77 , 1 r E « l d 'n.|' E, 

(Sue Ltty I’l'i.JiIt'iiE J and 2- I 


Pr. 













oil use \>i> [M^r %><:f: 
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PLAM- SAILING. Stipprisf? l.hal. a ship sails lor a d ts'-and- d itille-s aJoitj a rfrout vir- 
clc iroir A to fi, £ik >n Pig. (al heina. Through. B rlrsm the parallel •, r la til udi- 
maet in;: l he or rid inn I hruuftfi A in J> and let the meridians I. hrough A and if meet 
the equator in F ami it. Then arc AfL is ilw in latitude and p art 1 

0/i is the departure. 




(a I 




When comparatively seal f distances are involved, it. is cus I insir.v to con¬ 
sider the surface "t the- earth r.j be a plane in order to take advantage ol the 
Simpler formulas -I plane l r i gonoaio 1 ry. We now pro[K>He U> Lir_it aJ J distance to 
200 mi lea or jess and i> assume that ore dealing «i ch a plane- 

tn rhis plane i-J h■ equator and the parallels of latitude arc represented by 
parallel (horizontalI lines while the meridians, be i tic perpendicular ft- the 
equator j are represented by pwal Lei Vertical lines, in Fig. (b> above, >>AS is 
thu meridian Lliruugh. A arcri fUl is si portioned L tie paint lie 1 of latitude through 
S. Then, d = ab is the distance, p = DB is the df-pnrture, l is r he change ns 
tat It Ode | und C is the course ample. 

Prom the r iyhL triangle Apt} : l d cos C\ p d slu C, Lar, C = p/l^ 

The c bangs in Latitude is marked N or £ according as B is north nr south 
of A. In hig. (hi, the change in latitude is i mi lea N 01 mi nates N, the de¬ 
parture! IS p miles E, and the Course is H C 0 E. 

BX4KPLE 2. A ship sails on ooptse so 15 i or n 30 ° Ei fro-.' A lint. -afi-rr ft, 
long, Ti] a 0' Hi for a distance of 120 Qiles Lo 3. Find the departure and la:- 
i tilde of it. 

Frnm Use right triangle .-Jif/J of Fig, {b), 

p = -J sin C ■■ J 2d sin 3t} n = «j[] in j las H 

i! - it cos f ]2ll cos 30* = 103.3 mi leg fr. 

The change in latitude is 103.JJ' i a 44 and t hr- J ai.i kudo of 0 is 45“O' J 3 : -=4 ' 
4G :> 44‘ N. 

I'kee also Problems 3*5. ,< 

MlHOLE LATITUDE SAILING- When the triangle ABD of Fig. is turned into the plan* 
triangle ABB of Fsg. (ii>, arc M must be lengthened. Thus, When the departure 
p Dti detained h.v plane sailing is iestcI in the formula flf.o = p sac f- of par¬ 
allel sailing, the vs-ltie of P£aj is too large, A tetter appro* rs&tiun ia ob¬ 
tained by consider lug, the departure laid out on tin- parallel uf lutitLifli' half¬ 
way botwesti the parallels uf latitude of A apd B r ibai ls 

BLn = p SuO jjiut. A i hit. £n, 













run RSI -VM.i m-J 


I9il 


This w I.hod nf converting ijji? into did LtfrtilCG in IcmikLI. U clt? is culled 

mrctdJr Ifitrtmfr vat i in#. I t should tmf be used, howeveri when the middle 
latitude scceeris 

Example 3. Find the longitude of tf m Example :i by the method of middle 
latitude ButlifiK. 

The .latitudes of A and B art .|5*D'?I Mild •}(> |4 K, and Uo dcptfrtiire IS p = 
CO miles E. The middle latitude in £{1at. A t Jut* E j &dS* 1 O r t- ■iff" 44 ' } 

45‘ 5 52' N fund 

QLn = 60 SH’ 45 a 52' = H6. 2 '. 

Then ionic, fi = ?0° - 36. 2' = 6B b 34' 

r Sot also Prub lento fi-7. ) 

DEAD RECKONING. The process by which the nav i. suit or approx irn tea tons present [>»ai- 
L ion uaiEiR he iisi S LI Mi latil known pus Li tub Of Lit ship and the courses and 
distance* made good from chat pm it ion is known ass dead / edronin gj.. the wllutd 
of .idle-la Li tilde sailing is used. in calculating the longitude. 

(See Problem U, ) 


GREAT CIRCLE SAILING- In ^feat L-ireit- smiling fru" A to ft (Pig. ft). fd>. (*) IjeIdw), 
tlirj track ot <i ship Is the shorter uru oi the great circle through a and B. 
The funriamenta I problems of great circle navi gat ini are Lu determine the 
distance from A to fi, and to determine the direction of the track at any ul 
its points* 





bt> 


<d\ 


(?) 


Problems ul ureal circle sailing rcauii'p the solan mi of a spherical rri- 
aoale f urieI l.y oblique;. having one of the pules F- nr F- as a vertex;* If A 
and ft are u. I nr same 1 her-1 sidle re, the pole or that hemisphere is usually taken 
as Lilia Vertex; if A and B are in different humispheres, -iUier polo may lie 
used. In pig* ft:}, A and if are in tine northern hemisphere; f> are AP n Dt)' 1 - 
ia L.A '-'llhi Untie A, a - arc BP- 90° -lat. B COlatltUdu if, iillfi DLtt dAfrfl 

difference in longitude between A mid fl. In Fig, id) A is In the southern 

hemisphere and n id in the northern hi-misphore. In triuibU'.' IP, Ur, ft arc AF,, 

90 fl lit 1 * A and a = flp, - 9ri" : - Jit. B while in SriasLrlt! Af'.JJ,, b' = are AP*, 

= 90 fl - lat. A and arc JfP t P0' J *■ Sat, &< In Pig, i.t-i P A and if are in the 

southern hemisnifefe. In Lr jangle Afjfl. b are At', 50 s lat, A and a are 
BF 3 = 90“ lat. p. 

Eli each of the figures, rf = are AP - the great circle distance between A 
and fl, zP^AB the L n it ml course, and £t\oC - tlic course cm arrival. 

(See problems 9-tl*> 
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SOLVED I’KOBLOtf 

PARALLEL SAILING, 

t» A ship sails iliic- *ch 1 fur |@EI n . I«s in I ttl i linL,: 35" N. Find I.hi' rMu] 1 ii li L ■ : Ir i r l- in its lun- 
gltuiU:. 

IftTe pi 16ft. 1. In' 1 , and Dio - sesir £ ICO spr 35* 155,3' •, 



Prntil ■■m ] 


T'rdLil nrr, 2 


2- A ah ip ih IniiLiiUb 50° K wl -saita bn tiftftl Uur.tl it lifts narie OOfsd a d j I if iviu-t In Umtitudb u£ 
2^15’, K i iid tho rhipHrtiirifi 

Hero Dtu ’ 2" 15' : 135" E, t 50 u anil, ns i hk JJ La - p sec L , 

p : l/U' coa L - 135 cm- 50° - hi;, a riles K, 


PLANE SAILING. 

5- A ship sails nil cuiirie 245 n lo' i«j- £ 65° U) 1 M > rr-fiir San PntJRi&c® i. Lift. AV :Vji' N-. lor a dis¬ 
tance »f 150 nLlee. Find ihr rirpart u n> of ihr shif. iincl rlli ' • ;L| iiisl« attained. 

Let A Iso the Initial noflltLan *rnt B she tnssl position ot the snip, Jr mo right i.rn=iinL- 
C = fi5®lC J : iJmn 

ft - ii sin C - IM Sin E5 d 1D' IBB, 1 miles B a nit 
( - li i:«; C - ISC cue 6s°n>' = KM)' S. 
tin’ latitude nf £ is af'sfl - Si' 3fl ,n -tl' N, 


An ai.rnlain 1 fti.cn frnti A tc H, the ((Ki&eu'J^At dkfference ip latitude Heine - ~ 80 at |ps ft nnd 
tno lipjnrture iwln§ 115 miles E, find ljio n>uTsr ami dliiliiust, 

In the right t-rlftnelf A/rjn i i nn L" - p/l 113/80 1.4375. C 5n w n' i awl etw course is 

s 55 d l r R *e lefts'; ■ I Bee C ~ HO set: 55 ft ll' 140. 1 *»l«5. 



N 

.-1 laL, 3fM' 

8 

i 

/-(;■ 65*18' 

h 


F 

r SjUBtCi 

(* 




Pri.il:] on 3 


Fresh fci'm 4 

















1 92 . 


UN I'SE. -\Mi UIST.-WCK 


A ship sU-aivs cqi a i:n linen nf L®" Iron J, : ! a| . 53 f, |fl'S- 1 n 55°40' Si. Plod Ltii' it i ULajirr- 

a-r-il (IrparUire. 

neni r 55 '" 4 Q J — n 3 rj id - ir-aa J - 15 D sitEus &, C = s 3 o :i £1 then 

d 1 C’ - lip 20* - JSn--fi Piles aitS 

j- l ham C - J5P tan fflf 0 = S 4 .fi mlefc E, 


KEMII.fc; t.ATlTE'Dt SAILING 


6. Fmr. a pKlmcn 1 ]c1. M°10' S, Ufle- 15^*0;' * I 11 Ship h Leant, 165 nilrs. tin egqrcw 23U' 0 . Find 
the poelilub fl i-eaetaiMU 

I hire C - & 4U 0 1*. rf - 3Gii : then 


1 1 - 1 1 coe 1.' - Jiiij era 4 O" - I26.4 r S and 

r it sill < 165 :iin IQ* IDE- 3 ni It. 


Tie latitude : fi is 54 lS 10‘ - 126.4' = S^T.a 1 n. rim Piddle latltuiio 1? y(Sfi = iO'‘ - Ml's.p*) 
53 :, 6,fi J H- then 

D£*i ■ p we I 1 at. fi f 106*1 sec 53 n 6-fl' IT6 n a' » 

ami thK lupEitude nf fi IS latfV - nfi.e' - LSS^St' 




iTdLl I .‘ST. (j 


PnAleu 7 


.. A iiif Ic;lv":; i; la!. 4 1.-'* 22' l*w«, -i 7 111 v ) a ltd arrives « fijlaL, af'46'' N, I cnu . 4*f J 34 ' A •. 

Find tiv i: nurse and ulibtanLi; nnjiin *Mrf|i Jutttude wuing, 

Tlir- filllirenein III latitude js l 4|>°r2' - Sf’dfl' - gP3G' = |Jfi' S* 

Tin? 4 1 1 fe re nee m : niifiiiud. i i Dl* 4f 1.3 ‘ - 4^54' - Sfla' l3fi' H, 

The mdillfc iatimdfc Is 4 (415^22 * + 37*46 '1 - gjfV. 


Freni 


PIq i' sec Int. t * ’at.fi>, p ■ 


Inn r 


l :l a ■ ■■;■- a»j'-1' 
iS6 


- 0 , EfifiS 


I3B l.-l.l-:: luPi : 
Iir.:l C a-rsn' ; 


»iid. Iron 1 d cie t", *1 ■ > .4, - r *; - JSC see afi 7 *#' is&.rl a Lies E. 
The c-ijnirs. 1 - 1» £ S4°2fi J 1 ; nr H5°2|'. 
















COT HSK Wit OJMCNCK 
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HEAD RECKONING, 

fL Starling frtui a jKtsit jnn.4 £ |at. a^ft’ S, JniM!. laV t a ship Mil* the [uLJo.in,: caui-se* 
and iliHtanetai 

CiKij-ae i» D o' 3ia"3ft J :n»V a4t>V soi^a J ian 4 ao' 

[pi stance (iilleaj ie, £, £2, ft 24,0 30. a 25. a 3i),0 

r’insl I fie ruursi- arid distance trad*': gtKKl, bid Liu- Latitude and LoiLfiiC ilde dt thr fmnl [X>5-1Hon h 
Ot 4 lie TCSSftJ. 



A 


I at- 37 u 4ft' '■ 


Id) 


it) 



Tlw! firs; Inn cotinins c-p r J,,? tabLe Hat the given rt(ir a. The roluniiii bn a den CHAN3E TiS 

LATITUDE and DEPARTURE arc- cnipiiLcil lyy ni:an.s nj' the forinjl as 

1 - id c<ks 47 UmI p - rf Kin C. 


l-'-Dr eiarple, 

j'ir;:L course; ! U>,Ts vqk 50“ 11.9' & -ani: p IS, 5 sin &U ! ' 14, £ ms ■ 

&CCL 1 U 1 I L-uurfce; r - £2. 0 £f& 4fl D J0 r ; 14 , a' N illfl p 22.3 Sin 4'1-ao' - ifj.7 n| fl. 


4’CCIhSE 

DISTANCE 

CHANCE IK LWTTU&E 

IMMATURE 

2 mV 

Lfl.E 


LI 

fi 

14,2 1* 

21a 0 ae' 

22,0 


L I. 3 ‘ 

N 

16.7 M, 

£ljJj n 4l' 

24.0 


4.2' 

a 

23. ft W 

:i-;o"xi J 

30,3 


n.-v 

Pi 

30,4 Vi 

SSPfl' 

25.0 


23, y 

Pi 

S. ft E 

1 5rr 3o 1 

30,0 


2 ft. 1 ' 

& 

14. ft E 



Totals { 

Oft. s' 
42.3* 

Pi 

5 

1 , 1 ,*4, ! > * 

£ 



l - 

24. r 

Pi 

p t 41, ft W 


In PlK,.(i) 4 tan C fi 41,5 24.1 - I. 72241, C - . and the cwUffle nucU- K<icid ii 3I» <, 9' 


Thif latitude u( the final position of the vesKr] [5 4 fi‘ 24-1' - 38^13' K* Tlu> nlddle- 
L Lit -11 ude is i( 37*49' ■ Sb d l 1 : then 

IJto - 41.5 aw 3a°j' - 52.7' n 

and ihc IrnigkUJdE of the firail position m 1221V - 52, l' m^&s' 1* 










m 


an us]-; wu ihst \\i i 


great c r R ris;, j i LNfi, 


y. PLml tin? irii-5 mice, LTi LI" "l:>! COllT'C, uni: cm^rsi' «ki nN'ivl] in travelllii^ JTufi 
I Iijjiei L u] U (1st. hrtl*. lR7 r S2. 3'». ro £»n Franc iscti f laL. 3l°47, 5' K, 

I Ml?. 122°25.,T' Wi. 

In the tjcurh 1 , L i - ill HanDllliu or..! J-i |x nl Ljan Francirai, 

Thi-'Ti a - 90 s *7°47.5' • SSfli.S', *> 50 C ' - il' : ' L ft. l' 6a°41.T' , imd 

C = lif W. 3' - 122*25.7' 

Slaiwfand .‘ialuf iwi. 

Fa T III t;ui iiB .,41 CCil i ( r» - ri ) aee >,< f. ( IM cat 3(7 

[2j tim itft-Jll .Sjn rtj r&c *u : > rcti ^C 

Fcii- c : (ii tan it - Can ftin itfl iA) tec £-r£ -A) 








llj 

f2> 

l3j 


ft rt 1 q. HS' 

\ 

nns g, 9ii549 

1 tstJi 9,1564 U 

1 tan 2. 1669*1 

s(b a } 

0Q r '27-1 ‘ 

1 

SSL- 11. 9G7IJI 

1 rflt t>. OHMS!! l 


i C : 

Ef J 43. 3 J 

l 

ficil 0.49S43 

] CGl 0.4SJ&4O 


i(£ r.4j * 

B0 D 57. ]' 

1 

Lan 0+TP795. 


! sjq 9.99456 

HA-.4S - 

27° 16. S' 



1 Lan 9,71244 



£ - intv’li.Cl 
A - 2 


ir E 7° 2D. 1 

e 3l ,J 4i>. 2 


[ tail 


7 if r.. ‘luirci! dlStlllKW 1ft 34° #0.2'' = 2MID. 2' • 2080,2 in, TIh: in tidal caurae Lb S J.2 J P. 
,.r 5^40, 2 J and tbc eaisrea arrival la N(lto a iM° 14- D' 5 E - M ■fl'aM.o' E or 71*4fl,o'. 


■11 i e-ma tc Sa lui iun. 



Jiat c 

- Ibav■;ji -ti i * sin t sin v 

hnv C - havi'Ji _ «i i b 


hav 4 

- j: in c i ~ fcj kIIHF - C) 

lsc: 

1, t:at c 



ii»v ft 

* p,lfi(i -c.i Sims -u) 

tsc 

L* CSC: a 



1. 6fl n 4 L. ?' 

l ain 9,96926 





M - 

L > jn SJ*6ifl76 






l 3iav a+96607 


.1 - 11^29.2' 

hnv 6,02053 


J = 0-0BS22 

lap: 8.0H00ti 



6,06622 


li l* 

r 34 49-2 




hnv {1.06375 

a 

ft2 ,n 12, H ' 

b-^i - 2S & S4.7' 



E Kin 6.62S23 

L 

*0*41,7* 

i-b = U' 1 J,S-' 

i 

nn 9.1967(1 


f 

04*40. 2* 

4 -r 43^ T, O' 

1 

KLII 9-33473 

L Sill Lt.01472 


-- - ■■■ 

o - 52 a L2. S-' 



1 chi." 0,10224 

2 a 

• 1S5°34. 4 

b - <itf ; 4l.7' 

i 

uac fi. oral74 


5 

7, 17.2 

f 34*40.2' 

1 

L-sc fli.245M 

L esc |t. 24500 



1 53*40.2' 

] 

hav 9.3U&17 




df UlS" I I ,41' 



l liav g. B1720 

111 " ri-qijirin rlisl.ini-' 

is 20^1.2 Tiling 4ftr 

tnitl 

iii pmirsit ' s 

53^40,2'. an-J r.bu 


.■5 rr L MU I it 7J “-'4 [j .1>' - 
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10, 4 ship sails iiUHii! the ureal til'd!- Lrhcrk tron Dutch WirtiOr I.mi, na°BS.n'N, 1 rir.ij, t6fi"35.0‘ . 
in H'-Jhwirni' (jut, 37^50.0'$. Ion*. 144^54.U J E)# o i PiUi! the dlstnnse, cue uililnJ course- 
atm the course un arrlnl. ((.> Locate the point of inti>r snot ion □]' ihn tratl. ami the- aqua* 
f.nr. Kind tbs- limiT-Tu .s! Lhis finlnL, Euid LLa-- ilisLanCe Iron DUC?'» Hnr*jOr. l-'l Locate Hit J»lor 
on the track «hc<5e iwuLttdde la LflD a . Find the cours-r it tbf:; jiai.nl and I La liislaitee frcn 
fiutcJi Hurhnr, 

■I 111 Fl£. (fl), A i» 111 Dutch Hnrluir and fif ]?. at- ¥ni.bijurci-; l.hftin 6 Ml'’- 53*53,1' 3^'7-O', 

« so n i i^n' i37°wi.a'. «nd r. - < sbb^o 1 - 144 * 99 .q' • ■ 4S/°ae- o' - 


For 

ill 

tan 1 1 4 - fiL = L&a: 

j 1 a - b ] Sec £ 1 0 1 

!* ,1 OQl 



(2> 

1 an -J3: sin 

jl'a - bl c&i: Ha 1 

b) r nl! 4C 

Fot 

c : i 31 

Lu .11 s-r - la .11 -ifa — 

6 > sin i(j1 - Si rse j(4-£■> 




(I) 

(3) 

(31 

itrt-tj 

-: 

45 a St.i' 

1 COS fl-,3421ljj 

i -sin 9.65590 

: tan 0.0L302 

tf“ i 

.3 

3L°SB. 5 1 

l sei: 0-36510 

L CSL 0,(10427 


iC 

T 


1 ml d.SayO] 

1 COT 0.34701 


4( 4 ’ J3. 

T 

a4 D 50.9’ 

I tup 1.JM499 


1 J1 i n 9. &0324 

i(4 -Jf) 

* 

na f, io-5' 


1 tan 0,207] 6 

1 OSC 0,97076 

A. 

- 

143^ C*4' 




Si 

* 

4 1 




ic 

* 

M n 22-7' 



L tan 0. (j-il-li .1 L 

c 


100^45- 4' 





C{P n ) 



Th- n-iiuired -IjecifliiCe- is [CO^EL-i" - ^, 4 ' = p,]45.4 R|J?9. 
The mttlnl i-ourse V- S( IfiO 0 - 14S°l.Vl* & 35^56,5't »t* SCO' 1 - 

143'l.f 2l« a 53-6' -arid the course oo arn™i is 5 afl^Ci, 4‘w or 

190° * 26'’40,4'' 20^40.4“. 

fc* Punoc !■ hj H U«; inter.-Mict ion eiJ ibu Lraek and die equator, 
-nd hs C the lotertactiwii or the nnratfiar through ' am! tin: e- 
fluatdo-. curiK LdL-r rJir-rifiht K[ibe-riL-a I trlacuUe ol Fi8.,,f6i *:t(i 
s - 9tf-\ 1 / - arc: 47/1 « S3 r, 53.a' 1 and ,-i ■ /DAG ISO* 1 - US^IpI' = 
Sfir-Ejfi, $ J p 

Pot x : -4^ Un « = H-in *1 tun 4 

l\ir f>- <S) ttiih fl - I7UH J sin ,1 

FTor t ■ |ti> un £ - Inn d 31-*: 4 

(4J 1&1 f6> 

si - SS^MpO' 1 Sin 9,30731 1 cos 9. 7704 S J Un 0,136011 

■t ■ Te^nn-e' 1 tan d,67675 L AHi 9-17323 1 wc Q. 09752 



■1 ■ si^ia.B' 
0 - fl9 r t.f.l' 
* -- 5ri:..7 J 


] t d II 9,75406 


I riis 3-54966 


1 iun I). 23440 


Tlie lc:ii;vLode ul 0 is 166^35,fl' 1 31* 115.5' = I^SSpS 1 1 IR^S-S' E- 
Thf wru at J> 1 4 1» ' £ 20" 45--Si' * 'ir apOP-tS. !i , 

The distance of D Cron Dutch ftwboc is- 69°45, Y - 35B5-7' 3 3M5-7 hi. 

c J IV-anr.o h.v ,ir Lhr- point on 2 h<- (.rack -wiLb limp jCiUle Jfll/' and ooiwldfr l-hi- 
spherical trianf.Le 4*#: ot Ftp. (.0 Dl mhlcti C laflP-ie^Sa.0' - LT'25.6'. 

For u,c : ..7> tao It* - tl ' cms it-fc - (’> nut igi i C 1 tan jx 
3 ;, Lan i(*i-cr'i Sin ) Cftt 5 (4 1 L’i ! an 4 c 

Ol eoi ;,tf si n ifn-ci esc ^ (-a r 1 lllh. j(A-Ci 


C<P n J 



Put ,W 


B' 
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m 

('01 


71.4 -C) 04 a 4B.2' 

i cos y.02!}13 

1 b Lii 9,95655 

L tan p. 32743 

7 r.i-^;i ■ isf'is ,t 

] aec <t-S£iD04 

1 C&C 0,yil!J2-i 


j* - 1^ 2.5 J 

] tan 3,S 133ft 

l tan S.3132H 


H<a t i l - 34’ :, 12, 7' 

1 tan 3.33E45 


t sin !). 74933 

ilfl-r) 16^46. 3' 


1 l art 9,-n9]0 

i esc o. sayiti 

■a - jc^ss-o' 




r 




iW - 13*34, & J 



i rut l>. Si71i 

W = 31* A,D' 





Tfof la; |t-ui.lt- til .if lit = 35^1. B'H. TH“ fMITW iiL .11 Is H * Of „ 4U-H 

tins cl j starce oi M Iron Dutch H nr but ;h it c 36-4'' Ld4fi„4 nU«. 


11. A Ship leaves Nevt Tori i]ul. 4ft°-lS,e'N. I«m. 73°57 -&'Wi fallen uig. a vrear circle track with 
Initial poursu afi"Oril' P (n,l Find the latitude and JnnEituitr rif ils gicjs-11 a Oh G Alien It has 
traveled MM tfiles. (H Locate tlirs uori l:"m-B:tM. point on the track. 


13 ) In Fis. mi, 3 is mi. hfc‘* York, Then k - 40^4!). 6 ' - taPll^t', 

c • .500 nil66 = JPSO.D 1 , HBd .4 - 

Per '": [ltan itSi-C) - cik a< fc — r’■■ ™=ir bib * c) cot 4.4 
(21 nui J.|B -C j = ain £{6-0 esc ie't-O apt 

For <1 : (3) 1 tui 4a • tan £(& -. r J Sin cap Aid) - C) 





Cl) 


(2) 

13) 

bib - f 'i 

z 

2ft L ' 25.7' 

I -jok 11-97170 

1 

Fit! 0. 54357 

1 tan g,57L08 

bib t- cf 

= 

25 ,;, 4C7' 

t BOt O.G5B19 

1 

cat- «.3177P 


iA 

= 

kH. r ' U.D" 

E £Ot 0.4S&22 

1 

COt 0,48522 


=r<B M ) 

* 

7i c 5.6' 

i tan y.5]73P 



t ain ft.mi.in 


r 

G5°52.3' 


1 

tan It l f,'J!5 

l rise y,05&70 

B 

# 

13tf J 57. 3 ' 





c 

- 

7*13,3^ 






T 

2l°19, l‘ 




} Emji 9.59159 

Q 

T 

42f3fJ. &' 






f-c/'n f 



Cdl 


The latitude of ft jx. „ 42?3fl,fi' )7I - I'flSf.A' N ot|H 1 hr t pn.; i 4 odt: 1 4 (Tj’&t.ft'- T 3 13. a" 1W 
: 6fi r '44- 2‘ *. 


t-: Tilt- 1101 '1101 n-iOftt point pn l.hr traek in JJ m™ aerlrUan ik. jiprpon- 
iljoi! 1 nr I n I 111- track, Ik ills rlffllt SfJiericiil Lriuptsli! ,4G£) Of Flf!. eO , 
it - 4SPil. 4 J anit A 3 6 r Tj,()', 


For ti : (4) &lii a = p-lii d ain A 
for (7 : (3) tan c = tee d -"ot 4 


ti ■ 4» s ll*4 f 
4 30° 9.0' 

n 2G n 24.iT 
r &* d 3b.o' 


14) 

I sin SI.9TW2 
1 sin 9 . 759 52 

L BlB tf. (141154 


(W 

I mu: 0, 10472 
i cot 0, 13874 


l tint DL 3J34U 


Tin- iamuik; Ul fils ..M° - *M - 6n D 35, l' N ami the Lout;. Mid, j !t 

A* 2U&' 'C 




















' IJI USE WU dim sw.l. 
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SI PPLEMLNTARY PROBLEMS 


PARALLEL BAILING. 

12' * : : 'np sails due uSeI f«r Hhj tilr-s jlnn^; L(w: pural J ni ]ati tulle ij^" IS, 4nat is t1i<* Inngl* 
tuste □! K5 point ot arrioJ U it start & lri>u longitude tZ5'' B .. b .1 H starts non iaifc!- 
Lurile I BO* I? 7 Ant, j I 130 ° 3 D- 9 r i'. it) 1' K 

13. it Sli:p iii ];'il LLuiJl' 42P ¥T Salic ilui- west licit. 1 ] It has oa - h* \ />J a dififej'Rjicw Li'i I-uiiR1 tilde i'if 
Find l hr- itepartunck ,4i*s. 167-2 nll« W 

14- ’ ship r Jaiitml-n TlS? H sal Ik due wess lint 1 j It Isms nasi-: p,ro>j 11 nil t'l-rnuco in Longitude of 

n l> 4S' . Find the departure. ..In*. 2DB,f3 ulles W 

PLANE SAILING, 

15- A whip Kails 120 Hilts. «si peurse 42?40' f ran iri.it, 40' N|, Finn I jii- riepartiiri and r. hr L.l i- 
tude -nttPirea. Ait*. p = A 4 .7 mlee E. 3at. 4l a 3.2 J N 

16. if it lilt, olles nest and; 99 miles north ue 1. Find r .he distance an J purse jd aalltji.: Iron l 
tn> 6, 4 ns, d - 154.9 milfK, emirs* - N 54 S i&" R 

Ntmc LATITUDE -SAILING, 

17- Freer il position Jclnt. 3.f. n 3S' s, L«i&. H+^fiS' * 1 a eh ip sails I TS tp Iss on a course SJiY’E. PUid 
the poeiLiiih fi reamed, -iru. £{lal. 33°4i5 ' N, Sojib. E /■' 1 2' *1 

l«. A Ship I'USV&s -I 1 J il L, 4S C 15 J N, Iona- MjQ 0 3h' »■ nr.:l arriVL-r al flCluL, flags' N. long, 131°12' * .- 
Fiml 1 ho rijiirMr and distance. jins, 33°<J7' , 252.7 ni Its E 

19. An o 1 rplanr Jlilcs frm gar. Di ego ( I at. D2 C, 42 I V. |rns, linin' S.i in San jTnncisr .• . at, 17*41?' N. 
Ion*. 122^24' il. Find the course arm distance, flstis. 32tf'2 '. Ssai-l Biles I 

DEAD BECKONIMG. 

2 U. Find Llh! oOurtfu narii; gixxi and tin: Final pyc-.il 1 :::i B if c; ship. KLUrLihie al -i 1 I:lI . 57°39' N. 
Inns. 75* 45- * h. soils the following courses: 

11;. course . distance 35,-0 fallen; COiLriie 33tfV. distance 59.Q ml lea. 

fell onursr 22^*' , distance luj.fl. xi L ps ; rsuirs*. 5l> n Q' , .-liufan.:. 12B.ri mje^ 

Aiuf. a) IT^n' H. Ttf’so' W 

73 rt 5B'L 47*10' N. 75* 13* TA 

21. fiearl in,: fr<« a position .-111st. 40°SO' N, lone. 123°0' '* I a ship saiiH the roi|n»|r: : roitrsnS 
■ltd distances: 

Course 35 d 3I?' 13D G Q' aSS^D 1 340*30" Si0°30' 

Olstsiice 3o-0 4S-9 SOd-O 44k-0 3Q.0 

FL IlcI tile cmitui! DiLile sr.--H aiv;l tint Iiniil pis LI |nr, rl. 

Ajls. 9l^^ r : 40 ,5 47" N. 134‘ 3 20' “ 

HIRE AT CIRCLE SAILING. 

22■ Find the shorteat disianee be fee an: 

nj CliiciKD flat. 41 a 5Dr0' N, l,:.:ig. 87*37.0' »■ and thicoti fia<rt»r <l*tt Sl^ii.ci l nng. 19^30.ft'' Wj< 
h Vaiurk >, Jut. 4flP43.o'N, long. 74*0.0 1 Rj and |iiu <iv jar.Birb fiat. 2^54.0'&. itififf. tl D l S-O" ffi, 
1. Dutch Harlior and A Jo de Janeiro. 

4nj, u 1 3QS5.S nilu.i, h] iLOd-7 ftites, c) 7fi96.4 tiles 


i.KH K5E INI) IMSTVMT 


m 


23. Pi nit [»iu i-n? h l cm L" distance, ih« tmi ml cDiu-af, atiJ tbs l-outs* on smvs] in traveling fron 
u-a.-.hi.ii .;1 ::.m (1 hi . 3a"' 5 j. 0 ‘ N, long, ‘zfVo’ ■) Ed Nasreup IJUI. S5 P 45.0' N. Earig. Ej. 

4rj*. -i2tfr r 6 ni lts. 32*54,6', 131° IS-B' 

2-t, Find Wf K rra.t r I n !ti djsiLana:, UiltJft] COUra*. Uld nn arrival an I n.veL ini; Crtm Ck|’ 

cutta (lat. 22*35.0' «. long. SE°:7 .u' Ej in f*|lM*irjK (lat. lon-s, U4®M.0 r Ej. 

to*. 4332, fi nilea, 2.21*56,. 7*. S31 D 3l.5 r 

25. Local'- ! la- aJiJp In Prablen 24 "Iht u crossR* n-- rmiai.nr urnl find its ilLs.tar.cv fi-un Calcutta, 
4us, lnriE, SQT £ 2a. -a' E. 175E.fi nL]r* 

2P- to ini-plan.- fjjrS fr ::r Huicil u Hi .;Ut. 2i n ig,0’ N. Ion*. l&f’SS.O' Wl cn cci-jmc 4Q° l 43,0'i 
1 'i Locate iiie point fin tin' Erark m-un-sE Lhir nurtii pule. 

•!;) Plan Lbe j: i.'i t-Lt luii when tto longitude is 74°D,d" 'A, 

4ns, a) JhE, 52^34, 4' K. ]ullfi.. •U'rTj.fl' ■ 

Lai. 52 n 2,3' N 






CHAPTER 24 


The Olesliiit Sphere 


TO Afi OBSERVER ON' TIE EARTH'S SURFACE, it appears that, hn is at the center of a 
sphere of un 1 1 rnktod radius un pt!i ioti all tin 1 other heavenly bodies move irtiui 
east Lu ifest. Such a sphere, as' unlimited radius hut *ilJi its canter uL Lhe 
center of the earth, is useful in solving certain problems in astronomy ann 
IMVlfiatiuai. This sphetu is tailed the celestial sphere, 

Eli order to locate a heavenly body ejil the celestial sphere l.hinre precisely, 
in order to hx'iite the pnint in which a line drawn from the Center of the L'arl h 
through the center ol the heavenly W,v pierces the celestial sphere) cer¬ 
tain reference points and srsat circles an? iteceftsary. 



I J oinr.-, and gTf?at circles independent of the observer asv 
| i the eelpxli.it paibx F x and T. , beillK the intersections ol the a *01 : In? 

earth and t,ho celestial sphere. 

2) the tsr Ic.if r.i J rrpmtitr EQ'$Q\ I:■*■ i the i utErseoL ion ol the plane of the 
earth's equator and lhi' cu leat La 1 sphere, 

3) the <e test ini .me/ id inns, beiiu, Jail r-.*tn-:iT circles which pKas through P, 

and F .. 

$ 
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Prints bisrl great c ire Jus dependent Upon the position if i tie observer ufo: 

1,1 ■■ 3b(? < observer's). ser>j th, being the point l cm the uBlest Ln ! spliere dirutTly 
ahove rhe observer. 

2) rlu* observer's) nadir, belnu the point 7,' diametrically opposite Z. < Note 
Lhur 7. Rprl 7' an- rhe Lutersecttons with the Celestial SE-lmre of the line 
.in-inint the position oi the observer and the center oi the earth.) 

31 the (Observer's) horizon, heing the great circle iV&SUF »1 iChsC pule i* Z. 

4 j the f Cibse rV« r1£) cririii px-.r ichtm, being Lhe meridian l\ 7i . ihruunh L lie 

zenith. 

FVr a III.'a vu r'l I V body T : 

n the vertfeeI circle- of T is rfep ha If-urea I eirci* 7TW2', H being its in¬ 
ters net inn with Lhe horizon. 

21 the nit Hud* of I is its annular distance from the horizon* The i.ltitude 
fare NT i ts *■ or - according as T is above or he Low t-klO horizon. 

3) the r.cmlh cl a .f / .tn-.e of T is E)0° - altitude ul T. 

4) [.he nx i mu th of T iE the angle T\ZT beLunen the observer'* meridian arid the 

Vertical til Iflc through T- It is genera) ly measured along tin: horizon l'rom 
the north point *i tiruuhd through tho east in SI. For a body in the eastern 

sfcji the asimnf-h js < J8Q- 0 ; for a liudy in the western sky, it is > ISO 0 . 

S-j th<- l.aiir enn-ir of t is the half-great circle PjJXP. . K LHTng its inter¬ 
sect iua with Lbe count or. 

Ci the dec Unmion oi T is Lis ungulur distanc* from '.he collator. The decli¬ 
nation care KT) :S + -nr - according as T is north or south of the e-quatur. 

7 1 tht pi. J.ir rf j.'e f in l-c oi 7 is JKJ' — dec ] irat. ion of T. 

5) the htvur ,-inpjr ul 7 is the angle ZP A .T between the observer's anrlrhan and 

the lunar Circle thru up: h T, I) is measured weslWird from the observers HC- 

rini an from i}‘ to 460°. 

[Jui V i hi- rolation oJ the earth, all hour u': Le appears to Change by 15- 
cach hour, Huls, t,hi■ imur :irigle say he measured in time units from 4)h Lo 24k. 


COORDIKllTE SYSTEMS. !n :J.i- IioFtJttm ttyufr.v. thfr axea ..re 'he (observer's} bqr IP-On 
and the vertical circle ui Hie heavenly body 7. The coord insifus ul T -lr-i:' : 
the a.L t i 1 ud- , ffT, measured by a ssitant nr transit.; 
fhe azimuth, 1^7-1 or arc SEN, measured by a compass. 

In the system, the axes a if the celestial equator and the hour 

e i| CL" ot T, TIlp Coord i ILaL-es dT T are; 

[hi 1 der-] i n a c i ra? AT and the hour angle ZZf\T. 

The dec l inations of certain heavenly "Kjies toeftthcr i itin their hour aiigle fur 
an ribs enter m the merulian of GriftWid* are -liVeti in thr AHieiiCim NiiUt ical 
Alrruvnae. 


TH|> AS'llHiNWHCAb TRIANGLE Jnr a heaven Ly bndy T is LSTiei (celestial.! spharicat Lri j 
anati' r H 7.T formed by the phSHXVBr i » ineriiliuri P t Z, the hour circle P f T, and 
the vertical circle 7.T, The parts of this triangle arc; 

ii :> ihi- 77 aonir.J distatice oi T 30 a - ullltudc of T, 

2) aide TF y polar distance ol T MO 0 - drcl mat.ion m r h 




thf: Ki ksti \i srm- mk 


-MI 


3) side 2^, = coiatitude of observer DO' 1 - pz 

f)0 r - Latitude u£ observer I in Northern Ifemispiwre) 

= QO' + Latitude of observer (in Southern hh.'lil i Suite re), 

4 1 angle PjfZT azimuth of T. if T !S east of the Observer's InCr iriiaLi 

= 360* azimuth uf T, if T It WOSt of the OlrafiTVfT'g meriiJian, 

51 diiKie XP V T = hour angle of V, if 1 is west <j( the observer's wr idLJHl 

- hoUT dDftle of T, if J" i# finst of observer's meridian, 

G'i angle ZTF X , winch is of no -:Facial, impoTtance. 

SOLAR THE. When Lhe center of Lhf sun is on (tie Observer's i.Tkdian H ..ZF-T = 0°, 
it. is 1 EKTtj 1 a ol;tr nour? fur the observer. 

The locrtl apparent t i.mr of T.hr> observer at any malum is 72 11 — ZZP V T (of 
the astronomical triancle) when tin: sui> is in the eastern sky, anti i 2 h - * /zr,r 
when the sun is in the western skv. 

I>Sl AMPLE 3. FiSid Llifc ]ut:A] ai:]iai i!:ii Earn- SL V?<* Sal k C 3at_ 40*42-H' N i at Eli* is'istaiit 
fa 1 in thr- f-orpnwM nnul rfci in the rttternwn wJifn t-bv altitude nf ihe nun is n ; : ‘:S2, n aaii 
Its decimaiicri fa - ta^SipO 1 ■ 

£n tbe af-tron>Bndefli xrL^nn.i-e, fjf 90° - altitude - 
Jl’y ' 901° - kirl. iiial L:::i 77° fi. (F ' t iwJ Zl\ TO 0 - laiiLudi' - 

Fran Envle L, ciuyH?r 22 , Zp f 7 - 3:5*1 a, 5 ' - 
a) tn the forcEHJOfi Uie U>eai apparent tsar m 

JE h - 3= y h ts;i n: J" ■ s: 19: I AM. 

10 Jn the aftemcon t-fiE local 3,|jj..arent time ls 

S2 li . - ln'Ml^SA 6 - S^OrSfi PM. 



LATITUDE' OF an fitesERvau H'hen the al1 11 ,ude, declination and hour aniUe (or azi¬ 
muth) Of a heavenly body ere known, tile latitude of the observer may he found 
by solving the as t ronom i ca ! r r ; ang 3 e, 


Eit Ample: 2. Find tJiir Ibl Italic flf au ubsvrwi 1:1 Liu? northerti hfiifeplsere If, ai lila In¬ 
ca] -ipi :l r<- n I tuf' 1Q:3S:3B AM, thf aitiUid. ol the fiur 1& 40*10,0' ar.il its dpr] ]nation ta 
► 1#S8.D J . 


In the aattunisju cal LMaufle, JZ = 49 <1 50-.O ! ‘ „ T’f^ 74'32.H , 
lZP'T l2. h - l^25 n 3€ s 1^34^4* ■ 23 fl 3i, u\ Thl*! Jfc A 


Case V trfaoule J ur •'Inch shin Zf\ i» n-uuirvit. 

f.iJi Pytt' - sin c-c JZ Zf\T 
tSRi n\ - kin -ffjfZT 4 Zp jt T\ L-flc b\p'{ZT-ZPyTi tan btTPg ~r/.\ 


'TPj 7J C ?2. r. 

TZ ■ sfl^Sd.D 
2P,T - 2:l":ik.O 

'Pfit ■ L4S D 4£.I> 


J :■ i n y.asafis 
J roc fl.JIGfiJ 
] s-isi [LGU244 

J a In Sj.iftSBa 


±t/'jZ7 f ZPfT) ua^as.e' 
bif'gZl ZP„T\ h:i:- 3.0>‘ 
sii'Pj - fZj - IJ J L6.0' 

hZl'i - ]3°11, t' 

Zf, ■■ i-fn.z’ 



l 6in 0.9993!^ 
I car If.lMMS 
I can <i.33-3l 

I tan Sf,3etE4l 


"ll is cliiar Iran hhis f irii re? Unit £Pf?.'l 3® Q ie.0 i “iiuii tbe nLnerVnS it fu line soathara 
liL-riapherfl ueuI if UK> fl ~ ^is.n 1 1^P42.5' *'li<<m Hip obsarv-nr 1 b jr tup narUiem fii-nLeiph-rr. 

7br abservor'a i« M 15 — ZF V t^'31.3' *L 
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THK CKI.ESTIAE. HIUKKE 


SW.VKU PKOULEMS 


I, Find thr asUw&H li of Ltw: sun anil the 3 tics 3 ftjipBrcrr l »»• nr liiiKhinsfroi, D,C. (J&f. SBf^SSi fi' N j 
at the i net Dili In * ho nftrripogn when. Ill# iiiil’a ii ltltUft# 1* 25° 40*0 N *nil i |;L due] inatlW 9a 
-IS 5 15,(1'* 

In the aatraiHnr.3L-al trlajljl#, t'/. - - uLtil.urli' ni klui fi4 a S]*Vii TP, - gtf 3 - dPCl ini- 

tlao at sun - waPlSrO', wmS ZP j gffl 9 - latitude ut oteervrr - 54*5.0'. 


.'SlrtlLllUlf 111 L Wlr 


(13 tnsi r - 




<*-TZ} aUHe-gp,} 

sin j 


* - i<rjr iry zp k i 


i'ij I in iZP„T 


i-nn r 


sliL(e-TSf) 


(3) imi ±F t 2T - 


tan r 


a in (a-TP, J 


U) 


T/. - O' 

t-TZ - itf 1 O.D J 

i 

sin 1) .87107 

tp, = iugp]&,fl' 

*-TP* ■ 3' J 5.D 1 

i 

sin U. 73069 

Zf, 51 d 5*0' 

s-zp, • gi°l&.o' 

i 

sin 9. 9*236 

as = 224 d m*o' 
a - ll^ao,D‘ 

4 ■ s la'^ao.o 1 

i 

esc u.:::'ii. 

2 | Jf. 3WS 


r 

3 

ran 9.26824 


(?) (31 


J tan r 

9-&I954 

1 fan r 

9.SS9IS4 

I s in (f - TZ i 

H, 07 307 

! tnmi*-T¥^J 

B-73DEJ 

1 tan i Zp,T 

D. -11317 

L Lull J, 7>ZT 

0-35B5S 

±y-p f T 

14 ,;, 4Ci - e' 

5 iV-T 

T-i^sa. i' 

zp f r 

29^21,2” 

l b 57 a £5* 

V 7 ' 

feis^ 5.2' 

Since tin- sun is 
upnarru L Liirr la 1; 

Lu tli# wstp-rn shy, 

57:25 IN- 

the asrlinit.il la 

as^-^zr 



■ £lQ rj &3- 2' Biid Lh# 10CH.1 


Hauera inf JefiK (flu , j- = *■ TPy < Zf'y! 

(II hn-v F\-/r' - sinc?-TZi sinfa -ZP#} cSm TZ r.ac r /J\ 
(2} Imv 2jyj - sin (a - TP t - 1 s Itv( f - ZI‘ t i me J'p <mc ZP f 




111 

<S> 

s-TZ - 

4!\° O.O' 

1 am 0.871(17 


j - TP t = 

3° 5.0" 


1 Sin 8*73060 


6l Q ]3.d' 

L Sill 0.94286 

L Sir. y, 94265 

TZ - 

64 n 2D-U' 

1 cat. 0.04512 


TP X - 

MJSPl5.0 r 


1 car C1.-U2499 

zr t = 

51° 5*Q r 

t c&c g. logon 

i r-xr Q. L0399 

i'*zr = 

i4l? D 6*2' 

L huv o- lillyiu 


y.p,T ■■ 

asPai.3' 


1 Tin. -J a. 40763 

K. 

lSl*^ 5 




fhm azimuth i.:: 2lu 5,3.8' ami l.Jii' Inral uppur-iil Linn is 1:57:25 PH. as belori'. 















■111! U-:n-'HTMI f.-|*HKHE 


smt 


2. fitiu the local iijppnrvfit i Ur anil Tv *v mu-ii □ [ »uiirtai! iu>!l suuai-i H<- k • it, ■ • i . i -i 
€4*9.0' h- - ili«r, the «J(-el ■ iidExur til the -ML. U ■IS'Ua.sf . 


In the afitrornnticaJ brlwwlh, U\ vi is-.<i . ZJ\ - . 

nqri, since 1 hi. !!icitis>- m- mjiim •( i . ■-«■ ■■' > L' of ” I:-■ sun oq Mip 

Jusr 1201 ). XI - W'"‘. rts jowr i ri^ri&.l• JEfV • .. riRhi sipliericai 

Lriiuipli' fnr shieb it ■ ltl.V- 3 *.tl' , U' - i r,-!;" 3.0 ' f 71'' BOf*. 

ll. cpes ft’ cot T' 7.' i2f pint : fSB T' <508 If.’ 


T J - 15*°9.0' 
77 - W5°4S.O' 

p* - Q4 0 a4* l' 
i‘ - Uif'30-f 


(-0 

I ri't a, ^1471 I. n 1 

I ro( K',4:,njl> .;ri! 
I Snr. a.'Tflartrt 


£2j 

i fhf tlfSHfSB 
I rur, 9.43367 i'uj 


1 ■"« ll. ?■<; L7 l II • 



TJiwn /fy - H 1 '.-/- i : ' IIJI'I \ ,7> 5f-2g.1l' . Al qimfise. i ■■■ i wul .ippan-tn 

tip- • 12 J| - shjjpj,.-: - 2 . 37:35 .w und the azSiUlth (A tl|P sun S3 -l '20.:!'. Ait . Ill : 1 in* 

Cfl] flMHTBtlt tiW is S; 22: 21 E‘l' Hid thr im.nilh i* 300?-5l°SS.B' 3 ..y' 1 Hxi . '•'. 

(Note. A correction mist !-■ midp ill parti locul n-piiarml ' 1r. to n.-:alv i - IVl. mu¬ 
tton of thr ruys :.! On Mini by ' lie earth's aLmuS ptifrK ful l lor ' tie (kp.-ii nr rnd I • =n=i, i 


3» 


Kin-H the p| • hm ; hrri ir.i.v di > I mm tun uT the aur. - 2:.3 ,_1 .. 7 i 

and the apiimitli *| the rlftin and K?i< tr- in .! Ri-vkju.vit ■ it. c i '! .ij s , 

The aettbftumJCu J trim Ji- l- quailT-niil-ill »Xth |i r\ • IL3" 27. 7' , Zl\ 
25 Q 5I.U\ Bllll 2T dt)°. Sollinn Lhi- jmlar ' i iai:-:]t ?.'P'T' *«■ * tit : ll 
r' = [ 54 fl !>.!>' an<! A' w n Prnnh'ii 2, w f mu 

ri 1 ■ IDaPSe-V and I 1 2<| n 3ij'. 

Ihwi m Thu qiraiirsnitql lTE«i(c1c r Zf \T IE 1 23.3' l^tS B 3a 5 aairi F X 7T 
= tS.S°M*a\ 

The lutflJ apiKiiejit t imp dt anarlse is 12 1 ' - l ll 4^ h: 32 ? ino-127 w 

■imi .!>( Is I 43:33 PW. 

The lengtli d( tin- uitorivaT laj ts 2f n'nl' rf. 

Tte azlaath of tlir aim La "t >mi irt««- :«id 30U 1 '- iw^Sfcs’ 

ffeitfl. the len|j,tli r.t I he (nrUjeec Ua, i ■ .H l! - ■faiW ■ 



304^3-h 1 !l lUBert. 


4- I'iJiit I hr la,t itqihi n! nr. isbaurvi-r n I • (idl'tfcdi'h leSRl^plilTfl wllfB 
the- altitude at the :5un is 34'23.LV , the rJci.-Hh.it. ilth is . 

and Hie a/.jniiLii it. aoc^UJ+ll'. 
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